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0. Introduction. This paper will survey recent progress in understanding the
propagation of singularities of solutions to linear partial differential equations
Pu = f, particularly hyperbolic equations, such as the wave equation (9 2/
— A)u = f. Theorems describing this behavior, for general initial data,
probably began with Lax [21] and Courant and Lax [6], although work on the
problem dates back further. The method of analysis, known as geometrical
optics, was used by Sommerfeld and Runge [44] and Birkhoff [2] in an effort
to construct approximate solutions to the wave equation. This method was
forged into a powerful tool, the theory of Fourier integral operators, by
Hormander [15], [16] and applied to get very general global results on
propagation of singularities in [16] and [8].

In order to give a precise statement of Hormander’s theorem on
propagation of singularities, we need to define the wave front set of a
distribution, denoted WF(u), where u € 9’(Q) is a distribution on some
domain @ c R". WF(«) was introduced by Hormander [15], based on Sato’s
notion of S. S. u [42). WF(u) will be a subset of T*(22) ~ £ X R". One way to
give the definition is to say (xq, &) & WF(u) provided there is a ¢ € C°(R),
¢ = 1 near x,, such that (gu)'(§) is rapidly decreasing as |{| — oo for £ in
some open cone I' containing §,. An equivalent definition, using pseudo
differential operators, will be given in §1. It turns out that the projection
T*(2) — 2 maps WF(u) onto the singular support of # (sing supp ), so
WF(u) provides finer information than sing supp u.

Now suppose Pu = fin Q. We suppose P is a differential operator, or more
generally a pseudo differential operator of order m, whose principal symbol
Pm(x, §), homogeneous of degree m in &, is real valued. Let q(x, §) =
I€'~"p,(x, £), and consider the Hamiltonian vector field on T*(R):

a2 [ o 0
”«=2(% 3~ 38‘)-
s\ 0% 9§ § o
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THEOREM (HORMANDER). WF (1) \ WF() is contained in char p,, = {(x, §):
Pm(x, §) = 0} and is invariant under the Hamiltonian flow generated by H, in
T*(2) \ WE(f).

This result says nothing about the reflection of singularities of u at the
boundary 99, which we now suppose to be smooth. If P is a scalar
differential operator of order m, and (yg, {;) € T*(9R2), there will be k points
e §) € T*®) lying over (¥, o) 0 < k < m) (i, (Vo $o) = K*(Vpr §)
where k: 32 — Q) which belong to char P, assuming 9 is noncharacteristic.
If we denote by y; null bicharacteristic strips passing through (yo, §) (i-e.,
integral curves of H,), and if we divide this set of rays into two groups, say
Yis -+« Y and Y445 - -+, ¥, We Wil say these two groups of rays are related
by reflection. If u, solving Pu = f, satisfies certain boundary conditions, say
Bu = g on 9%, one wants to know when smoothness of u along y;,...,7;
implies smoothness along the reflected rays y;, 1, . . . , vx- The simplest case to
treat is when all the rays y,, ..., v, are transversal to Q. In such a case
approximate solutions to Pu = f, Bu = g can be computed using Fourier
integral operators. Lax and Nirenberg [36] and also Chazarain [5] treated the
Dirichlet problem, and general boundary value problems were treated by
Majda and Osher [26] for scalar equations and by Taylor [48] for systems. It
turns out that a Lopatinsky condition, reminiscent of the condition for
regularity of an elliptic boundary value problem, leads to such reflection of
singularities phenomena. This result is described in §2. We should mention
that certain boundary value problems that occur naturally, for example in
linear elasticity, do not satisfy this Lopatinsky condition, and more com-
plicated phenomena, such as Rayleigh waves, occur; this is also discussed
in §2.

The grazing ray problem, solved by Taylor [49] and Melrose [30], deals with
the propagation of singularities along rays which hit 92 tangentially, locally
staying inside § near the point of contact, which is of precisely second order.
This work leads, for example, to a complete analysis of the singularities of
solutions to the wave equation (32/9t2 — A)u = 0 on the exterior of a smooth
convex obstacle K in R”, with for example Dirichlet or Neumann conditions
on 0K. In the case of the Dirichlet problem, important progress had been
made by Ludwig [24] and by Morawetz and Ludwig [35]. The construction of
approximate solutions needed to treat the grazing ray problem involves a
class of operators more complicated than Fourier integral operators and is
described in §3. It was only with the solution of the grazing ray problem that
tools became available to give rigorous mathematical treatments of a number
of problems of classical scattering theory involving a convex obstacle, such as
the analysis of the asymptotic behavior of the scattering matrix and the
Jjustification of a number of results that previously had been obtained using
Kirchoff’s approximation. We describe some of this work, due to Majda [25],
and Majda and Taylor [28], in §4.

Time has not permitted us to discuss the recent work of Melrose and
Andersson [1], [33], on propagation of singularities near the boundary on the
interior of a convex region (the gliding ray problem) or the propagation of
singularities of solutions to equations with multiple characteristics, where the
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theorem of Hormander mentioned above gives an inadequate description, on
which progress has been made by Sjostrand [43], Chazarain [4], Melrose [32],
and others. Nor do we discuss the propagation of analytic singularities, for
which we refer the reader to [42], [3], and [18].

We will use the following notation for pseudo differential operators and
symbol classes. S, is the symbol class used by Hormander in [17]. We say
p(x, §) € S, provided

IDEDEp (%, §)| < Cop (1 +1£))

We say p(x, §) € S™ if p(x, §) is asymptotic to a sum of symbols homo-
geneous of degree m, m — 1, m — 2, etc.; S™ C Sy If 2 is some symbol
class and p(x, §) € =, we say the operator p(x, D) belongs to OP 2. Thus we
use the operator classes OP o0 OP S™, etc.

1. Fourier integral operators and propagation of singularities. The basic
phenomenon of propagation of singularities can be obtained by analyzing the
first order hyperbolic pseudo differential equation

m—plal+38| 8|

'667 u=iN(t, x, D, )u + g, (L)
u(0) = f (12)

where we suppose A(?, x, D,) is a smooth family of first order classical pseudo
differential operators,

A(t, %, Doyw = [N, x, §e4 (§) d¢

with A(t, x, &) ~A(1, x, &) + Ao(t, x, &) + - - -, A; being homogeneous of
degree j in §&. We assume A(t, x, §) is real valued. Existence and uniqueness
of solutions to (1.1), given g € H* and u(0) = f € H*, follows from simple
energy estimates; see for example [46, Chapter IV]. We can construct an
approximate solution to (1.1), (1.2) (in case g = 0) as a Fourier integral
operator, of the form

o(t, x) = [a(t, x, e 0] (&) d¢. (13)

Here a(t, x, §) is a classical symbol, a(t, x, §) ~ 2%, a;(t, x, §) with g
homogeneous in ¢ of degree —;. The “phase function” ¢ is real valued and
homogeneous of degree 1 in § and |V,¢| # 0. The amplitude a and phase
function ¢ are obtained as follows. Applying d/9¢ — iA to (1.3) yields

(% —i)\)v = [(ipia + a,— ib)e's (¢) d (14)
where b(¢, x, §) is defined by

A(t, x, D, )(ae™) = be.

The fundamental asymptotic expansion lemma for pseudo differential opera-
tors implies that b is a symbol of classical type, and we have

b(t, x,) ~ % A@(¢, x, Vo)D; (a(t,y, g)eip(xw.t))
a>0 :

s
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where o(x, y, &) = ‘P(f,y, g) - (P(t, X, g) - (y - X)’ Vx(p(t’ X5 g)* In particu’
lar, the principal symbol of b is a\ (¢, x, V). In order that the right hand
side of (1.4) be smooth, we require that the full asymptotic expansion of
ip,a + a, — ib vanish. Setting the principal part equal to zero we get the
eikonal equation

¢ =A(% % Vip) (15)

This is a first order nonlinear equation, which has a solution for small || if
(0, x, §) is specified. We set (0, x, §) = x - £ Setting further terms equal to
zero, we get linear differential equations for the g;(, x, §), called the transport
equations. For example,

3 & W\ g ) ( )
- - iNg + Ao a, = 0. 1.6
(at jgl ag ax A0 Mzgz 1 q)() 0~ ( )
We specify as initial condition that ay(0, x, §) = 1; forj > 1 we set g;(0, x, £)
= (0. Thus (1.3) leads to v(0, x) = f(x), by the Fourier inversion formula,
while (1.4) implies that (3 /3¢ — iA)v is smooth. Energy estimates imply that v
differs from the exact solution u to (9/3¢t — iA)u = 0, u(0) = f, by a smooth
error.

In order to make sure (1.3) is well defined for distributions f € &'(2), and
to justify (1.4), we use an integration by parts procedure similar to the method
of defining the Fourier transform of a tempered distribution. Note that
Le® = ie®if L = |V, ¢|™2V, - V,, which is a vector field whose coefficients
are homogeneous in £ of degree —1. If M = L' is the formal adjoint of L,
and if v € C°, we have, formally

(v, Jaet @ dg> = [ [o(x)a(t, x O @) dt dx

= [ [M* (va)e’s] () d ax (17)

(one need only worry about the mtegral over |£] > 1). If a € S° as above, we
see that M*(va) has order —k in £. Since for any f € &’, f(£) has at most
polynomial growth, we see that, for k large enough, the last integral in (1.7)
will be absolutely convergent. We can take this formula to define (1.3).

For any fixed ¢, the wave front set of v(¢, x) = A(¢)f can be analyzed as
follows. To say (xo, &) & WF(A(?)f) is equivalent to saying that for some
X € C§°, x(x) = 1 near xq, {x(x)e™*%,4(f) f) is rapidly decreasing as § — co
on some conic neighborhood I" of &, Thus we consider

(x(x)e™*%4(1)f)

= [ [ [10xx)a(t, x, ewe=o-vi-d gy acag  (19)

the integral with respect to y being taken in the distribution sense, and the §
integral being regarded as an oscillatory integral, like (1.3).

Before we proceed with the analysis of (1.8), let us make some preliminary
observations that will simplify the analysis. Suppose WF(f) is contained in a
small conic neighborhood of (y,, 7). We may as well suppose that f(y) is






