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ABSTRACT. We characterize the subgroups of finitely presented 
groups as those countable groups having consistently recursively enumerable 
word problem. We also characterize the subgroups of simple subgroups of 
finitely presented groups as those countable groups having consistently recur
sive word problem. 

Graham Higman has characterized the finitely generated subgroups of 
finitely presented groups as those finitely generated groups with recursively 
enumerable (r.e.) word problem (see [H]). In the same paper he asked for a 
characterization of all countable groups which are subgroups of finitely presented 
groups. Theorem I below gives such a characterization. 

DEFINITION 1. A countable group G has r.e. word problem relative to a set 

S of generators if and only if there is a partial algorithm which converges on all 
words on S which equal 1 in G and gives answer "yes", and does not give answer 
"yes" on any word =£ 1 in G. (It could not converge, or it could converge and 
answer "no".) If the word problem for G is r.e. relative to some generating set 
S, we will say that G has r.e. word problem. 

DEFINITION 2. G has recursive word problem relative to S if there is a 
partial algorithm which converges for all words w on S, and answers correctly 
whether or not w = 1 in G. If the word problem for G is recursive relative to 
some generating set, we will say G has solvable word problem. 

DEFINITION 3. If A is a recursive alphabet and if ƒ is a partial algorithm 
from the set of words on A to the set "yes", "no" we call ƒ a consistent algorithm 

if the set of conditions { W = 11 f(W) = "yes"} U { W * 11 f(W) * "yes"} is 
consistent with the axioms of group theory. 

If ƒ is a consistent algorithm, then the set of words W such that f(W) = 
"yes" is closed under concatenation, and conjugation by arbitrary words U on A. 

In group theoretic terms this means that f(U) = "y e s" if an(* only if f (if) = 
"yes" where Uf is the freely reduced word equivalent to U, and if F is the free 
group on A, the set of equivalence classes of words W such that f(W) = "yes" is 
a normal subgroup of F. 
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DEFINITION 4. A group G has consistently r.e. (or recursive) word problem 

if and only if its word problem is r.e. (or recursive) via a consistent algorithm. 
It should be noted that a finitely generated group has consistently r.e. word 

problem (relative to any finite set of generators) if and only if it has r.e. word 
problem. 

Henceforth, if we have a group G with a set S of generators, we will assume 
(without loss of generality) that 

S C i = {av a2, . . . }. 

THEOREM I. A countable group is embeddable into a finitely presented 

group if and only if the word problem for G is consistently recursively enumer

able. 

Boone and Higman have characterized the finitely generated groups with 
solvable word problem as those finitely generated groups embeddable into simple 
subgroups of finitely presented groups (see [B4]). Theorem II below is a natural 
generalization of their result: 

THEOREM II. A countable group is a subgroup of a simple subgroup of a 

finitely presented group if and only if it has consistently solvable word problem. 

The author has given theorems (see [S] ) which characterize algebraically 
the finitely generated groups with solvable order, power, conjugacy or Magnus 
problems. All of these theorems have natural extensions to the cases of arbitrary 
countable groups in which these problems are consistently solvable. 

Murskiï (see [M]) has proved the analog of Higman's theorem, and Boone 
and Higman (see [BH] ) have proved the analog of their theorem, for finitely 
generated semigroups. Both of these theorems generalize in a natural way to the 
exact analogs of Theorems I and II above for semigroups. 

Several further theorems can also be proved. 
DEFINITION 5. A countable group has locally r.e. (or recursive) word 

problem if every finitely generated subgroup has r.e. (or recursive) word problem. 
Theorem HI below relates these two notions to the notions introduced 

earlier in this announcement. 

THEOREM III. (i) Every group whose word problem is locally recursively 

enumerable has recursively enumerable word problem. 

(ii) There exists a group whose word problem is recursively enumerable 

but not consistently recursively enumerable. 

(iii) There exists a group whose word problem is locally recursive but not 

recursive. 

(iv) There exists a group whose word problem is recursive, but not consist

ently recursive. 
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