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Z() N f(t z2(0) # D,

where 2 is a linear operator on a complex Hilbert space. If @ is the Siegel disk
z*z < 1, the tangent condition is often needed only on the Silov boundary;
this remark greatly increases the scope of the results. The special case

a(t) + b(H)z(f) + z(H)d(2) + z(t)c(?)z(¥) € Z'(¥)
applies to equations of multiple transmission lines and transport processes,

and also yields results on pure operator equations (no derivatives). For
example, if b # 0 and d # 0, then one of the functions

f@) =a+bz(1-cz)"'d, g(z)=c+dz(1-az)”'b

maps the Siegel disk into itself if, and only if, the other one does. Further
study of operator differential equations gives results on oscillatory properties
of (pz’Y + qz = 0 which parallel those in the classical case. Extension to
higher-order equations involves a far-reaching generalization of the notion of
“adjoint” where, instead of an adjoint operator, one has an adjoint subspace.
Among contributors to these developments are Ambartzumian, Preisendorfer,
Reid, Bellman, Kalaba, Wing, Ueno, Chandrasekhar, A. Wang, Zakhar-Itkin,
J. Levin, Paszkowski, Shumitzky, Helton, Krein and Shmul’yan, Etgen and
Lewis, and Coddington and Dijksma.
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The typical first graduate course in ordinary differential equations begins
with a discussion of the initial-value or Cauchy problem. Under a variety of
assumptions, it is shown that this problem has a solution, that it is unique,
and that it depends nicely on the data. Thus, under mild restrictions, Cauchy
problems in classical ordinary differential equations are well posed. As the
course progresses and more special topics are pursued, these preliminary
results begin to seem rather simple and, in a short time, are taken for granted
by the serious student. Nevertheless, one is always thinking in terms of them.
Scientists and engineers often think the same way: a system being modeled
has a state # which changes in time according to a differential (or evolution)
equation

(EE) du/dt = A(u)

which summarizes the dynamics of the system. In classical mechanics and
many other fields the state is a list of numbers (giving, e.g., velocities and
positions of bodies or populations of species or quantities of reactants, etc.,)
and (EE) is a classical ordinary differential equation, where “classical
ordinary differential equation” means roughly that 4 continuously maps an
open subset of some RY into R". One specifies an initial condition

10 u(0) = u,
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and studies the Cauchy problem (EE), (IC) to obtain information about the
state at later times ¢z > 0. The preliminary results about Cauchy problems
mentioned above establish that most of the special cases of (EE), (IC) arising
in these applications are well posed; however, they do not assist much with
the task of making predictions from a given model.

In other applications one must deal with systems whose “states” are not
lists of numbers but are instead lists of functions on a subset of some R" (e.g.,
the velocity field in a fluid or the temperature distribution in a rod). The
dynamics may still be summarized by an equation of the form (EE); but
typically # now has values in some function space, and A4 itself is a nonlinear
differential operator (or worse) subject to side or boundary conditions. The
appealing geometrical interpretation of solutions of (EE) available in the
classical case and the polygonal approximation (or exphc1t difference)
method suggested by it are, in the beginning, lost to us because the 4’s which
appear have tiny domains and are badly discontinuous. The question of
well-posedness becomes interesting again because it is much less intuitive that
something of this sort is true. In fact, in some examples it is no longer clear
what (EE) should mean; indeed, the very problem of finding an appropriate
notion of solution is quite fascinating. It is not possible that there be one
universal theory for (EE), (IC) which is applicable to every model occurring
in applications. However, there is an abstract framework simple enough and
basic enough to make nontrivial assertions about a spectrum of problems
ranging from topics in classical ordinary differential equations to problems
involving the heat equation, the wave equation, the Schrédinger equation, the
equation of flow in a porous medium, a single conservation law, equations of
Hamilton-Jacobi type, the Carleman model of two particle collinear
scattering, the Stefan problem, nonlinear diffusion, variational and quasi-
variational inequalities of evolution and many others already known or yet to
be discovered. This framework is the core subject of Barbu’s book.

To be more precise requires some notation. Let X be a Banach space with
norm denoted by || ||, and let 4: D(4) C X —» X. Everywhere below f:
[0, T]— X is a strongly (or Bochner) integrable function. Choosing u, € X
we consider the Cauchy problem

du/dt = A(u) + f(£),
u(0) = u,

defined by 4, f and u,. Here “f(¢)” corresponds to adding a known source or
forcing term to (EE); this is a useful generality, both because of the interpre-
tation of f as a source term in models and because adequate knowledge of the
way the solution of CP (4, f, u;) depends on f can be used to study pertur-
bation problems. (Indeed, the “variation of parameters” formula

u(t) = (exp tdyug + [ (exp(t — 5)4) f(s) ds
0
for the solution of CP (A, f, uy) in the classical linear case finds its most

striking applications in perturbation studies.)
The basic method of “solving” CP (4, f, uy) in our setting is via approxi-

CP (A, f, uy): [
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mation by implicit difference schemes. For the purposes of this review, an
e-approximation to CP (4, f, uy) on [0, T'] by an implicit difference scheme is
defined by a partition 0 = £, < ¢, < - - - <1, of [0, ], a finite sequence
{&}i-1 C X and an x;, € X satisfying

(i O0KT-1,<e t,,—4,<e fori=1,...,n,
n

@ X ["Ifm)-gldr<e
i=1 "4

(iil)  [Jxo — o] < & 0]

A solution of the difference approximation defined by {0 = ¢, <1, < ¢,
<...<t), {&}i-1, and X, is a piecewise constant function v: [0, z,] > X
such that o(7) = o(¢) forr € (¢, ,, t;] and

(i) 0(0) = x,
(i) “”v(tit), — f—‘t:_') =A@@)+g i=lL...,n O

One has:
THEOREM. Assume there is an w € R such that
"x - %= NA(x) - A(J?))“ > (1 = A)||x = %)
Jor x, €D (A),and X > 0. (3)

Let uy€ D(A), T >0 and v, be a solution of an g.-approximation to
CP(A, f, up) on [0, T] by an implicit difference scheme for k = 1,2,.... If
lim,_, & = O, then there is exactly one continuous function u: [0, T] - X such
that limk_,wllvk(t) — u(?)|| = O uniformly on compact subsets of [0, T).

Assumption (3) is the only restriction on A, replacing the Lipschitz
continuity and/or compactness one is accustomed to. Here are some simple
examples for orientation: If 4 is Lipschitz continuous with constant L, then
w = L works; if X = R and A4 is nonincreasing, then w = 0 works; if X is a
Hilbert space and A4 is linear, perhaps unbounded, selfadjoint and 4 < 0, or
A is skew-adjoint, then w =0 works. If (3) holds one says 4 — «l is
dissipative or, equivalently, —A4 + wl is accretive. Some differential operators
and spaces in which they have dissipative realizations are: (a) A(#) = Au in
LP, 1< p<oo; (b) A(u) =A*), a >0, in L' and H™Y; (c) A(u) =
2ia(g@), in L' (d) A@) = (8w, a >0, in L®; () A(u) =
2710/ 0x, )(|au/a |97 0u/0x;) for g > 1in L?, 1 < p < o0; () A(u) =
g(grad u) in L™.

Assuming that the hypotheses of the above theorem are satisfied, we denote
the limiting function ¥ whose existence is asserted by the theorem by
K (A, f, uy). Now one simply defines ¥ = K (4, f, uy) to be the “solution” of
CP(A,f,up) on [0, T] if K(A, f, u)) “exists” (i.e., the hypotheses of the
theorem hold: in particular, (3) holds and there are solutions v, of &-
approximate schemes with ¢, — 0). The basic theory continues by discussing
the following questions: When does K (4, f, u,) exist? What is the relationship
between the notion of solution “K(A4,f, u))” of CP(A,f, u) and more






