1975] BOOK REVIEWS 1037

In the last two chapters weak (distributional) solutions of elliptic systems
in two independent variables are discussed. The treatment of these estab-
lishes contact with earlier work by Bers (pseudo-analytic functions) and
Douglis (hyperanalytic functions).

The investigations presented in this volume are highly technical and
complex. It is probably inevitable, but from the reader’s point of view far
from welcome, that the presentation involves an unfavourable ratio of (often
lengthy and involved) formulae to conceptual exposition. The series in which
this volume appeared aims at rapid publication of topical material and is
prepared to tolerate imperfection, but accepting this, one yet wishes that
typing and proofreading had been more careful.

Notwithstanding these imperfections, this volume will be of considerable
value to those engaged in research in related areas.

A. ERDELYI

The structure of fields, by David J. Winter, Graduate Texts in Mathematics,
16, Springer-Verlag, New York, 1974, xii+205 pp., $12.80.

David J. Winter’s book, The structure of fields, is written in the form of a
graduate level text book. The preface gives a glowing statement of objec-
tives:

This book is written with the objective of exposing the reader to a
thorough treatment of the classical theory of fields and classical Galois
theory, to more modern approaches to the theory of fields and to one
approach to a current problem in the theory of fields, the problem of
determining the structure of radical field extensions.

This statement is very misleading. It is true that there are chapters on
basic algebra and group actions, elementary field theory, the structure of
algebraic extensions, classical Galois theory, algebraic function fields and
Galois theories involving algebraic structures other than groups, and a series
of appendices supplementing these, but the presentation seems completely
unsuitable for a beginning graduate student, or even for a more advanced
student’s first contact with field theory. Winter indicates that much of the
material is based on courses he has taught on bialgebras and field theory.
For others reaching either of these courses, Winter’s book might be used as
a supplementary reference, of value particularly for its exercises and its
discussion of the bialgebra Galois theory of purely inseparable extensions of
a field. However, I would not recommend it as the main text. For an
advanced course on field theory, Jacobson, Lectures in abstract algebra. Vol.
3: Theory of fields and Galois theory, Van Nostrand, Princeton, N.J., 1964,
covers practically all of the material in five out of the six chapters of
Winter’s book, and also includes several important topics not mentioned by
Winter. Not only is his coverage more thorough, but Jacobson also makes
significantly more of an effort to consider the student’s viewpoint than
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Winter does. For an advanced course on bialgebras, considerably more work
should be included than the appropriate two appendices in Winter. For
example, Sweedler, Hopf algebras, Benjamin, New York, 1969, is a better
candidate for a basic text. Winter has written an extremely exciting preface,
but the book simply does not live up to it.

In this review of Winter’s book, I will first indicate the drawbacks which
would probably discourage first year graduate students and those who
compulsively read all books from the beginning, and then discuss how the
book might be used as a reference for portions of an advanced course.

The opening thesis in the preface is:

The theory of fields is one of the oldest and most beautiful subjects in
algebra. It is a natural starting point for those interested in learning
algebra, since the algebra needed for the theory of fields arises naturally
in the theory’s development and a wide selection of important algebraic
methods are used. At the same time, the theory of fields is an area in
which intensive work on basic questions is still being done.

While one may quarrel with some points in this, such as field theory being a
natural starting place for the study of algebra, there is much truth in the
paragraph. Historically one of the well-springs of the development of
algebra was the problem of finding roots of polynomials, and field theory
was developed to attack this problem. Abstract field theory yielded proofs
that no ruler and compass construction can square the circle or trisect a 60°
angle, and that there is no formula for the roots of a polynomial of degree
=5 expressible in terms of the operations of addition, subtraction, multipli-
cation, division, and the extraction of nth roots. The complex numbers, now
a very applicable as well as theoretical mathematical concept, were origi-
nally studied because of a desire to be able to solve the equation X*+1=0 in
a “nice number system” containing the real numbers. For “nice number
system” read “field”. Unfortunately, the text of this book reflects very little
of this. The reader will find that motivation and concrete evidence that field
theory is more than a collection of definitions, theorems, and proofs is
almost exclusively relegated to the exercises at the ends of the chapters. A
book on ““one of the oldest and most beautiful subjects in algebra” should
give the reader some idea of why the subject is old and beautiful, how it
arose, what it is good for, and what techniques and ideas are mosu signifi-
cant. Examples are essential to motivate and illustrate theorems, to indicate
that some questions that arise naturally from the theory have negative
answers, to show that the theorems are not discussing the empty set of
objects, to show why certain hypotheses are essential in theorems, and to
justify making definitions of all kinds. Very few examples are given in the
text, many more in the exercises, and even more must be provided by the
instructor or student.

The objective of thorough coverage of the classical theory of fields is not
met by this book. While studying commutative field extensions of base fields
is one extremely important aspect of field theory, it is by no means the only
one. Any thorough treatment of field theory should consider such topics as
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valuated fields, real closed fields, the Brauer group, crossed products, and
should seriously develop enough number theory to serve as motivation for
and applications of field theoretic results. Winter does not. Algebra, by
Serge Lang, Addison Wesley, Reading, Mass., 1965, contains broader
coverage of classical field theory than Winter, and it is a general graduate
algebra text, not a field theory text. Jacobson, Lectures in abstract algebra.
Vol. 3: Theory of fields and Galois theory, Van Nostrand, Princeton, N.J.,
1964, covers even more than Lang. It is true that these are larger books
than Winter’s, and trying to condense a large amount of material into a
small space necessitates omissions, but that means the treatment is a very
long way from being thorough. The student would get more classical field
theory by using one of the above texts. A more accurate description of this
book’s actual coverage is Galois theory and related field theory. It might also
indicate that the text is almost completely abstract theory. With a few
exceptions, such as finite fields and cyclotomic extensions of the rationals,
the body of the text does not deal with the structure of specific fields at all.

Winter’s style is Definition-Theorem-Proof with an extremely small
amount of exposition. For example, the first five sections of Chapter 1, p. 26
to the middle of p. 36, have 43 items given numbers and labeled definition,
proposition, theorem, or corollary and all of 97 lines not in one of the above
or a labeled proof. A large portion of these 97 lines are unlabeled defini-
tions or proofs, and there are only 30 or so that I would classify as
exposition (I exclude pre- or restatements of propositions from exposition in
this count unless they shed additional light on the meaning of the proposi-
tion). The first three sections of Chapter 3, p. 65 to the middle of p. 73, have
only 14 numbered items and considerably more expository material. They
happen to be a nice section of the book. That is not maintained. The first
three sections of Chapter 6 have counts much closer to Chapter 1 than
Chapter 3. Moreover, if one concludes that separating items out as num-
bered definitions or propositions is an indication of importance, then one
would have to conclude that the Frobenius homorphism and the Hilbert
Nullstellensatz, which only rate a few unnumbered lines and reference to
one exercise apiece, are rather unimportant items. In contrast, many items
are set off as numbered propositions that have one line proofs.

When a complicated or unintuitive proof is substituted for some more
straightforward proof, a reader’s difficulties in studying a math text are
increased. Winter does more than his share of this. Two examples are worth
citing for different reasons.

In his last section of the chapter on classical Galois theory, Winter finally
gets around to a discussion of the existence of polynomials with rational
coefficients which are not solvable by radicals. He selects a straightforward
program to obtain such polynomials. Pick your favorite prime q. To assure
nonsolvability, q should be =5, but Winter expects the reader to fill in that
detail. Pick your favorite complex conjugate pair r; and r, such that their
sum and product are integers. Pick your favorite q—2 distinct integers
13, - - -, 1. Then form the polynomial of degree q with the r as roots. So far
the approach is excellent for a classroom situation. While reading it, the






