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This monograph is primarily devoted to a proof of the following fun-
damental theorem (which for the sake of simplicity the reviewer states in
less than its fullest generality, i.e. for simple groups rather than semi-
simple groups).

STRONG RIGIDITY THEOREM. Let G and G’ be two simple noncompact
connected Lie groups without centers and not locally isomorphic to SL(2, R).
Suppose I' = G and I'" = G’ are discrete subgroups such that G|I' and
G'[I are compact. Then any isomorphism 6 of T' onto I extends to an
isomorphism 8 of G onto G'.

The extension 0 is actually unique (see below). (We recall that a con-
nected Lie group is called simple if it is nonabelian and has no proper
normal subgroup of dimension >0. The lowest dimension of a simple
Lie group is 3 and if it is in addition noncompact it is locally isomorphic
to SL(2, R), the group of 2 X 2 real matrices with determinant 1.)

In more geometric language, the theorem means that a compact irre-
ducible locally symmetric space (see below) of nonpositive curvature and
dimension >2 is uniquely determined up to isometry (and a normalizing
factor) by its fundamental group. This theorem has an interesting back-
ground which is perhaps best explained by recalling a few facts concerning
the exceptional case SL(2, R).

If Y is a compact Riemann surface, its homology group H,(Y, Z)
has a basis of 1-cycles a,, by, * - -, a,, b, which viewed as loops generate
the fundamental group ,(Y) and satisfy the single relation

M abyar'bt - - a7t = 1.

The integer g is called the genus. In particular, two Riemann surfaces of
the same genus have isomorphic fundamental groups. Let ¥ and Y’ be
two such Riemann surfaces of genus >1. As a consequence of uniformi-
zation theory, Y and Y’ can be written as orbit spaces

(¢)) Y =T\X, Y=T"X

where X is the upper half-plane, I" and I" are discrete subgroups of the

group G=SL(2, R)/+1 of conformal homeomorphisms of X. The groups
I' and I have no fixed point and are isomorphic to the fundamental
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groups of Y and Y’, respectively. From this follows readily that Y and
Y’ are conformally equivalent if and only if I' and I'V are conjugate
in G.

According to Riemann’s problem of moduli, the set of conformal
equivalence classes of compact Riemann surfaces of a given genus g>1
is a “space” of dimension 6g—6. This means that the group I' can be
deformed continuously according to a (6g—6)-dimensional parameter «
such that the deformed groups I'* are nonconjugate in G and make
I'*\ X compact. The description above of the fundamental group =, (Y)~T'
explains 6g—6 in a well-known fashion: Each of the 2g generators lies
in the three-dimensional group G; subtraction of three parameters deter-
mined by (1) and three more coming from conjugacy under G gives the
number 3 - 2g—3—3=6g—6.

In the introduction, Mostow describes the work of Selberg, Calabi-
Vesentini, Calabi and Weil (1960-1962) which showed that this type of
deformation is not possible for noncompact simple Lie groups G of dimen-
sion >3. In fact, for such a G, any discrete cocompact subgroup T is
locally rigid, that is it cannot be continuously deformed except trivially,
i.e. by means of inner automorphisms of G. (I' cocompact means G/T"
compact.) As Mostow explains in the introduction his work was prompted
by a search for a geometric explanation of the above local rigidity of I'
in terms of the boundary of the symmetric space associated with G. His
strong rigidity theorem not only proves that isomorphic subgroups I'
and I are necessarily conjugate under an automorphism of G, but also
that all automorphisms of I' are induced by automorphisms of G; the
latter being mostly inner automorphisms, this implies considerable
limitations on I' as an abstract group for it to be imbeddable in G as a
discrete cocompact subgroup.

We shall now give a rough description of the main steps in the author’s
remarkable proof. Let K< G and K’< G’ be maximal compact subgroups
(unique up to conjugacy) and X=G/K, X'=G’'[K’ the associated symmetric
spaces. (E. Cartan proved that G has an involutive automorphism with
fixed point set K; this induces an involution on X with an arbitrarily
prescribed point as a unique fixed point; hence the term “symmetric”.) In
the case when X and X’ have constant curvature the author proved the
theorem in a 1968 paper using the concept of a quasi-conformal mapping;
for the general case he introduces the key notion of a pseudo-isometry
for a map ¢ from a metric space M to a metric space M': given constants
k=1, b=0, ¢ is a (k, b)-pseudo-isometry if

3) d(¢(x), (y)) = kd(x,y), forx,yeM;
@ d(e(x), p(y)) Z k7t d(x, y),
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for x, y € M such that d(x, y)=b, d denoting distance. This seemingly
unwieldy notion turns out to be most effective.

The group I' being necessarily finitely generated it has, by a lemma of
Selberg, a torsion-free normal subgroup of finite index. This can be used
to reduce the theorem to the case when I' and I' are torsion-free (as will
now be assumed).

(i) There exists a pseudo-isometry @:X—X' compatible with 0.

To indicate the construction note that the assumption on I' implies
that it has no fixed points so I'\X is a compact differentiable manifold.
By triangulation I'\X becomes a finite simplicial complex. By standard
topology there exists a continuous map @:X—X' compatible with 6
such that the induced map ¢:I'\X—IV\X’ is simplicial; in particular,
¢ satisfies a Lipschitz condition which readily implies that ¢ satisfies (3).

The verification of (4) requires additional geometric information about
X, namely that each y € I' leaves a geodesic Y< X stable and that such a
geodesic satisfies

inf d(x, = inf d(y, yy).
infd, y%) = infdty, )

This identity, used on X’, implies quite simply that if 2r’ is the length of
the shortest geodesics in I'V\X” then the natural map =":X'—>I"\X' is
injective on each ball of radius <r’. This suffices for the verification
of (4).

(ii) Let ¢:X—X' be a continuous map satisfying (4). Then dim X'Z=
dim X. If the equality sign holds then @ is surjective.

This is first proved for Euclidean spaces by topological methods. The
analog for X and X’ then results from the fact that the exponential map-
ping at a point p € X is a length-increasing map of the tangent space X,
onto X. Combining these two steps (i), (ii) we see that X and X’ have the
same dimension.

By a flat in X is meant a flat totally geodesic submanifold of X. The
rank of X is by definition the maximum dimension of flats in X. The author
now gives a simple proof of the known fact that the rank of X is also the
highest rank among the abelian subgroups of I'. In particular, X and X’
have the same rank r, a fact that had been pointed out by J. Wolf.

In §6 the author undertakes a detailed investigation of the orthogonal
projection of X onto a flat F< X. This is used in §7 to give a precise esti-
mate of the length of the intersection of a geodesic with a tubular neigh-
borhood of another geodesic. But the high point of §7 is a description of
the intersection of an r-flat Fin X with a tubular neighborhood of another
flat F, (it is approximately a splice as defined below). These geometric
investigations (which do not involve I') are fundamental for the remaining
steps in the proof.
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(iii) Let & and F', respectively, denote the spaces of r-flats in X and
in X'. There exists a constant v with the following property: for each F € ¥
there exists a unique F' € F' such that (hd denoting Hausdorff distance)
hd(¢(F), F')<v. The mapping §:F—F' is a homeomorphism of & onto
F.

We recall that the Hausdorff distance of two subsets 4, B of a metric
space is the infimum of the numbers r such that A4 lies in an r-tube around
B and B in an r-tube around 4.

Step (iii) is now refined by means of the notion of a splice. Let F, F, € &
and x € F. Then Fy N, F denotes the union of all geodesic rays in F
having origin x and contained in some tubular neighborhood of F,.
Such a set is called a splice. On the other hand the Euclidean space F is
divided up into (Weyl) chambers by means of certain hyperplanes through
the origin x; each splice is a union of chambers and chamber walls. The
maximal boundary X, of X (in the sense of Furstenberg, Karpelevi¢
and Satake) can be defined as the set of equivalence classes of chambers
in X, two subsets of X being called equivalent if they have a finite Haus-
dorff distance.

(iv) Forany F,Foe # andanyp e F, p' € ¢(F)

&) hd((Fo N, F), §(Fo) Ny §(F)) < oo

Consequently, if C(X) denotes the set of equivalence classes of splices
in X, we have a bijection

©® ¢*:C(X)—~ C(X)).

But since the chambers can be characterized among the splices, (6) implies
that ¢ induces a bijection ¢, of X, into X;. That ¢, is a homeomorphism
of X, onto X, results from the following refinement of (iii).

(V) There exists a constant c>0 with the following property: for each
chamber F,_in X there exists a chamber F, in X' such that hd(¢(F,), Fy)<c.

COMPLETION OF THE PROOF. Let 7(G) denote the set of parabolic
subgroups of G. According to a basic theorem of Tits (which the author
has to extend to not necessarily algebraic groups) the group G can be, in
a certain precise sense, determined by the lattice structure of 7(G), pro-
vided G has no center and the rank ris >1.

Let S be a geodesic ray or a chamber wall or a chamber in X. Then the
set of g € G for which the sets S and gS are equivalent is a parabolic
subgroup P(S) and the mapping S—P(S) induces a bijection of a subset
of C(X) onto 7(G). The bijection ¢* in (6) therefore furnishes the desired
isomorphism of G onto G’ (provided r>1).

If the rank r is one, a different argument is needed. In this case it is
known by classification that the space X is a hyperbolic space Hgx where






