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The ju-invariant fi(M) of an oriented Z2 -homology 3-sphere M is defined 
by Hirzebruch in [8], using Rohlin's Theorem [13], to be the mod 16 reduc
tion of the signature of a framed manifold W with M = dW. In this paper we 
give a formula for p(M) by studying M as a branched dihedral covering space 
of S 3 . Hilden [7] and Montesinos [9] have independently shown that every 
closed orientable 3-manifold is actually a 3-fold (dihedral) covering space of 
S3 branched along a knot.1 Also see [1], [6] and [12]. 

Let a be a smooth or piecewise linear oriented knot S1 C S3. Let 
V C S3 with dV = a be a Seifert surface for a. The Seifert form L = Lv is 
the bilinear form of Unking numbers of circles in V, with respect to a fixed 
orientation of S 3 , and L' is given as L'(x, y) = L(y, x). Let p be an odd in
teger. A knot j3 will be called a modp characteristic knot (in V) of a if there 
is an embedding of S 1 in V, with nontrivial homology class [|8] E Ht(V), so 
that the composite S 1 C V C S3 is ft and if L(x, 0) + L(p, x) = 0 (modp) 

fo ra l lx inT/^K) . 

A modp characteristic knot 0 for a determines a homomorphism p of 
n^S3 - a) onto the dihedral group Z 2 x w Zp of order 2p. The map p is 
characterized by the requirements that its composition with Z2 x w Zp —• Z 2 

be nontrivial and that, for x in the image of TIX V9 p(x) G Zp C Z2 x w Zp is 
the modp reduction of L(x, )3). Hence ]3 determines a p-fold dihedral branched 
covering Ma^ of 5 3 , branched along a. It can be shown that every dihedral 
representation for a and associated branched cover of S3 are determined by a 
characteristic knot for a in V. Further, dihedral representations can easily be 
classified in terms of equivalence classes of characteristic knots. By abuse of 
notation, we write Ma for Ma^\ as "most" knots have at most one (up to con-
jugacy) dihedral representation of order 2p, this notation is usually strictly jus
tified. 

AMS(MOS)subject classifications (1970). Primary 55A99, 55A10, 55A25, 55A40; 
Secondary 57D65. 

1 In fact one can go directly from a Heegard splitting to a description of any orien
table 3-manifold as a dihedral branched covering space. 
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Let a0 , • • -, a ( p _ 1 ) / 2 be the disjoint oriented circles in.Ma that lie over 
a, with a0 of branching index 1 and at of index 2, 1 < i < (p - l)/2. Orient 
Ma so that the covering projection has positive degree, and let Vy denote the 
linking number of at with oy, i ¥*f. If Ma is a homology sphere, then Vy 

is an integer, but for a Z2-homology sphere Uy will in general be a fraction 
with odd denominator. Let 

/(p-D/2 \ (P-D/2 
"« = - ( E vif + uw/2 I, u0 = - 2 £ u0/. 

Let / be the matrix (0ty))i<f/<(p-i)/2« K. Perko introduced u0 and has com
puted Vy and L>0 for many knots. 

Let 2^ be the p-fold cyclic branched cover of S 3 , branched along ]3, and 
oriented so that the covering projection r has positive degree. For p a 
prime-power 2^ is a rational homology sphere [5].2 Let Tbe a covering trans
lation corresponding to a meridian about /3. Then 

r-i K = v up r(F) up • • • u? TP~\V) 

where r lF : K —• Vis a homeomorphism, and where |8 = r—1(/3). Let zl9 

• - ; zr be elements in the image of Ht(V - j3) in ^ ( F ) which, together with 
[j3], form a basis (over Q) for this image. Let At be the matrix whose (ƒ, &)th 
entry is the linking number in 2^ of {T\V)~1ZJ and ^ ( ( r l K ) ^ 1 ^ ) , 1 < i < 
p - 1. Let A have the (ƒ, £)th entry IK (z y , zfc). Let R = ((Rif)), 1 < i, ƒ < 
(p - l)/2 be the matrix of blocks where, with subscripts modulo p, 

Rif = AH + AM " Ai+J " ^-/-/> ' * U 

and 

* „ = A 4- , 1 ' - 2(AX + • • • 4- ^ p _ x ) - ^l2 , - A_2i. 

For any knot T? in a Z2-homology sphere, let An(t) denote its Alexander 
polynomial. 

Let S be any knot obtained from al9 • • -, a ( p_1 ) / 2 by connected sum 
using O - 3)/2 paths joining them. (Such paths may be described by lifting 
suitable paths from a to itself in S3.) 

For any fraction p/q, p and q odd, let y(p/q) = 0 if p/q = ± 1 (mod 8) 
and <p(p/q) = 8 if p/q = ±3 (mod 8). 

2When p is not a prime-power and S^ not a rational homology sphere, the defini
tion of the matrix R is slightly more complicated. 
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If N is a Hermitian matrix, let a(7V) denote its signature. Let \p be a 
primative pth root of unity. Let B be a Seifert matrix for /?. 

THEOREM . Suppose that the branched p-fold dihedral covering space Ma 

ofS3 is a Z2-homology sphere. Assume that vi0 = 2 (4) for 1 < / < 
(p - l)/2. Then the following holds modulo 16: 

M W = P Ç oiB+B'-B^-B'r1)* ( ^ y 1 ) * ( A ^ ~ 1 » 

+ rtP)MD8]f [fl) + <P(A5(-1)/AS(1)) - (u0/4) + a(J) - a(R). 

The terms on the right of this formula are readily calculable. Note that 
some of the terms vary with the choice of characteristic knot (3. (However, 
for suitable dihedral covers of ribbon knots these terms contribute zero. This 
gives a simple obstruction to a knot being a ribbon knot.) For a homology 
sphere Ma, the terms on the right are integers. For "bushel baskets" [6] of 
knots a, ^(AfJ = 0.3 

some of the terms vary with the choice of characteristic knot |3. For a homo
logy sphere Ma, the terms on the right are integers. For "bushel baskets" [6] 
of knots a, ^(M^) = 0.3 

The condition on vi0 seems to be satisfied in all known cases for Ma 

a Z2-homology sphere [10], [11]. It implies that det/ ¥= 0, which suffices for 
the theorem. Therefore it seems reasonable to conjecture at least that det/ + 
0 if Ma is a Z2-homology sphere. For p = 3, we can show that v10 = 2 
(mod 4). (See [2] and [10] for 2-bridge knots.) Hence the Theorem applies in 
this case. By [7] and [9] the case p = 3 of our formula applies to every Z2-
homology sphere. 
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