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THE INTEGRABILITY PROBLEM FOR LIE EQUATIONS

BY HUBERT GOLDSCHMIDT'

The study of pseudogroups and geometric structures on manifolds
associated to them was initiated by Sophus Lie and Elie Cartan. In compar-
ing two such structures, Cartan was led to formulate the equivalence problem
and solved it in the analytic case using the Cartan-Kéhler theorem (see [2]
and [3]). In the early 1950’s, Spencer elaborated a program to study structures
on manifolds, in particular complex structures, and their deformations in
terms of partial differential equations. He set up the integrability problem for
Lie pseudogroups and introduced partial differential equations which are
equivalent to those solved by Cartan when all the data are real-analytic. In
the case of complex structures, this partial differential equation expresses the
fact that an almost-complex structure is actually a complex structure. In 1957,
Newlander and Nirenberg showed that every formally integrable almost-com-
plex structure is integrable, and is in fact a complex structure. Spencer
conjectured that the corresponding result would hold for any elliptic Lie
pseudogroup; this was proved by Malgrange [19] under the additional
assumption that the pseudogroup is analytic. However in 1967, Guillemin and
Sternberg [16] gave an example, based on H. Lewy’s counterexample to the
local solvability of partial differential equations, which shows that the integra-
bility problem is not always solvable. On the other hand, Guillemin and
Pollack [21] and Buttin-Molino ([1] and [20]) studied the integrability problem
for flat Lie pseudogroups on R” and obtained partial results.

In this paper, we give an outline of our proof of the solvability of the
integrability problem for all Lie pseudogroups acting on R” which contain the
translations (Theorem 10), a fortiori for all flat pseudogroups. It is a summary
of joint work with D. C. Spencer ([12] and [13]) and follows to a large extent
Guillemin’s program (described in the introduction of [14]) for solving the
integrability problem for flat pseudogroups by means of Galois theory type
methods similar to those introduced by Sophus Lie in his work on partial
differential equations. Guillemin’s Jordan-Holder decomposition for transi-
tive Lie algebras (see [14]) is the required algebraic tool, together with the
classification of the simple transitive pseudogroups and the results of
Guillemin [14] and Conn [5] on the structure of nonabelian minimal closed
ideals of real transitive Lie algebras. We also need the result in several special
cases, which is given by the Frobenius, Darboux and Newlander-Nirenberg
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theorems, as well as the Ehrenpreis-Malgrange theorem which asserts that
over-determined constant coefficient linear differential operators are locally
solvable. Moreover, we give a unified treatment in terms of pseudo-complex
structures (also called CR-structures) of the counterexamples of Guillemin-
Sternberg [16] and Conn [4] to the solvability of the integrability problem.

1. The integrability problem for G-structures. We begin by considering the
following problems:

(a) Let X be the Riemannian manifold R” with the Euclidean metric and
X’ be an n-dimensional Riemannian manifold. Find local isometries f:
X-X.

(b) Let X be the symplectic manifold R?", with coordinates
(4 ...,x%yY...,y") and the standard symplectic form ¢ = dx' A\ dy!
+ -+ +dx" A\dy" If X’is a 2n-dimensional symplectic manifold, that is,
a manifold endowed with a 2-form ¢’ of maximal rank, find local diffeomor-
phisms f: X — X’ such that f*¢’ = o.

(c) Let X’ be a 2n-dimensional almost-complex manifold. Find local
diffeomorphisms f: C* — X’ such that the almost-complex structure on X" is
that induced by f from that of C".

(d) Let X’ be an n-dimensional manifold together with a distribution ¥ of
rank k, that is, a subbundle of the tangent bundle of X’ of rank k. Let
X = R" and consider the projection p: X — R"~* sending (x', ..., x") into
(x**', ..., x"). If V is the bundle of vectors tangent to the fibers of p, find
local diffeomorphisms f: X — X’ such that f,(V,) = V), for all x belonging
to the domain of f.

In all these problems, in order for a local diffeomorphism f: X — X’
defined on a neighborhood of x € X to satisfy the corresponding condition,
the Taylor series of f at x must verify an algebraic relation. The existence of
such Taylor series imposes a formal integrability condition on the structure
on X’. In each of the above problems, this necessary condition for the
existence of the diffeomorphisms f is in fact also sufficient according to
various well-known results. We now examine each problem separately.

(a) The formal integrability condition is equivalent to the vanishing of the
curvature of the Riemannian manifold X”. If this curvature vanishes, then
existence theorems for differential equations give us the desired diffeomor-
phisms.

(b) The necessary condition is do’ = 0. If ¢’ is closed, then the existence of
the diffeomorphisms is a consequence of Darboux’s theorem.

(c) The condition in this case is the formal integrability of the almost-com-
plex structure on X’. The Newlander-Nirenberg theorem asserts that such a
structure is in fact a complex structure.

(d) That the space of sections of ¥’ be stable under the Lie bracket is the
formal integrability condition for V’. Frobenius’ theorem then says that,
under that assumption, ¥’ is a foliation and thus gives us the desired
diffeomorphisms.

We proceed to give a unifying viewpoint for these various problems. First,
we define the notion of a pseudogroup.

DEFINITION. A collection T of local diffeomorphisms of a manifold X is a
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pseudogroup if the following holds:

@)iff;: US Vandf,: VS Wbelong to T, then £, o f, belongs to T';

(i) if f: US V belongs to T, so does f~': V5 U;

(iii) the identity mapping of X belongs to T';

(iv)if U= U ,e4 U, and f: US V is a local diffeomorphism, then f € T
if and only if f,, €T foralla € 4.

For a pseudogroup to be a Lie pseudogroup, the diffeomorphisms of T’
must satisfy a partial differential equation.

Let G c Gl(n, R) be a Lie subgroup. Consider the set I'; of all local
diffeomorphisms f = (f, . . ., f") of R" satisfying

of
(}ij (x)) € G,

for all x belonging to the domain of f; it is a Lie pseudogroup.

If G = O(n), then T is the set of all Euclidean motions, that is, of local
isometries of the Riemannian manifold X of problem (a).

If G = Sp(n, R), considered as a subgroup of Gl(2n, R), then I';; is the set
of all local symplectic diffeomorphisms of R?", i.e., diffeomorphisms preserv-
ing the 2-form o of problem (b).

If G = Gl(n, C), considered as a subgroup of Gl(2n, R), then I'; is the set
of all biholomorphic mappings of C” and therefore consists of all diffeomor-
phisms preserving the almost-complex structure of C".

If G is the subgroup Gl(n, k; R) of Gl(n, R) consisting of all matrices
leaving invariant the k-dimensional subspace of R” defined by x,,
=...=x,=0, then I'; is the pseudogroup of local diffeomorphisms
preserving the foliation of R” whose leaves are the fibers of the mapping p of
problem (d).

We formulate the integrability problem for the pseudogroup I';. A G-struc-
ture o’ on a manifold X’ of dimension # is a reduction of the principal bundle
of the tangent bundle of X’ to the group G. Such a G-structure ¢’ on X’ is
equivalent to the following data:

(i) an open covering {U, },e4 of X';

(i) on each open set U, (with a € A), a coframe w, = (w}, ..., &) such
thaton U, N Uy

Wy = gaﬁ . wﬁ,
where g,5: U, N Ug—> G.
We say that a coframe w on an open subset ¥ of X’ belongs to the
G-structure o’ if
w=g - w on¥VnNnUuU,

whereg,: V N U, - G.

On R", we have the standard G-structure consisting of the coframe o =
(dx',...,dx"™). A G-structure ¢’ on X’ is said to be integrable if, for every
X € X', there is a local diffeomorphism f: U — X’ defined on a neighbor-
hood U of 0 in R” such that f(0) = x; and a mapping g: U — G satisfying

ffo=g-o, (1)
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where w is a coframe belonging to the G-structure ¢’ on ¥V = f(U). The
equation (1) is a nonlinear partial differential equation. If g(x) is the matrix
(g/(x)), for x € U, in terms of coordinates (y', ..., y") on ¥, we may write

=3 ot
k=1

and f = (f',...,f") and equation (1) can be written as the equalities
n afk
k=1 0X
on U. Let p=f"1 and h: V> G be the mapping given by h(y) =
g(p(y)~, fory € V; then p(x}) = 0 and equation (1) is equivalent to

dp=h-w )

onV.Ifp=(¢',..., ") and h(y) is the matrix (4/(»)), fory € V, then (2)
can be written as the equalities

(Wof)=g> ij=1...,n

W &
P

onV.

If f: U— X' is a local diffeomorphism defined on an open subset U of R”
satisfying equation (1) for some G-valued function g on U and some coframe
w belonging to the G-structure ¢’ on V = f(U), and if @: ¥ - R" is a local
diffeomorphism satisfying (2) for some G-valued function 4 on V, then it is
easily seen that ¢ ° f belongs to the pseudogroup I';. Thus the integrability of
a G-structure implies the existence of coordinates for the structure, that is, of
an atlas whose coordinate transformations belong to I';.

The problems (a)(d) considered at the beginning of this section are the
integrability problems for G-structures, with G = O(n), Sp(n, R), Gl(n, C)
and Gl(n, k; R) respectively. As in these problems, for a G-structure o’ on X’
to be integrable, it must necessarily satisfy a formal integrability condition:
for each x5 € X", there is a coframe w belonging to the G-structure ¢’ on a
neighborhood of xg, a local diffeomorphism f: R” — X’ and a mapping g:
R" - G defined on a neighborhood of 0 in R” such that f(0) = x; and (1)
holds to infinite order at 0. The integrability problem for G-structures, or for
the pseudogroup I, is to show that every formally integrable G-structure is
integrable. As we have already mentioned, the problem is solved when G is
one of the four groups considered above. In the remainder of this paper, we
present a solution of a generalization of this integrability problem.

2. The integrability problem for pseudogroups. Let I" be a Lie pseudogroup
acting on an n-dimensional manifold X. It is easily seen that the sheaf of
infinitesimal transformations of T, that is, of vector fields # on X for which
exp 76 belongs to I for all small ¢, is stable under the Lie bracket. This sheaf
consists of solutions of a linear partial differential equation, which is called a
Lie equation.

If G c Gl(n, R) is a Lie subgroup and g C gl(n, R) is its Lie algebra, the
sheaf of infinitesimal transformations of I'; consists of those vector fields






