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1. Introduction. Let / / b e a real Hubert space. The single-valued operator 
A mapping D(A) C H into H is monotone if it satisfies (A(u) - A(v), u - v) > 0, 
Vw, u G D(A). A is called maximal monotone if there does not exist any multi
valued monotone extension of A. Browder [2] has shown that for a monotone, 
hemicontinuous operator A there exists no monotone extension A satisfying 
D(X)=D(A). That means that the only possibility of extending the operator is 
to extend its domain. The purpose of this paper is to give a condition which 
guarantees that its domain is maximal relative to the operator. 

Our result depends upon the concept of a weak domain-closed operator, 
which arises in our theory in a natural way. In the linear case we show that 
selfadjointness is equivalent to that weak domain-closed plus symmetry. Given 
a monotone, hemicontinuous, weak domain-closed operator A, we then show 
that a sufficient condition for its maximality is the existence of a linear, positive 
selfadjoint operator having the same domain. 

2. Weak domain-closed operators. 
DEFINITION. Let A be a nonlinear operator with dense domain D(A). We 

call A weak domain-closed, when from uk —K u and A(uk) ^ w it follows 

that u G D(A). By A(uk) ^ ^ w we mean that (A(uk), u) —* (w, u), Vu G 

D(A). 

The following lemma shows that the concept of a weak domain-closed 
operator is related to the maximality of its domain: 

LEMMA . A linear operator L with dense domain is selfadjoint if and only 

if it is symmetric and weak domain-closed. 

PROOF. Suppose that L is selfadjoint and uk G D(L) is a sequence with 
uk —* u and (Luk, u) —* (w, Ü ) , V Ü G D(L). Then it follows from (Luk, v) = 
(uk> Lv) —> (u, Lv) that (u, Lv) = (w, v), Vi> E D(L). Consequently, u G D(L) 

and L is weak domain-closed. 

In order to prove the other direction we suppose for given u, v G H that 
the following equations hold: (w, Lv) = (w, u), Vu G D(L). Let uk G D(L) be 
a sequence with uk —* u. Then it follows that 
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(Luk, v) = (uk> Lv) —• (w, Lv) = (w, u), Vu G D(L). 

Since Z, is weak domain-closed, we conclude that u G D{L) and by symmetry 

w = Z,w. 

3. Principal result. 

THEOREM . Let A be a monotone, hemicontinuous operator and let L be 

a linear, positive, selfadjoint operator. Suppose that A is weak domain-closed 

and D(A) = D(L). Then A is maximal monotone. 

PROOF. By a theorem of Minty (see [1]) it is sufficient for the maximal
l y of A that, for any y G H, the equation y = A(u) 4- u has a solution u G 
D(A). Without loss of generality we can suppose that y — 0, since we can 
replace the operator A(u) by the operator A(u) = A(u) -y, for arbitrary^ G H. 

Replacing A(u) by A{u) we consider the operators 

Fk=(I + kL)"1 A(I + kL)"1, k>0. 

These operators are monotone, hemicontinuous and defined on all of//. Thus 
they are maximal monotone. Therefore the following equations have solutions 
( see [ l ] , [2 ] ) : 

0 = Fk(hk) + hk 

and 

0 = A(uk) + uk + 2kLuk + k2L2uk with uk = (I + kL)~1hk. 

From \\uk\\
2 < | | / g | 2 = - (Fk(hk)9 hk) < \\Fk(0)\\ \\hk\\ it follows that 

the sequences uk and hk are both bounded and both converge to the same u 

in the weak topology for k —• 0. If we take into account that kLuk —* 0 it 
follows that uk —»• u and A(uk) ^ - u. Using the fact that A is weak 
domain-closed, we conclude that u ED(A). 

For any v G D(A) we define wk = (/ + kL)v. Then it follows by means 
of the inequalities 

0 < (Fk(hk) +hk- Fk(wk) - wk, hk - wk) 

= - (A(v), uk-v)- ((/ + kL)v, (/ + kL)(uk - v))9 

that 0 < - (A(p) + v,u- v), Vu G D(A). 
Since A is hemicontinuous and since u belongs to D(A)9 it follows that u 

is a solution of 0 = A(u) 4- u, completing the proof. 

4. Applications. I. Let A be a monotone, hemicontinuous, bounded 
operator and let L be a linear, positive, selfadjoint operator satisfying the 
condition D(L) C D(A). Then A 4- L is maximal monotone. 
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PROOF. Given a sequence uk E D(L) and given u, v E H such that 

uk —*• u and (A(uk) + Luk, v) —• (w, v), Vu E D(L). The sequence A(uk) is 

bounded and therefore there exists a w' E ƒƒ with (Z/Wfc, u) —• (w - w', u), 

Vt> E />(//). If we make use of the above lemma, it follows that u E D(L) = 

D(A + L). Hence .4 4- L is weak domain-closed and in view of the above 

theorem A 4- L is maximal monotone. 

II. Let A be an operator defined on a linear, dense domain which is weak 

domain-closed and for which the Gateaux-derivatives A'u satisfy the condition 

l t a l l < + ̂ - ^ > l l = ° ' Vu,v,heD(A). 

Then, if all derivatives are positive and symmetric and if one derivative is positive 
and selfadjoint, it follows that A is maximal cyclically monotone. 

PROOF. The cyclical monotonicity means that Vn > 0, Vut E D(A), 

(A(un), un - u0) 4- • • • + (A(ux), ux - u2) + (A(u0), u0 - ux) > 0. 

In [3] it is shown that an operator, whose derivatives satisfy the above continuity 

condition, is cyclically monotone if and only if all derivatives are positive and 

symmetric. Thus the statement follows. 
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