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JORDAN ALGEBRAS AND THEIR APPLICATIONS

BY KEVIN MCCRIMMON

In this article I want to sketch for nonexperts what Jordan algebras are
why people might want to study such strange objects. I start with the
assumption that the reader knows little or nothing about Jordan algebras, but
has at least some respect for the terms Lie algebra, Lie group, Riemannian
symmetric space, and bounded symmetric domain.

I. Jordan algebras in antiquity (1933-1966). I am unable to prove Jordan
algebras were known to Archimedes, or that a complete theory has been
found in the unpublished papers of Gauss. Their first appearance in recorded
history seems to be in the early 1930’s when the theory bursts forth full-grown
from the mind, not of Zeus, but of Pascual Jordan, John von Neumann, and
Eugene Wigner in their 1934 paper, On an algebraic generalization of the
quantum mechanical formalism [14].

In the usual interpretation of quantum mechanics, the observables are
Hermitian matrices (or Hermitian operators on Hilbert space) x* = x, where
the adjoint x* is the conjugate transpose x’. The basic algebraic operations
on such observables x are the matrix operations:

Ax multiplication by a complex scalar A;
x +y addition;

xy matrix multiplication;

x* adjoint.

This formulation is open to the objection that the operations are not
intrinsic to the physically significant part of the system: the scalar multiple Ax
is not again Hermitian unless the scalar is real, and the product xy is not
again Hermitian unless x and y commute (or, as the physicists say, xy is not
observable unless x and y are simultaneously observable). It was philosophi-
cally unsatisfactory to derive the algebraic structure from an unobservable
operation xy, and, in addition, the matrix interpretation seemed insufficient
when one attempted to apply quantum mechanics to relativistic and nuclear
phenomena.

The program proposed by Jordan was to study the algebraic properties of
Hermitian matrices without reference to the underlying (unobservable) matrix
algebra. The strategy was:

(1) to formulate formal properties which seemed essential and physically
significant;

(2) to consider abstract systems with these same formal properties taken as
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axioms, and to determine what other systems satisfy these axioms.

The hope was to find a system which wasn’t a system of Hermitian
matrices, but acted like one.

The observable operations on Hermitian matrices or operators were

ax multiplication by a real scalar a;
X+y addition;

x oy = xy +yx symmetric product;

xyx quadratic product;

n

x powers(n=0,1,2,...).

Note that if x* = x, y* = y are Hermitian, so are xy + yx, xyx, and x".
After a little empirical experimentation, it seemed that two basic identities
of degrees 2 and 4 implied all the others. Jordan took as his axioms the
existence of a bilinear product x oy on a real vector space satisfying the
identities:
J1 x oy =ye°x (commutative law),
(32)  (x¥*cy)ex=x*o(y°x) (Jordanidentity). (1.1)

Such systems are now called (linear) Jordan algebras. In the fundamental
1934 paper the authors showed that all such finite-dimensional “formally
real” systems were direct sums of simple systems, where there were 5 simple
building blocks:

H,(R), H,(C), H,(H), H;(0), J(Q) 12

where H,(A) denotes Hermitian n X n matrices with entries in A (the reals R,
complexes C, quaternions H, octonions or Cayley numbers O), and multipli-
cation in J(Q) is given in terms of a real-valued quadratic form Q by
xoy=0(xy) L

Call a linear Jordan algebra special if it can be imbedded in an associative
algebra so that x oy = xy + yx. Thus in a special Jordan algebra the
algebraic structure x o y is derived from an ambient associative structure xy.
The first 3 building blocks in (1.2) clearly lie in associative matrix algebras,
and the fifth is imbedded in the Clifford algebra of Q. The fourth example
Hy(0) does not seem to be special, since its coordinates come from the
nonassociative algebra O of Cayley numbers. In 1934 A. A. Albert [1] showed
that H,(O) actually is not special, thus is exceptional: it cannot be imbedded
in any associative algebra whatsoever.!

! It is not even the homomorphic image of a special algebra. P. M. Cohn [4] was the first to
show that a special Jordan algebra J C 4 could have a homomorphic image J/I which was not
special (taking a Jordan ideal 7 which was not the restriction B N J of an associative ideal B of
A). Thus the special Jordan algebras do not form a variety defined by identities. However, by a
general theorem of Birkhoff, the special algebras together with their homomorphic images do
form a variety, and are therefore characterized by the Jordan identity plus some “special” or
“s-identities” valid in all special algebras (therefore their homomorphic images as well), but not
in all Jordan algebras. THESE IDENTITIES HAVE NEVER BEEN FOUND. To date only two
s-identities are known, the Glennie identities G and G, of degrees 8 and 9 in 3 variables x, y, z.
The modern proof of exceptionality of H;(0) is to check that Glennie’s identity holds in all
special Jordan algebras but fails in H;(0) for judicious choice of x, y, z. No one knows whether
there are infinitely many essentially different s-identities (i.e. if the ideal of all s-identities in the
free Jordan algebra is finitely generated).
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Thus after isolating the basic algebraic properties of Hermitian matrices
and investigating these properties axiomatically, what resulted were special
algebras plus one lone exceptional algebra H,;(O) (of degree 3 and dimension
27). As the authors said, “Physical considerations demand an algebra
essentially more general than matrix algebras . ... The one Jordan algebra
which is not a matrix algebra is too narrow for the generalization needed.”
Having met with failure in the search for a new algebra, the authors held out
a slight hope: “One thinks of omitting the condition of finiteness, since the
algebra appearing in quantum mechanics is infinite. It may well happen that
new types of algebra will arise with the removal of restrictions... in
ordinary quantum mechanics many important features first appear in infinite
algebras” [12, p. 30].

In 1936 von Neumann made an initial study [28] of some infinite dimen-
sional algebras (Jordan “W*-algebras™); as axiom he took power associativity
x"x™ = x"*™ (or f(g(x)) = (f ° gXx) for all polynomials f, g), and showed
this was equivalent to the Jordan identity in the formally real case. This cast
Jordan algebras in a more natural light, deriving everything from the
operations of raising x to powers x” (the product x oy is obtained by
linearizing the square x2).

Just recently, in 1975, Eric Alfsen, Frederic Schultz, and Erling StGrmer in
an important work [2] derived a Gelfand-Naimark Theorem for Jordan
C*-algebras (Jordan algebra structures on Banach spaces satisfying ||a °ob| <
llall 18]l |la®|| = Jla]|® and a formal reality condition ||a?| < ||a* + 7))
showing the basic building blocks for such algebras are either special
(contained in ordinary C*-algebras) or 27-dimensional exceptional. Their
idea, following the associative case, was to imbed the Jordan C*-algebra in its
Arens double dual, which was a Jordan W*-algebra with lots of idempotents.
Speciality comes easily in the presence of idempotents; for example, any
simple Jordan algebra with 4 orthogonal idempotents is special [24].

Thus any new exceptional Jordan algebra cannot admit many idempo-
tents—it must be poor in projections. TO THIS DATE NO ONE HAS EVER
FOUND A SIMPLE EXCEPTIONAL JORDAN ALGEBRA WHICH IS
NOT 27-DIMENSIONAL OVER ITS CENTER 2

At this point the physicists largely abandoned Jordan algebras, and the
algebraists took over: A. A. Albert, Nathan Jacobson, and others developed a
complete theory of finite-dimensional Jordan algebras over arbitrary fields of
characteristic # 2.

It would be most unfair to picture lions finishing a kill and leaving the
remains to the jackals. For one thing, physicists have not finished feeding on
the carcass. Feza Giirsey [7] in 1974 proposed a role for the 27-dimensional

2 A good place to look is the free algebra: the free Jordan algebras on 3 or more generators are
exceptional, and if they behave like free associative algebras [5] they are domains imbeddable in
Jordan division rings, and such division rings would be both simple and exceptional and
infinite-dimensional over their center. [On the other hand, the free Jordan algebras may share the
pathologies of free alternative rings, which are at the opposite extreme from domains: they
contain nilpotent elements. It is not known which way free Jordan rings will go, whether they are
domains or whether they contain zero divisors, perhaps even nilpotent elements—in fact it is not
even known if a free Jordan algebra can have trivial elements z with U,J = 0.}






