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CRYSTALLINE VARIATIONAL PROBLEMS 

BY JEAN E. TAYLOR1 

Surface tension is commonly thought of as a fluid phenomenon; the mere 
mention of the term brings to mind bugs skimming over water, liquids rising 
or falling in capillary tubes-and soap films and soap bubbles. But there is in 
fact a notion of surface tension (which is surface energy per unit surface area) 
for the interface between any two substances, or even between one substance 
and a vacuum. This surface energy arises from the fact that atoms (or 
molecules, or ions) of a given substance have a different environment at the 
interface between that substance and another than those in the bulk of the 
substance. (Sometimes even the composition of the surface is different from 
the bulk; this occurs for instance in soapy water having an interface with air.) 

In this article we will deal with "surface tension functions" which are an 
outgrowth of the surface tensions of solids having their atoms arranged in 
some regular way. If one fixes the orientation of the lattice in R3

9 then the 
environment of an atom on a planar interface between something else and 
such a regular structure can be different for different plane directions. Thus 
the surface tension between one substance and another can be a function 

F:G0(392)->R + 

where G0(3, 2) is the Grassmannian of oriented 2-planes through the origin in 
R3 and R + is the set of positive real numbers. For the interface between, say, 
soapy water and air, the function JF would be identically a constant; but for 
that between, say, a single crystal of ordinary salt (NaQ) and air, F would 
depend quite strongly on direction. If one wishes to allow the regular 
structure to vary over relatively long distances, one can even obtain a 
function 

F:R3X G 0 (3 ,2 ) -»* + . 

(This notion of surface tension for solid bodies is not at all esoteric, by the 
way: it is commonly used by metallurgists and others who deal with the 
surface properties of materials.) 
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Functions from G0(3, 2) to R + are already well known in the calculus of 
variations as treated in the context of geometric measure theory. They are 
called 2-dimensional constant coefficient oriented integrands on R3, since 
they can be integrated over any surface S which has an oriented tangent 
plane Tan(S, x) at at least almost every point: the integral of F over S is then 
JsF(Tan(S, x)) dfâx. (Here 302 is Hausdorff 2-dimensional area, which 
agrees with any other reasonable notion of area on smooth 2-dimensional 
submanifolds of R3 and additionally gives a precise meaning to the area of 
surfaces with singularities.) The typical problem is to minimize the integral of 
an integrand, subject to various possible side conditions such as a surface 
having a given boundary (in any one of a variety of senses) and/or enclosing 
one or more given volumes. For integrands coming from surface tension, this 
amounts to finding the surface of least energy satisfying the side conditions 
(we are, of course, neglecting here a large number of other possible contri­
butions to energy, such as energy from curvature-including edges and 
corners-but the above is still usually a reasonable model). Since physical 
systems are in equilibrium if and only if they are at a (local) minimum of 
total energy, it is of great importance to know such things as the existence, 
uniqueness, regularity, singularity structure, and construction of shapes 
minimizing surface energy. 

Mathematically, these questions have been addressed in the past primarily 
for the area integrand F = 1 (minimizing the integral of this integrand 
produces minimal surfaces), and more generally for smooth elliptic integrands 
[Al]. But integrands which are surface tension functions of solids with regular 
lattice structures are not elliptic, as will be indicated in §§2 and 3. 

A class of nonelliptic integrands which include such surface tension 
functions is isolated below and called crystalline. My object is to consider all 
the above problems-existence, uniqueness, singularity structure, and 
construction-for surfaces having a prescribed boundary and minimizing the 
integral of a crystalline integrand on R3. It will be illustrated how this 
knowledge can be used to give more information on surfaces minimizing the 
integrals of any integrand on R3. Many of the results of this article already 
extend to higher dimensions; extension of the others is an active area of 
research. 

This article is in seven sections. The first gives a classical construction, the 
Wulf f construction, for a given integrand F and a proof that the result of the 
construction is the shape which has uniquely the least surface integral for the 
volume it contains. This shape is called the crystal of the integrand F, and F*$ 
whose crystals are polyhedral are called crystalline. The second section gives 
examples of integrands and their crystals. The third details the relationship 
between crystalline integrands and other integrands, and between general 
crystalline integrands and convex crystalline integrands. The fourth section 
produces the most fundamental F-minimal surfaces for the prescribed 
boundary problem. 

In the fifth section, a volume-maximizing criterion is given for selecting an 
F-minimal surface in case there is more than one such solution for a given 
boundary; in the sixth section, such a volume-maximizing F-minimal surface 
for a crystalline F is shown to have its tangent planes restricted to a specific 
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finite set provided a condition is imposed on the boundary (boundaries 
satisfying this condition are, however, C°-dense in the space of all 
boundaries). Finally, in §7 a procedure for the explicit construction of 
F-minimal surfaces satisfying an additional boundary condition is outlined 
(without proof). By the results of §2, this procedure produces explicit 
approximations to a surface minimizing the integral of any given integrand. 

Before we begin, however, a little terminology is in order. (For the 
terminology of geometric measure theory in general, see [Fl] or [F2].) The 
class of surfaces to consider in minimizing surface energy should involve 
oriented surfaces of finite area forming at least part of the boundary of a 
region and having a well-defined oriented unit normal, at least 3<? almost 
everywhere. Such surfaces, if they also have nice boundaries, are represented 
naturally by elements of the class I2(R

3) of integral currents of dimension 2 
on R3. For the purely mathematical questions, also, integral currents are a 
natural domain of the problem. A 2-dimensional integral current S 
considered in this article has in particular the following ingredients: (1) a 
measure \\S\\ on R3, which is simply a positive-integer-valued function m (the 
multiplicity) times 302 restricted to a set, spt S, which can be arbitrarily 
closely approximated (in 3(? measure) by a 2-dimensional C1 manifold, (2) a 
GQ(3, 2)-valued function S defined for ||5|| almost all x; S(x) is just the 
oriented tangent plane to that underlying set at x, and (3) an oriented 
boundary, dS, which has properties like (1) and (2) but with 1 replacing 2 
throughout. Thus the integral F(5) of F over the integral current S is 

F(S)=fF(S(x))d\\S\\x. 

The mass of 5, M(5), is defined to be H-SHCR3) (which is just 
Jspt5m(x)rf3(?x). Since the integral currents considered in this article 
correspond to "(y, 8) restricted sets" [A2], one need not be concerned here 
with the more pathological currents. 

We will also consider top dimensional integral currents (elements of I3(R
3)) 

in the case where volume constraints are used. An open set with positive 
orientation, finite volume, and piecewise C l boundary which also has finite 
area is represented by such a current, as is any element in the closure of the 
space of such sets under the distance N defined by 

N (5, T) - M(5 - T) + M(95 - dT). 

In fact, using the strong approximation theorem [Fl, 4.2.20], one can show 
that this closure includes all integral currents with positive orientation and 
multiplicity function 4-1 everywhere. 

A very important property of integral currents is compactness: every 
sequence of integral currents whose supports he in a bounded region, whose 
masses are bounded, and whose boundaries have bounded masses, has a 
subsequence which converges (in the "flat" topology-see [Fl] or [F2]) to an 
integral current satisfying the same bounds [F2, 4.2.17]. 

Another notion we will use occasionally is that of a varifold. A varif old V9 
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in the context of this article, also has a measure || V\\ which is 3(? restricted to 
a relatively nice set and a "tangent plane" function defined at || V\\ almost all 
points; the difference is that the "tangent plane" can be independent of the 
actual tangent plane of the surface and it can be a probability distribution of 
planes, rather than a single plane. A simple example arises in §3. If the 
"tangent plane" distribution does agree with the actual tangent plane to the 
underlying surface at || K|| almost all points, then we say V is the varifold 
naturally associated to that surface. See [Ad] for further details. 

1. The Wulff construction and the crystal of an integrand. We call 

F:G0(/i + I,/*)-»/?* 

a (constant coefficient, codimension 1, oriented) integrand on RH+l. 
Although integrands can be quite wild, to each integrand F there is associated 
a convex oriented geometric object, its crystal (defined below), which seems 
to contain all the essential information about F. In particular, any two 
integrands having the same crystal also have the same geometrical solutions 
to the problem of minimizing-subject to having a given boundary-the 
integral of the integrand (Theorem 3.3). And in a sense, the wilder the 
integrand is, the simpler its crystal becomes, with many of the more intricate 
integrands having polyhedral crystals. In this case, which is the main one 
considered in this article, the crystal alone provides many barriers (see §4); 
these are then the major tools used in proving the regularity of the solutions 
and in constructing some of them. There is even no need to have the 
integrand be bounded; extended integrands 

F:G0(n + 1, * ) ->{ / : 0 < * < oo} 

have crystals, and an example of such an extended integrand is given in §2. 
The basic property of the crystal of an integrand is that it is the shape having 
the least surface integral for the volume it contains (Theorem 2.1), and 
hence if F is the surface tension function of a physical material, the crystal of 
F should be the equilibrium shape of a lump of that material. (Since such 
problems as mass transport and nonequilibrium growth in fact occur for any 
sizable lump, the crystal is sometimes called the infinitesimal equilibrium 
shape.) 

The crystal of an (extended) integrand F is defined to be the result of the 
Wulff construction: 

WULFF'S CONSTRUCTION. Let F be an integrand or extended integrand on 
Rn+l and let F* be the dual function defined on the unit sphere dBH+l(09 1) by 
F*(v) * F(*v)for each v in dBn+\0, 1); here *v denotes the dual of v and 
hence can be regarded as an element of G^n + 1, n). 

Plot F* radially: for each v in dBn+\0, 1), go out a distance F*(v) in the 
direction v (see Figure 1). Now at each point F*(v)v of this polar plot, discard 
the oriented half space whose boundary contains that point and has tangent plane 
-(*v) (see Figure 2). The result of the Wulff construction is the remaining set 
in RH+\ with positive orientation, and is denoted WF (or W, if F is clear from 
context). 


