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Introduction. This is an expository account of work we have carried out
jointly with some of our students and associates, notably E. Rodemich, H.
Taylor, C. Preston, C. Greenhall, S. Milne, T. Park and P. DeLand.

We shall be concerned with classes of functions f(X) measurable on the
d-dimensional unit cube

L=[0,1]x[0,1]x--%x[0,1]

and satisfying conditions of the type

Loy (f) = L L w(%) AXdY =B <o,

d d

where ¥ and p are restricted as follows:

(a) ¥(u) is defined and continuous on (—o, +©),

1

W (b) W(w) = ¥(—u) oo as |ul 12,

and

2 (a) p(u) is defined and continuous on (=Vd, Vd),

(b) p(u)=p(-u){0 as |ull0.

In most of our work we have been concerned with the one-dimensional
case, but here we shall be able to say something about the general case.

Roughly speaking, our aim has been to use the finiteness of Iv,(f) to
derive a priori bounds for other important functionals of f, such as its
modulus of continuity or other high order norms. The bounds we have
obtained involve, of course, ¥ and p but they depend on f only through the
value of Iy, (f).

1. Sample of results. To get across at least the flavor of our work we
shall give a sample of our results in the one-dimensional case.

THEOREM 1.1. Let

Loo(f) = Ll quf(ﬂl%’_—f;)ﬂ) dx dy =B <,
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158 A. M. GARSIA

and suppose

(1.1) j ¥ (B/u?) dp(u) <3’

then f is essentially continuous and, in fact, for all x and y in the Lebesgue set
of f we have

Ix=yl
(12) F0)-fI=8] v Bl dpw)

Several interesting applications of this theorem have been found since its
discovery. (See [6], [7] and [1].) Indeed, our initial motivation for proving
such a result came from a study of path continuity of Gaussian processes
where the particular case ¥(u)=exp u’ turns out to be very useful.

Theorem 1.1 has been the first result and our further work was stimulated
by the puzzling question of what we could say about f when Iv,(f)<c and
fo ¥ (B/u®) dp(u)== V B. It can be easily shown by examples that the f’s
satisfying (1.1) need not be continuous in this case. Nevertheless, it is
reasonable to ask how much smoothness is still present.

During the last few years we have put together a certain number of results
in this direction (see [1], [5] and [2]). As an example in point we state an
inequality which is true in general and implies (1.2) when condition (1.1) is
satisfied.

To this end we recall that to each f we can associate what is commonly
called its ‘“‘monotone rearrangement’, denoted by f*, which is defined as the
unique nonincreasing function on [0, 1] such that

m{x:f(x)zZA}=m{x:f*(x)=A} Vreal A.
The basic inequality can be stated as follows:

THEOREM 1.2, If I+, (f)=B<% and ¥(e*) is convex, then for 0<x=3,

(1.3) f*f(:)(’i)f';{: @x)}gztj:nqu(%) ap)+4¥(5) peo.

A certain number of interesting inequalities can be derived from (1.3). In
addition, Theorem 1.2 implies Theorem 1.1 at least when W¥(e™) is convex.

However, the crucial fact which is responsible for (1.3) as well as several
remarkable inequalities is that the functionals Iv,(f) decrease when we
replace f by f*. Namely we always have

(1.4) I\ll,p(f*)éI‘}',p(f).

Thus we can systematically reduce the study of f to that of f* and the
latter is simpler since f* is monotone.

We cannot escape the temptation to state here at least two of the most
curious consequences of (1.4) which do not follow from (1.3).

31 denotes the inverse function of ¥ in (0, «).
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TuHEOREM 1.3. Let

1 1 a
(x)—f(y) o )
R =
then

J'( exp{ w—} dx dy =22,

where
co = (log 2/2)%, B =oa/(a—1).
THEOREM 1.4. If

L j exp{lﬂ x)— f(y)lloglx 1 yl} dxdy <o,

then f is essentially Lipschitzian and, indeed,

(1.5) If(x) = f(»|=Blx—y|
must hold for all x, y in the Lebesgue set of f.

REMARK. So far the only proof we know of (1.5) is via the inequality in
(1.4). We are offering a bottle of Scotch for the first proof of (1.5) which
does not use (1.4).*

The basic inequality which implies the monotonicity of our functionals
Iy, (f) in the one-dimensional case can be stated as follows:

Lemma 1.1. Let ®(u)=®(—u)? as |u|?; then for 0<8<1 we have

a6 ] erre-rronaxdys [] @1 dxay.

|x—y|=8 Ix—y|=8

Quite recently we have discovered some very interesting consequences of
this inequality. But we shall postpone stating these until the end. Let us just
say here that the d-dimensional version of (1.6) implies some rather
remarkable new and classical Sobolev type inequalities. These inequalities
have something to do with the fact that (1.6) enables us to estimate the
growth of f*(x) as x—0" or x— 17 in terms of the behavior as §—0 of a
given integral modulus of continuity of f (such as, for instance, the L,
modulus of continuity w,(8, f)). But it is more exciting at this point to get

first an idea of the type of combinatorial results that are responsible for
(1.6).

2. The combinatorial inequalities. To show (1.6) we need only establish
a discretized version, namely

THEOREM 2.1. Let ®(u)=®(—u)! as |u|}. Then for all real numbers
AM<A2<: - <A, and for all 1=M=n we have

(2.1) IR DI ORI ()

where f is any function on (1, 2, - - -, n) which takes the values A1, Az, - * * , An.

* The bottle of Scotch was won by L. Nirenberg who solved this problem a day after the talk.
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To understand the significance of this inequality let us rewrite it in a form
which can be easily extended to the higher-dimensional case as well as to
more general situations.

Let (Q, §) be a discrete metric space. For instance:

(1) In the one-dimensional case we want to take

Q=(1,2,---,n), 8@Gj)=|i—jl|

(2) In the two-dimensional case

Q=(1,2,---,n)x(1,2,---,n), 8P,Q)=PQ (Euclidean),

etc.

Let N = |Q| = cardinality of Q. This given, we can define a function f on Q
starting from its values A, <A<<' -<An (we can assume without loss that
they are all different) by saying where in ) we put the smallest (i.e. A1),
where we put the next smallest (i.e. A») etc.

In other words, each function on ) can be considered made up of its
values Ai, Az, - -+, An together with an assignment or rule for putting these
numbers on (). Such an assignment can be given simply as a map
w:(1,2,: -+, NyeQ.

Keeping this in mind, for a given function f(P) defined on £}, the
expression

2.2) D O(f(P)-f(Q))

8(P,Q)=M;P,QEQ

can be written in the form

(2.3) T @h-N)

8(w(i),m(j)H=M

where this sum is carried out over all couples (i,j)e
[1,2,---,N]x[1,2,: -, N] such that 8(w(i), w(j)) =M.

We can better visualize the situation if we introduce a directed graph
which we shall call G(N) and which is defined as follows. Its vertices are the
couples a=(i, j), 1=i<j=N, and between a=(i, j) and a'=(i’, j') we put an
arrow going from a to a’ if and only if

(a) i'=i-1, =]
or

() i'=i,  j=j+1.

In the figure below we have illustrated G(6).

Furthermore we make the vertices of G(N) into a partially ordered set by
setting

(2.4) a=(@,j)<a=@,]j")

if and only if i'si<j=j'.
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That is a<a' if and only if we can go from a to a’ in G(N) along a path
which follows the arrows.
Now, given the A’s and @ as in Theorem 2.1 let us set for a=(i,j),
¢(a)=®(Ai—A;). Note that this function is nondecreasing with respect to the

partial ordering we have just introduced. This given, we rewrite (2.3) in the
form

2.5) 2 e(a)

aEDpg ()
where we have set

Du(m) ={a = (i, j): 8(w (i), m(j)) =M}.

The question then is: What is the smallest possible value that the
expression in (2.5) can take when ¢(a)=®(Ai—A\;) and 7 varies amongst all
possible ways of distributing Ay, A2, -, Ax in Q?

In the one-dimensional case, i.e. when Q=(1,2,:::,n), there are two
natural assignments, namely, m(i)=i or w(i)=n—i. Indeed, Theorem 2.1
simply says that the smallest possible value of (2.5) is obtained for any one
of these two choices of .

The proof of this fact, although at first sight it may seem to have to
involve ® and Ai, A2, - - -, An, can actually be obtained by purely combina-
torial considerations.

To see this, let us introduce one further notation. For two given subsets A
and B of G(N) we set A< B if and only if A is “below” B in G(N). By this
we mean that there exists a one-to-one map 6 of A into B which is
increasing with respect to the partial order we introduced in (2.4). This
given, we have the following crucial fact:

Lemma 2.1. If A and B are two subsets of vertices of G(N) then
Yaca @(a)=Yaecs ¢(a) holds for all ¢(a)=P(Ai—\;) if and only if A<B.

This is not difficult to prove if we use the P. Hall theorem on the selection
of distinct representatives (the ‘‘marriage” theorem). Indeed, all we need to
show is that our functions ¢ (a) contain all the extreme points of the cone of
increasing functions on G(N). A proof of Lemma 2.1 along these lines is
given in [5].
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Set then for convenience
Rv={a=(,j)1=sj—-i=M}.

If £ denotes the identity mapping from [1,2,---,n]to[1,2,---, n] we see
that

Rm = QDM(S).

From Lemma 2.1 we get that our inequality (2.1) is equivalent to the
combinatorial inequality

(2.6) Dum(e)< Dum(mw) Vur
or, which is the same,
2.7 Rm<Dm(w) V.

A proof of (2.1) via (2.6) can be found in [5]. In that paper quite a
number of analytic inequalities are derived from (2.6) including Theorems
1.2, 1.3 and 1.4. But let us see next how all these results can be extended to
the higher dimensional case.

For instance, let Q=[1,2,-:-,n]X[1,2,---,n] and

8(P1, Pz) = PP, (Euclidean).
That is, if P1=(i1,j1), Po=(is, ]2) then

8(P1, P2)=V(i1—i2)"+ (ji—J2)".
In this case N=|Q|=n? so we want to represent our sum

S= 2 ®(f(P)—f(P)

PiP2=M

as a sum over a subset of the vertices of G(n?). With our notation, letting
A1<A2<<- - -<Aq2 be the values taken by f(P) in (2, and assuming that f(P)
takes the value A; at the point (i) of (), then

S= Y ¢a)

where R
Dum(m) ={a=(,j):7({@)w(j)=M}.

If we proceed in the most naive way, using the one-dimensional case as a
guide, we might be tempted to ask whether or not there is a special map

8:[1a2,”'7"’2](_')9:[172""9n]x[172,'"9”]

such that

> ¢<a)§a;m¢(a) V7, ¢ & M.

aEDpg(e) EDp(

In view of Lemma 2.1 this is equivalent to
(2.8) Dm(e)< Du(w) Vo & M.






