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Topics in complex function theory, by Carl L. Siegel, Interscience Tracts in 
Pure and Applied Mathematics, No. 25, Vol. I, 1969, ix+186pp., 
(Translator: A. Shenitzer and D. Solitar); Vol. II, 1971, 256 pp., 
(Translator: A. Shenitzer and M. Tretkoff); Vol. Ill, 1973, ix+244pp., 
(Translator: A. Shenitzer and M. Tretkoff). 

The late Solomon Lefschetz once defined a topological space as "a 
space where every point has a neighborhood and every neighborhood 
has a point." On page 30 of volume II of the set under review here we 
find: "Let G be a space of points/? for which neighborhoods are defined 
in the usual way." The first quotation is brought forth because it makes 
explicit the underlying feeling of the second. It is that in these three books, 
the modern spirit of abstraction is given a definitely secondary role, con­
sciously and deliberately pushed out of the way for the concrete develop­
ment of the area which these books treat, that of algebraic functions over 
the complex numbers and of automorphic functions and forms. In the 
reviewer's opinion these books are an excellent treatment of that subject, 
well-seasoned with numerous examples and important special results. 
In spite of the fact that there may be slicker treatments of various parts of 
the subject on the market, the relatively uninitiated graduate student who 
wants an introduction, as well as the specialist who wants to look up 
complete proofs for "well-known" facts whose proof is difficult to find 
elsewhere, would be well advised to turn to this set. This is not to say it 
has no faults, but the faults are relatively minor, and those which in the 
opinion of the reviewer might deserve the reader's attention, apart from 
language or proofreading (which is lax in places), are those which stem 
from Siegel's apparent preoccupation with not being slick (in the bad 
modern sense as he clearly views it). But above all, these volumes are 
packed full of important standard results in the field, and this is funda­
mental in evaluating them. 

And now for an analysis of the contents by the numbers. 
Chapter 1, vol. I, is on elliptic functions and commences with a section 

on the very old result about doubling the arc of a lemniscate. This is a 
good place to start because it is elementary and gives a good notion of 
elliptic integrals and of a problem that is connected with the beginnings 
of complex multiplication. This is followed by a natural sequel on the 
Euler addition theorem. Then, in preparation for a broader treatment of 
elliptic functions and elliptic integrals, there follow sections on analytic 
continuation and Riemann regions or, as the reviewer may sometimes 
refer to them, Riemann surfaces. Particular attention is given to the 
Riemann surface of the square root of a quartic polynomial, which leads 
naturally into the subject of elliptic integrals of the first kind and to the 
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inverse function, i.e., a certain doubly periodic, or elliptic, function. It is 
then shown that the universal covering surface of that Riemann surface is 
nothing else than the complex plane on which the fundamental group of the 
original Riemann surface acts by the translations of a period lattice; 
that lattice is generated by the basic periods of an elliptic integral of the 
first kind, i.e., by the integrals of dxjyJ{Q{x)) around a suitable pair of 
paths generating the fundamental (or first homology) group, where 
Q(x) is the quartic polynomial. The bulk of the rest of the chapter is a 
good standard analytical treatment of the elliptic functions themselves, 
the classical facts about their poles, zeros, and residues, their partial 
fraction expansions according to Mittag-Leffler, their Laurent expansions 
about poles, and the differential equations they satisfy, with special 
attention to the normalized Weierstrass p-function. After a section on the 
explicit algebraic formulation of the addition theorem, Siegel concludes 
this chapter with a section on degenerate elliptic functions, which arise 
on letting one of the fundamental periods tend to infinity. If one were to 
take this chapter as material for a second semester course on functions of 
a complex variable or Riemann surfaces, he might want to "slick up" 
the treatment of certain topological matters, for example, those dealing 
with the fundamental group. The same remark broadly applies to a few 
other places in the three volumes, where, granted SiegePs basic philosophy, 
there might be room for compromise with modernity. 

Chapter 2 has as its central theme the proof of the so-called unifor-
mization theorem, which states that a certain function with a simple 
pole on a simply-connected Riemann surface, constructed by means of 
Dirichlet's principle, effects a conformai mapping of the Riemann surface 
onto a slit region equivalent to one of three standard regions, and that if 
that Riemann surface is the universal covering surface of a compact 
Riemann surface of genus p, then that standard region is determined, 
according to whether p=0, p=l, or p>\, to be the Riemann sphere, 
the complex plane, or the unit disc. Of course, the earlier parts of the 
chapter are preparatory, including sections on algebraic functions (of 
one variable over the complex numbers), compact Riemann surfaces, 
and the necessary standard topological developments, namely, definition 
of fundamental group, genus, invariance of the genus (with respect to a 
certain choice of dissection of the Riemann surface), etc. This part is 
in general quite understandable and nice, especially the lucid reduction of 
topological steps to algebraic ones in handling the canonical polygon 
that comes from a canonical dissection of the Riemann surface. §5 on 
the Poisson integral is also clear and well presented. The treatment of 
Dirichlet's principle in this and the next section is really the climax of the 
chapter and is remarkable for the fact that the expression "Hilbert 
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space" does not appear a single time. Following this comes the con­
struction of a harmonic function with certain properties on a Riemann 
surface, though the statement of Theorem 2 (which seems rather obvious) 
is less important than some of the points introduced in the course of its 
proof (§8). The harmonic function so constructed can be taken as the 
real part of an analytic function, which will be single-valued if the Rie­
mann surface is simply-connected. The mapping theorem (§9) and uni-
formization of algebraic functions (§10) are, among other things, notable 
for their derivation of topological facts from essentially analytical ones. 
All in all, it is a beautiful treatment, an excellent introduction to Riemann 
surfaces. 

Chapter 3, the first half of volume II (there are six chapters in all, two 
to a volume), is a treatment of automorphic functions of one complex 
variable, primarily those with respect to a discontinuous group acting on 
the usual unit disc in the complex plane. The treatment here is based 
geometrically on viewing the unit disc as the non-Euclidean plane of 
Lobachevsky, supplied with a metric and measure which are invariant 
under the full group of conformai self-transformations of the unit disc 
(as well as under the anticonformal ones). This makes it simple to con­
struct a fundamental region for a discontinuous group acting on the disc : 
One takes any point, call it x0, not fixed by any nonidentity element of the 
discontinuous group, and takes as fundamental set (modulo addition of 
some part of its boundary) the set of points of the disc that, in the non-
Euclidean sense, are nearer to x0 than to any of its neighbors in the orbit 
of x0 (under that group). In this chapter, Siegel gives a proof of one of his 
most interesting contributions in this particular area: Given a discontinu­
ous group G acting on the unit disc D, such that the orbit space DjG 
has finite (non-Euclidean) volume, G has a fundamental region bounded 
by a finite number of non-Euclidean geodesies, i.e., segments of circles 
orthogonal to the boundary of D. He also proves that the minimum 
volume of such a quotient DjG is TT/21, a. most notable result. Poincaré 
series are the next subject. These are basic in the whole theory of auto­
morphic forms (as well as in the related harmonic analysis on the group 
of isometries of a bounded domain). The first thing, of course, is to prove 
that the Poincaré series converge. At this point Siegel demonstrates the 
convergence of Poincaré series for one variable; in Chapter 6 he again 
proves the very same thing in practically identical fashion for Poincaré 
series of several variables, and the reviewer wonders whether this was 
felt essential to preserve the self-contained nature of each volume, or 
whether in the interests of efficiency a general proof based on general 
principles might not have been in order here. The next topic is the struc­
ture of the field of automorphic functions with respect to G when G acts 
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discontinuously and freely on D and when DjG is also compact. The result 
is that that field is a finitely generated algebraic function field of one vari­
able over the complex numbers. In view of the result of Siegel mentioned 
above, it may be remarked that something similar could also be proved 
when DjG has finite volume, provided some restriction is imposed on the 
behaviour of automorphic functions at the cusps of a fundamental 
domain. The reader should take note of the remark, page 60, that "it is 
of fundamental importance, however, that the field K can be built up 
using series of special type only" (i.e., series of Poincaré type having 
the constant 1 as the polynomial multiplying the power of the Jacobian). 
It may also be noted that in this part of the book there are some wrong 
references to section numbers and the reader is accordingly alerted. 
On pages 74-76 there is a very nice proof of the fact that if the universal 
covering surface of a compact Riemann surface is conformai to the unit 
disc, then the genus of the Riemann surface is greater than one. §8 of 
Chapter 3 deals with canonical forms of curves of genus 0 and genus 1, 
with attention to the y-invariant of elliptic curves. The last section, on 
canonical polygons, contains the striking result that given a certain type 
of non-Euclidean polygon in the unit disc, satisfying certain metric con­
ditions on the lengths of its sides and the condition that the sum of all its 
interior angles be 2TT, there is naturally associated with it a hyperbolic 
motion group having the interior of that polygon plus some portion of its 
boundary as fundamental set. This is worthy of attention because this 
fact has analogs in higher dimensional cases leading to the construction 
of non-arithmetic discontinuous groups (a topic not further discussed 
here). The last section concludes with the famous result that the number of 
automorphisms of a compact Riemann surface of genus p greater than 
one is at most 84(p—1). 

The title of Chapter 4 is "Abelian integrals". The first two sections of 
this chapter deal with the differentials of an algebraic function field of 
one variable and with the existence of differentials of the first kind. The 
existence theorem is treated via the ideas associated with Dirichlet's 
principle, vol. I; however, it appears that the treatment of volume I 
should have been more complete, for an important point in the proof 
(last two lines, p. 102, vol. II) is left for the reader to fill in, using the 
ideas but not exactly the results of volume I. Nevertheless, the treatment 
is otherwise again excellent and concludes with a proof that the dimension 
of the linear space of differentials of the first kind is equal to the genus p. 
§3 is largely devoted to proving the fundamental so-called Riemann 
relations among the periods of integrals of the first kind on a compact 
Riemann surface of positive genus. Here one sees how to associate to 
each conformai equivalence class of compact Riemann surfaces of genus/? 
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a complex symmetric matrix Z=X+iY such that Y is positive definite. 
Henceforth, let ^ denote the set of all/; hyp complex symmetric matrices 
Z with positive definite imaginary part; §„ will be called the Siegel upper 
half-plane of degree p. The group Sp(/?, R) of 2p by 2p real symplectic 
matrices operates on $P by generalized linear fractional transformations, 
and the subgroup F=Sp(p, Z) of integral matrices in Sp(/?, R) (they are 
automatically unimodular) is called the Siegel modular group (of degree/?). 
Then the matrix Z associated to the class of Riemann surfaces, mentioned 
above, is not unique, but is determined only as an element of a certain 
orbit of r in §>v; it might also be mentioned, aside, that if p is greater 
than one, not every orbit of T corresponds to such a class. The next 
sections are devoted to a preliminary treatment of the Siegel modular 
group and of its geometrical interpretation in connection with the canoni­
cal dissection of the Riemann surface. Leaving problems related to moduli 
of Riemann surfaces, the later sections of the chapter turn again to prop­
erties of Riemann surfaces as individual entities. First, the Riemann-
Roch theorem for a Riemann surface is proved, entirely along classical 
(i.e., Hermann Weyl) lines, and of course it is also proved that a differen­
tial of the first kind has 2/?—2 zeros, and that more generally the excess of 
the number of zeros over the number of poles of a meromorphic differential 
(not identically zero) is also 2/7—2. §7 contains a proof of Abel's theorem 
which gives a necessary and sufficient condition in terms of integrals of 
differentials of the first kind for a divisor of degree zero to be a principal 
divisor. This section, by contrast with most parts of the book, contains 
some apparent inconsistencies in notation and terminology, has some rather 
vaguely worded passages that were difficult for this reviewer to follow, 
and, as if by conspiracy, is plagued by more than the usual number of 
omissions on the part of the proofreader; these relatively minor blemishes 
notwithstanding, a persistent reader will be rewarded for his efforts in 
this section. The remaining sections of the chapter are very good. Their 
subject matter, in the language of algebraic geometry, is a study of 
properties of the Jacobian variety of an algebraic curve of genus p. In §8, 
entitled "The Jacobi inversion problem", it is established (Theorem 1) 
that the canonically imbedded curve of genus p generates the Jacobian 
variety. In §9 the theta functions are introduced and in §10 the study of the 
zero divisors of a theta function on a curve canonically imbedded in its 
Jacobian variety is pursued. The main point of §§10 and 11 is investi­
gation of "the intimate connection between the zeros of 0(s) and the ex­
plicit solution of the inversion problem". And in §11, an explicit result 
is given on how to express an arbitrary meromorphic function on the can­
onically imbedded curve C as a quotient of products of theta functions 
restricted to the curve. In the last section there is developed an isomorphism 


