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Introduction. Each President of the American Mathematical Society is 
required to present a retiring presidential address. By custom, this address is 
not in any way directed to the examination of the administrative or profes­
sional problems of the Society. This is not because these problems are 
unimportant, but is presumably because the President's contribution to them 
should have long since been made, or not made, as the case may be, well 
before his retirement from office. Instead the custom is that the President's 
address is concerned with contributions to our science. This is a good 
custom, since it is the mathematical theorems and the solutions of 
mathematical problems which possess the quality of permanence and the 
symmetry of structure which is our primary objective in mathematics. 

My own research work has been largely concerned with aspects of 
algebra—a variety of aspects by no means covering all of algebra, but chiefly 
involved in some explorations of the relation between algebra and the 
neighboring fields of logic and geometry. These studies have given me the 
lively impression that many of the ideas of algebra do indeed arise from 
these other fields, and that this origin highlights the sense in which the 
science of mathematics exemplifies the interdependence of its parts. Hence, 
this address will be devoted to an examination of certain of the ways in 
which the problems from geometry and logic arising in my own research 
work have illuminated algebra or contributed new concepts to that field. 

1. Separable extensions. My first example is a problem in the theory of 
fields whose solution required the use of ideas from geometry—more 
exactly, ideas about an axiomatic treatment of linear independence. 
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The problem begins with number theory. Here the treatment of various 
arithmetic questions had been effectively formulated in terms of the p-adic 
numbers. Recall that these numbers arise from studying the divisibility 
properties of rational numbers vis-a-vis a fixed prime number p. Each 
rational x^O may be written as x=pe(m/n) for some integral exponent e 
and integers m and n prime to p. Then the function Vx=e assigning to x 
the exponent of p defines the "exponential" p-adic valuation V of x, with 
the formal properties 
(1.1) V(xy) = Vx + Vy, V(x + y)^Min(Vx, Vy) 

for all x, y 5^0. The corresponding norm on the field Q of rational numbers 
is |x |=exp(-Vx). Completing Q with respect to this norm yields the field of 
p-adic numbers. The p-adic integers are then the x with Vx^O, and the 
ring of p-adic integers has a unique maximal ideal (all x with Vx>0), so 
that the integers modulo this ideal form a field, called the residue field. In 
this case, it is the familiar finite field with p elements. This structure 
uniquely determines the p-adic numbers: They are characterized (essen­
tially) as a complete field with valuation having this residue field, and 
maximal ideal generated by p. 

There is a similar structure theorem for more general p-adic fields. Let K 
be a field of characteristic 0 with an integer valued valuation V with the 
properties (1.1), complete in the corresponding norm. Its residue field k is 
again formed as the ring of its integers modulo the maximal ideal, and K is 
called p-adic if k is of characteristic p (whence Vp>0) and the prime p 
generates the maximal ideal (K is "unramified" over the prime field). The 
structure theorems then state that such a p-adic field is determined, up to 
analytic isomorphism, by its residue field k. 

Initially, I was engaged in finding two sorts of enlargements of this basic 
structure theorem—on the one hand, a structure theorem for complete fields 
with a valuation of higher rank [62]; on the other hand, a relative structure 
theorem [65], [66]. Is a complete and unramified extension L of K deter­
mined (up to relative analytic isomorphism) by the corresponding extension 
of the residue-class field? For both purposes I needed to examine more 
carefully the proof of the original "absolute" structure theorem for un­
ramified complete fields. Here the uniqueness of the field K0 of p-adic 
numbers for their residue field k0 (the field of integers modulo p) is 
established first; then the whole complete field K is obtained by inter­
mediate stages, each stage complete, and each corresponding to a stage in a 
step-by-step extension of the residue fields from k0 to the whole residue 
field k. Typically one considers first transcendental extensions, by indepen­
dent indeterminates x, y, z, • • •, and then a final algebraic extension to get 
all of k as a tower 

k0c=ko(x)c:ko(x, y ) c - • • c k0(x, y, z, • • -) = k'<=k. 

Within the given field K one can try to construct a corresponding tower of 
p-adic fields 

K 0 c K i c K 2 c . . c K ' c K , 
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with these respective residue fields. Specifically, if x is transcendental over 
ko, any element X in the coset x is transcendental over k0, and we may take 
Ki to be the completion of K0(x). In the remaining case, if a is algebraic 
over k', satisfying a separable polynomial equation, then the "Hensel-
Rychlik" lemma will produce a corresponding element A algebraic over K'. 
However, this lemma really uses separability: A separable extension is one 
generated by roots of an irreducible polynomial whose roots are all differ­
ent. This is the same notion of separability as that which arises in the Galois 
theory, where the standard correspondence between subgroups of the Galois 
prime and intermediate fields of a normal algebraic extension holds when 
that extension is separable. 

However, it is precisely for fields of characteristic the prime p that 
inseparability can arise. For such fields, the binomial theorem for pth 
powers has the well-known simplified form: 

(b+c)p = bp + cp. 

In consequence, an equation X p - a = 0 over such a field k0, which may well 
be irreducible over that field, can have only one root a in any extended 
field, because <xp = a and so (x-a)p=xp-a. This can happen unless k0 is a 
perfect field of characteristic p; that is, a field containing pth roots of all of 
its elements. By the little Fermât theorem, finite fields are perfect, but there 
are many infinite fields, such as transcendental extensions k0(x), which are 
not. 

These observations about separability at first seemed to indicate that the 
structure theorems for p-adic fields worked well only when the residue field 
k was separably generated over k0, in the sense that k can be obtained from 
ko by the successive adjunction of elements each of which is either transcen­
dental or separable and algebraic over the previously generated field. When 
k can be so generated, those elements which are transcendental can, for 
convenience, be adjoined first. This shows that k is separably generated over 
ko if and only if it has over k0 a separating transcendence base: a string of 
elements x, y, z, • • • which are algebraically independent over k and such 
that k is separable and algebraic over the field k0(x, y, z, • • •) which they 
generate. 

This use of separably generated extensions had led H. Hasse and F. K. 
Schmidt to an elaborate study of inseparably generated extensions in terms 
of Steinitz "towers" of separably generated extensions. Difficulties with this 
theory [64] persuaded me to think that the crucial problem was that of 
finding criteria for the existence of separating transcendence bases. There 
were striking examples of fields which did not have such bases; for example 
(Mac Lane [63, p. 384]) when k0=P(x, y) where P is a "perfect" field (for 
example, a finite field) and x and y are algebraically independent, while 
k = ko(z, u) with z transcendental over k0 and u the root of the inseparable 
equation 

(1.2) up = y+xzp, 
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irreducible over fc0(z). To be sure, one could solve equation (1.2) for y and 
so observe that this whole field k is k=P(u, z, x) and thus is separably 
generated, with u, z, and x as the separating transcendence basis, over the 
original perfect field P. Unfortunately, this difficulty cannot always be 
removed just by starting from a perfect field P, as for example in the field 
k2=P(to, ti, • • • ,y2 , y3, • • •) arising from P by adjoining two strings of 
elements tn and yn subject only to the algebraic relations 

(1.3) yPn+2=tn+tn + l(tn+2)\ U = 2, 3 , 4, • • • . 

This field k2 simply cannot be separably generated over P, a sorry fact which 
I had observed (Mac Lane [63, p. 386] and [64, p. 39]) in studying some of 
the difficulties with the Steinitz towers. 

Study of example (1.2)—or similarly of (1.3)—might suggest that the 
trouble lies in the fact that equation (1.2) makes the pth root of y 
expressible in terms of the pth root of x, although in the original field P(x, y) 
these roots are "independent." Now Teichmiiller [94], [95] had disengaged 
a notion of p-independence. An element z of a field k0 of characteristic p is 
said to be p-dependent on elements yi, • • • , yn of k0 when 

(1.4) z 1 / p Gko(yî / p , - - ? yi / p ) ; 
correspondingly, elements xi, • • •, xm are p-independent in ko where no 
one of them is p-dependent on the others. 

At this point, geometry entered; more exactly linear geometry. Hassler 
Whitney had studied ordinary linear independence relations with a view to 
understanding the combinatorial structures called "matroids" (Whitney 
[102], Mac Lane [60]). Stimulated also by the ideas of Garrett Birkhofï and 
O. Ore, I had observed [61] that these notions of independence could be 
formulated axiomatically in terms of lattices (here, the lattice of inter­
mediate fields). For ordinary linear independence Steinitz had shown that 
the invariance of dimension of a vector space rested on the exchange 
property. This property was still present for p-dependence: If z is p-
dependent upon yi? • • • , y„ but not on yi, • • • , y„-i, then yn is p-dependent 
on yi, • • • , y„_i, z. Moreover, the lattice involved in this exchange property 
need not be a modular lattice, a surprise for lattice theorists (see Mac Lane 
[61, p. 463]). 

For fields of characteristic p, an extension k => k0 is said to preserve 
p-independence when each subset of k0, p-independent in k0, remains 
p-independent in the larger field k. This concept explains the trouble in the 
example of (1.2), where the elements JC and y of k0 are algebraically 
independent over P and hence p-independent in k0, but do not remain 
p-independent in k—precisely because equation (1.2) can be used to express 
the pth root of x in terms of the pth root of y. Using this concept, I was able 
to prove 

THEOREM 1. An extension k=>k0 of fields of characteristic p preserves 
p-independence if and only if ko(yi, • • -, y«)=> ko is separably generated for 
each finite string of elements yi, • • • , yn of k. 
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COROLLARY. A finitely generated extension can be separably generated if 
and only if it preserves p-independence. 

This concept also served to settle the relative structure problem for p-adic 
fields (Mac Lane [66]): 

THEOREM 2. Let k be any extension of the residue class field k0 of a given 
p-adic field K0, and let K and L be two p-adic extensions of K0, both with the 
same residue class field k. Then the identity automorphism of K0 can a/ways 
be extended to an isomorphism K->L which is analytic (i.e., preserves the 
valuation) and induces the identity on k if and only if the extension k=>k0 of 
residue fields preserves p-independence. 

This completed the structure problem for p-adic fields, and shifted the 
problem to determining which extensions are separably generated. For fields 
of characteristic p, A. Weil [100] and N. Bourbaki [8] called an extension 
k=>k0 separable precisely when it preserves p-independence. For an alge­
braic extension, this agrees exactly with the classical notion, and it makes the 
Corollary to Theorem 1 read "A finitely generated extension is separably 
generated if and only if it is separable." From this point on, the notion of 
separability became a small part in the field-theoretic treatment of algebraic 
geometry, relating in particular to the study of "linearly disjoint" extensions 
(Weil [100]). But in the process, the algebraic study of fields had profited 
essentially from Teichmüller's observations that the "geometry" of linear 
dependence is like that of p-dependence, plus the fact that this study has a 
general lattice-theoretic form. 

2. Homological algebra. The idea of finding the "homology" of an 
algebraic system—of a group, of a Lie algebra, or of an associative algebra— 
was clearly derived from the study of the homology (i.e., the connectivity) of 
a topological space. Originally, following Poincaré, the connectivity of a 
space had been described just in terms of its Betti numbers and torsion 
coefficients. Then it was reputedly Emmy Noether who had pointed out to 
Paul Alexandroff in Göttingen that the Betti number and the torsion 
coefficients in each dimension must really be the set of invariants of some 
finitely generated abelian group—the homology group of the space in that 
dimension. Noether emphasized that the proper subject of study must be 
this group. 

The use of homology groups was soon systematized. They are usually 
described algebraically in terms of chains and their boundaries. An n-
dimensional chain is a formal linear combination of n-simplices (either a 
simplex in a given triangulation of the space or any singular (continuous) 
simplex in the space). In any event, all the n-chains form a free abelian 
group G , and the sequence of these groups, with the corresponding bound­
ary homomorphisms d, is a chain complex. 

(2.1) C : Co *-*— G <-*- G <-* +±- Cn <-*— Cn+i • • • 
with dd = 0. Its homology in dimension n is the quotient group 
(2.2) Hn = Hn(C) = {Kernel d : C -* Cn-i}/{Image d : G+i -* G } . 


