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corresponds to a Lie subgroup, strikes me as one of those necessary but dull 
routines which are found in the elements of almost every mathematical 
subject. The classification of simple Lie algebras, on the other hand, is a 
stunning example of how beautiful linear algebra can be. The inclusion of the 
classification theorem at the end is a delicacy for the medicine the student has 
been forced to swallow; when so much of the proof is missing, however, the 
student is unable to recognize the treat for what it is. 

There seem to be only a few misprints; e.g., the reference to A.3.9 on p. 146 
should be A. 1.6, and "notamment" is misspelt on p. 152. None of them 
should cause trouble. Each of the six chapters ends with historical notes and 
some exercises; many of the latter extend remarks and fill gaps in the text 
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In 1932 von Neumann presented a paper at a mathematics seminar at 
Princeton which was published six years later at the request of K. Menger [5] 
and translated into English in 1945 [6]. The ideas which form the main theme 
of the book under review, especially the key concepts of "economic dyna­
mics" and its relation to "equilibria", appeared here in explicit mathematical 
form, probably for the first time. The von Neumann paper is one of the two 
"primary sources" for this book (the other will be mentioned later), and as 
such seems a convenient starting point for this review. 

Here is a paraphrase of what von Neumann did. He considered an 
economic world in which there are n goods and a system of production, a 
technology, which can be described in the following simple manner. A process 
consists of a pair (a, b) of nonnegative w-vectors (ax,..., an), {bx,..., bn) 
where the entries at and bt represent the amounts of the Zth good. The 
physical interpretation is that if the vector a is available in an input at some 
time t then the vector b can be obtained from it as an output, becoming 
available at time / - h i . Processes are assumed to bt positively homogeneous so 
that if (a, b) is a process so also is (&, i-b) for any £ > 0. Further if (a, b) and 
(a', b') are processes it is assumed that they may be operated simultaneously 
so that (a + a',b + b') is also a process. A technology T is simply a set of 
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processes satisfying these two conditions, thus, a subset of Rn X Rn which 
forms a convex cone.1 

Given a technology T one is interested in its behavior over time. A 
trajectory of T is a sequence (an bt) of processes in T such that 

at < 6,_i- 0 ) 
The condition has the obvious meaning that the inputs of any period must be 
taken from the outputs of the previous period (generally one assumes that 
some initial input, a0, is given). In von Neumann's paper one is interested in a 
very restricted class of trajectories, namely, steady states, that is trajectories of 
the form 

(at,bt) = a'(a,b) (2) 

where a is some positive number called the growth factor of the trajectory and 
(a, b) is some fixed process in T. Clearly (2) represents an economy which is 
growing uniformly at a constant rate. 

So far our considerations have been entirely technological, concerned only 
with goods and their production. To bring in some "economics" one assumes 
that at each instant of time there is a price associated with each good, thus, a 
nonnegative «-vector pt = (pln . . . ,pnt). An economic trajectory is then a 
sequence of triples (an bt;pt). The key notion of the paper and also of the 
book, and indeed of all of economic theory, is that of economic equilibrium. In 
the present framework it can be introduced in the following simple manner: 
the value of the vectors at and bt are ptat and pt+xbt respectively (where 
juxtaposition of vectors means scalar product) ihe profit f actor pt of (ar bt) is 
Pt+\bt/Ptar An equilibrium trajectory is one in which for each / the process 
(an bt) maximizes p, among all (a, b) in T. The economic meaning of this 
condition is straightforward. Among all the possible processes, producers will 
choose only those which yield maximum profits. (The reason for using the 
term "equilibrium" may not be so obvious to noneconomists. Roughly 
speaking, the idea is that if at any time the process being operated was not 
profit maximizing then something would tend to change; either producers 
would try switching to a more profitable process or competition among 
producers would bring about a change in prices.) 

The von Neumann problem was precisely the following: Do there exist 
steady state equilibrium trajectories? The answer-under some further techni­
cal assumptions on the technology-turned out to be yes. Further it was shown 
that if the growth factor of goods is a then the equilibrium prices pt have the 
growth factor 1/a. Further, the number a is unique (though the prices and 
processes need not be) and turns out to be the maximum possible growth 
factor of the technology. As to the proof of this elegant result the story is 
quite interesting. In the introduction to his paper von Neumann says (I quote 
from the 1945 translation) "The mathematical proof is possible only by 
means of a generalization of Brouwer's fixed-point Theorem, i.e. by the use 
of very fundamental topological facts The connection with topology 

*In von Neumann's paper T was assumed to be finitely generated in that all processes were 
assumed to be positive linear combinations of a given finite set of processes. For the present 
exposition, however, we need not impose this restriction. 
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may be very surprising at first but the author thinks that it is natural in 
problems of this kind/' The proof is long and quite difficult. Four years 
earlier, in 1928 von Neumann had proved his famous minimax theorem of 
game theory also by using the Brouwer Theorem, and, in fact, as is mentioned 
in a footnote, the minimax theorem can be obtained as a special case of the 
steady state equilibrium theorem. Von Neumann was wrong, however, in 
believing that one needed theorems of algebraic topology for these results. In 
the same year, 1938, a French economist J. Ville gave an elementary proof of 
the minimax theorem [10] which depended only on separating a pair of 
convex sets by a hyperplane. It has turned out, in fact, that convexity theory 
rather than algebraic topology is the appropriate tool not only for the von 
Neumann problem but for a wide range of similar economic problems. (There 
are, however, a whole circle of the economic problems whose solutions do 
require fixed point methods as will be noted shortly.) 

It is time to relate some of the above to the book under review. After a 
chapter of mathematical preliminaries, Theory of Point-Set Maps (this would 
have been better translated point to set maps or set-valued maps) there is a 
chapter entitled The Neumann-Gale Model which is devoted to extending the 
von Neumann existence result. It was recognized by many writers that von 
Neumann's uniqueness result depends on a very strong and unnatural 
assumption on the technology. When this is removed it turns out that the 
models may have a finite number of distinct growth rates. The original work 
on this problem is due to Kemeny, Morgenstern and Thompson [4] but the 
results in this book are more general. The growth rates which occur are 
related to eigen-values of super linear maps (this is new material due to the 
authors). 

Chapter 3 is entitled Optimal Trajectories and their Characteristics. The 
subject matter is roughly the following: Suppose a technology is to be 
operated for T periods and the objective is to maximize the amount of some 
good, say, guns or butter or some weighted combination of these at time T. 
More realistically, a five-year plan might have as its goal to maximize some 
pre-assigned function ƒ of the goods in the economy at the end of the 
planning period. The function ƒ would be increasing in the "désirable" goods 
but decreasing in undesirable ones such as air pollution. A T-period 
trajectory which achieves this maximum is said to be optimal with respect tof. 
The main result of the chapter is to show the relationship between optimal 
trajectories and those which have characteristics. This latter term is peculiar to 
this book but in the context of the von Neumann model a characteristic 
would simply be a price sequence (pt) such that the sequence (a„ bt; pt) is an 
equilibrium trajectory. This chapter seems to me at once the most interesting 
and most irritating in the book. The thing which appeals to me is a slick way 
in which the authors handle time. In all other writings I know of, models use 
either discrete time and difference equations or continuous time and 
differential equations. The authors introduce a device which includes both. 
The time variable runs over an arbitrary subset E of real numbers. For each / 
in E there is a subset Kt of some finite dimensional space representing the 
goods vectors attainable at time /. Next, for any / < t' in E there is a function 
atf from Kt to subsets of K0 the meaning being that y is in au>{x) if, given the 
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vector x at time /, it is possible to produce in such a way as to have vector^ 
available at time t'. The natural conditions of compatability now require 

for t < f < t\ Off ° att> = atr. (3) 

A trajectory starting from an initial point xtQ in KtQ is then a choice function 
Xg E Kt such that aut,(xt) = xf. This is a natural framework for setting up 
general initial value problems and the like. The subsequent development is 
quite elegant. 

My complaint is with the second half of the chapter in which we are asked 
to work through more than fifty pages of fairly heavy mathematics concern­
ing the existence of characteristics without even being told what they are, 
economically, or why we should be interested in them. Perhaps this is just 
poor exposition on the part of the authors. Another possibility is that the 
much needed motivational material on prices and profits would lead too far 
into politically sensitive areas. I know from conversations with one of the 
authors several years ago that there was a period in the USSR when even 
"equilibrium" was a dirty word. On the other hand, prices and profits are 
mentioned quite freely in other parts of the book-so the matter remains 
mysterious. 

Chapter 4, entitled Asymptotes of Optimal Trajectories provides a nice 
synthesis of the material of the previous two chapters. The history is 
something like this. In 1958 Dorfman, Samuelson and Solow [3] put forth a 
proposition to the effect that any "long" optimal trajectory, regardless of the 
objective function ƒ or initial stock JCO, will be close to the von Neumann 
maximum growth trajectory "most of the time." This has come to be known 
as the "turnpike property", the metaphor being that the von Neumann 
trajectory is like a super highway along which maximum speed is possible. 
The proposition must of course be phrased with care, and the proofs turn out 
to be quite involved. The mathematically interesting fact is that the 
techniques required to establish these results make heavy use of prices and 
equilibrium trajectories although the formulation of the problem does not 
involve these concepts at all. 

Chapter 5 is entitled Models of Economic Equilibrium and represents a 
change of pace. There is almost no dynamics in this chapter. Instead it treats 
the classical general equilibrium theorem which has come to be known as the 
Arrow-Debreu Theorem [1], namely a theorem which guarantees the existence 
of prices which balance supply and demand. All known proofs of the theorem 
make use of fixed point methods of algebraic topology or something equiva­
lent, and this is necessarily the case since the Brouwer Theorem is an easy 
consequence of the existence of equilibrium prices (this is the situation 
referred to earlier). At this point the authors commit a bibliographical howler. 
They write "The original Arrow-Debreu model was not related to game 
theory, in particular it was not related to Nash equilibria. Our exposition is in 
terms of «-person game theory", and later, "The idea of linkinĝ  the Arrow-
Debreu model to an «-person game was suggested by Volkonskiï and imple­
mented by Makarov." In fact, the proof of equilibrium in [1] is precisely by 
formulating a generalized game and proving existence of a Nash equilibrium. 
Clearly the authors had never read the Arrow-Debreu paper, for Makarov's 


