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THE ANALYTIC PRINCIPLE OF THE LARGE SIEVE

BY HUGH L. MONTGOMERY

E. Bombieri [12] has written at length concerning applications of the large
sieve to number theory. Our intent here is to complement his exposition by
devoting our attention to the analytic principle of the large sieve; we describe
only briefly how applications to number theory are made. The large sieve was
studied intensively during the decade 1965-1975, with the result that the
subject has lost its mystery: We now possess a variety of simple ideas which
provide very precise results and a host of variants. While the large sieve can
no longer be considered deep, it nevertheless gives powerful estimates in
many different settings.

1. Historical background. The large sieve originates in a short paper of Ju.
V. Linnik [51]. Linnik [S2] made a simple application to the distribution of
quadratic nonresidues, but it was A. Rényi [72]-{81] who systematically
studied the large sieve, and who first made an important application to
number theory: Using the large sieve, Rényi [72], [73] was the first to show
that every large even number 27 can be expressed in the form 2n = p + P,
where p is prime and P, has at most k prime factors. (Rényi did not
determine a value for k, but M. B. Barban [2], [3] showed that one can take
k = 4. The mean value theorem of Bombieri enables one to take k = 3, and
Chen [17], [18] (see also [36], [84]) has obtained k = 2. In all of these
arguments the large sieve is a major tool.) The large sieve remained the
province of a few specialists, until the appearance in 1965 of a fundamental
paper of K. F. Roth [86], followed immediately by a major contribution of
Bombieri [7]. As we consider it here, the large sieve was first reduced to its
basic analytic principle by H. Davenport and H. Halberstam [21].

2. The nature of the large sieve. For M + 1 < n < M + N we let g, be
arbitrary complex numbers, and we form the trigonometric polynomial

M+N
S(@= X a,e(na);
n=M+1
here e(8) = €*™, so that S(a) has period 1. Let a,, . . ., az be points which
are well spaced (mod 1) in the sense that
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la, = &l > & (1
for r # s; here ||@|| denotes the distance to the nearest integer,
10]] = min, |0 — n|.
The large sieve is an inequality of the form
M+N

2 IS(e)P<a X laf, @

r=1 n=M+1

where A = A(N, §). The parameter M is irrelevant, for if T(a) =
SNV Ka,_xe(na) then T(a) = e(Ka)S(e), and hence |T(a)| = |S(a)|. We
are mterested in determining how A depends on N and 8. We find, for
example, that we can take A = N + 8 ~!, but before considering admissible A
we observe that A can not be too small.

Suppose that a, = e(— na;). Then

(@)= N2 =NZ |a,
thus A > N. In fact we can take A= N when R =1, for by Cauchy’s
inequality
IS < NI |, (€)

If the a, are equally spaced then we may regard R ~'S |S(a,)[? as a Riemann
sum approximating to [J|S (a)|? da. This prompts us to note that

1 2 1
[ S Is(e + o) da= R[ |S()P da= RZ [a,>
0 r 0
Hence for some value of a,

2 |S(e, + ) > R |a,f,
andthusA>[6"'1>67"'- L.

The power of the large sieve may be attributed to the fact that we need not
take A to be much larger than is necessitated by the elementary considera-
tions above. In taking A = N + 6 ~! we see that A does not depend very
heavily on § as long as N¢ is large.

3. An elementary inequality of the Sobolev type. P. X. Gallagher [29] has
given a very simple derivation of the large sieve, based on the idea that
lS(oz)l2 is approximately &~ ~1y2+3/31S (B)I? dB, to within an amount depend-
ing on the size of S(B) and S’(ﬂ) For our purposes the following simple
inequality is sufficient.

Lemma 1. Suppose f € C'[0, 1]. Then for 0 < x < 1,
<[ A+ 17,
and
PN <[ (191 +310).

PROOF. We easily verify that
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f(x) =j;lf(u) du+f0x uf'(u) du+fxl (u — 1)f'(u) du.

The multiplier of f/(#) has modulus not exceeding 1, and if x =3 then it has
modulus < 1. Thus the lemma is immediate.

In Lemma 1 we find a simple representative of a large class of inequalities,
studied by Sobolev (see [1], [92]), in which a norm of f is bounded in terms of
other norms of f and f'.

Using Lemma 1 we shall obtain

THEOREM 1 (GALLAGHER). The inequality (2) holds with A = § ~! + aN.

This bound is asymptotically correct when N§ is small, but the secondary
term is larger than it need be. Bombieri and Davenport [15] have shown that
when N§ < 1, the optimal A satisfies the bounds

871 (14 5(N6)) < AN, 8) < 871 (1 + 270(N8 )°).

PrROOF. We change variables in Lemma 1 in order to treat the interval
[a, — 38, + 18]; we find that

_1 fo+8/2 1 fa+8/2,
el < 87 [ 15BN dB+3 [ 1S (B dB.
Taking f(a) = S («)? we deduce that
2 1 [&+8/2 2 a,+8/2 ,
IS@)P <87 [ RIS (B dp+ [ IS (B)S'(B)] dB.

The intervals (o, — 8, &, + 1 8) are nonoverlapping (mod 1). Hence
R

S IS@)P< 8™ [1IS(BIF dB+ [ 1S(BYS'(B)| dp.

r=1

Here by Parseval’s identity the first term on the right is = § ~'S|q,[>. By
Cauchy’s inequality and Parseval’s identity the second term on the right is

< (j(;' ISP)W(j: IS/|2)I/2= (2 |an|2)l/2(2 |27ma,,|2)‘/2

2
< 2ﬂ(M+lg}ta<xM+N |”|)2 lanf*

We have already observed that A(N, §) is independent of M; thus we may
assume that M = — [1(N + 1)]. Then max|n| < 3N, and we obtain the
desired bound,

R
2 IS(@)P<@ " +aN) X a,f.

r=1

4. Duality. If X and Y are two Banach spaces and the linear operator 4
maps X to Y, then we define the norm of 4 to be

41| = sup || 4x]|/]|x]|
xEX

If X* and Y* denote the dual spaces of X and Y, then the adjoint operator
adj 4 maps Y* to X*, and as a general principle
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lladj 4| = ||4]|. @)
If

1/p+1/9g=1, p>1lg>1, 5)
then /, is dual to Iq Hence if 4 is a matrix, A: [, — ], then adj4: [, -1 ;
we now derive (4) in this special setting. Our mterest is confmed to the specml

case p, = p, = 2; we prove more than we require in order to emphasize the
generality of this duality principle.

LEMMA 2. For i = 1, 2 let p, and q; be fixed numbers satisfying (5), and let
[c.] be a fixed N X R matrix. Then the following three assertions concerning
the constant D are equivalent:

(i) For any x,,
(Z]Zanf) "< o(S mr)™

n
(ii) For any x,, y,,

> Cu Xy,
nr

(iii) For any y,,
(2 2 ql)w'< D(E |y, l"’)l ”

PrROOF. We may assume that 1 < p; < oo, as the limiting cases follow by
continuity. (i) implies (ii). By Holder’s inequality,

=3 9> X,
r n

(3o (s [z )"

We use (i) to bound the second factor on the right to obtain (ii).
(ii) implies (i). Put L, = T, ¢,,x,, and take y, = |L,|*>~2L_. By (ii),

g ILrlh = g L’ r = § cnrxu)'r
< D(S k) (2 Ind=)"®

But | y,|2 = | L,|2, so the above gives

(2 1) ™" < D(S Imlr)™

<D(S k)" (2 1) ™

which is (i).

The equivalence of (ii) and (iii) is the same.

The most direct approach to bounding T,|S (a,)]> would involve multiply-
ing out the square and taking the sum over 7 inside:
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SIS@F =5 6,3, 3 e((m - n)a).

m,n

The problem with this is that our weak information concerning the a, does
not permit us to evaluate or estimate the inner sum. However, by duality the
inequality (2) is equivalent to having

2 Z y,e(na,)

n

for all y,. Here the left-hand side is
M+N

= 2 )’,_)-’: 2 e(n(ar - as))
r,s M+1

2
<AY |yl

R — sin 7N (a, — a,)
=N »2+ e(Ta, e(—Ta,) — . S

El 32 ES y.e(Te,) y, e(~Ta) — o pogy
where T = M + N + 1. Taking u, = y,e(Ta,), we see that we may take
A = N + C, provided that

— sin 7N (a, —
r 2
S 4% ey |<CZ b ©
In §6 we shall show that this holds with C = § ™!, but first we note that our
problem can be made easier by introducing weights.
Suppose that b, > O for all n, that b, > O for M + 1 < n < M + N, and
consider the inequality

a)
)

2

M+N MIN
2|2 aem) <B I |afb " Q)
r | M+1 M+1
By changing variables we see that this is equivalent to the inequality
M+N 2 M+N
2| 2 ab%(na) <B X |laf,
T M+1 M+1
which by duality is equivalent to
M+N 2

2 b

M+1
This in turn is implied by the inequality

+ 00 2 )

g yre(nar) < Bg lyrl .

2 b,
- o0

By squaring out on the left and taking the sum over n inside, we see that this

may be written

2 yee(na,)| < B Z PAR

r

297, B(e,— &) < BZ|yP ®)

s

where
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B(a) = iZ: b,e(na).

Ifb,=1for M+ 1< n< M+ N, b, = 0 otherwise then we arrive again at
©).1fb, > 1for M+ 1< n < M + N then (7) gives (2) with A = B; in §7
we discuss the problem of finding such b, for which we can establish (8) with
a reasonably small value of B.

Matthews [54], [55], [56], Kobayashi [48], [49] and Elliott [24] were the first
to consider the large sieve via duality. Earlier, Rényi had based his arguments
on generalizations of Bessel’s inequality. We now formulate such an inequal-
ity, which provides a second method of reducing the large sieve to (6) or (8).
However, we see ultimately that the generalized Bessel inequality is equiv-
alent to the case p; = p, = 2 of Lemma 2.

5. Bessel’s inequality. Let £ @,, ..., @r be vectors in an inner product
space. If the ¢, are orthonormal then Bessel’s inequality asserts that

R 5 \

2 & o) < 1>

r=1
In order to have an inequality of this sort it is not necessary to assume that
the ¢, are orthonormal; we have

LEMMA 3 (Boas [6]). Let @,, . . ., @g be vectors in an inner product space.
Then the following two assertions concerning the number B are equivalent:
(iv) For any &,

R
2 16 9 < Bl

(v) For any y,,

2
< Bg 'yrlz'

Note that if the ¢, are orthonormal then we clearly have B = 1 in (v), so
that (iv) gives Bessel’s inequality.

PROOF. (iv) implies (v). Take £ = 2 y,¢,. Then by Cauchy’s inequality and
@iv),

S0 (9.9)=
r,s

>0,
-

1/2

187 =3 % ¢ o) <(S 1) (S 1€ o)

r

1/2
<83 16)

This gives (v).
(v) implies (iv). For any y,,

£ - g 9,

2
0<

2

-lr-2 3 5, ¢ o) +|S re].







