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1. We shall focus on recent progress concerning one fundamental problem 
in Banach space theory. In so doing, we will be neglecting a vast amount of 
remarkable current research. In particular, we will be neglecting strong recent 
work on the structure of uniformly convex spaces, the location of nice 
finite-dimensional subspaces in general spaces, and injectivity. Before passing 
to our main considerations, we would just like to indicate the nature of the 
advances in these three other directions. 

The work on uniformly convex Banach spaces is due to G. Pisier [46] based 
on earlier work of R. C. James [30] and P. Enflo [15]. It makes essential use of 
martingale theory to get powerful norm estimates on general uniformly 
convex spaces. Pisier showed that every uniformly convex space admits an 
equivalent norm such that all its two-dimensional spaces are "power-type" 
smooth and convex. Enflo had previously obtained the uniform smoothness 
and convexity without the power-type estimates, while James showed that 
nonreflexive Banach spaces always have two-dimensional spaces whose unit 
balls are almost square, i.e. as far from being uniformly convex or smooth as 
is possible. Precisely, we have the 

THEOREM. If a Banach space B is uniformly convex, then it admits an 
equivalent norm || • || so that there are 8,p and q with 8 > 0 and 1 < q < 2 < 
p < oo such that for all x and y in B, 
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and 

ixr^- i /r>" + J , r ; M " J "' . 
On the other hand, if B has no equivalent uniformly convex norm, then for any 
equivalent norm || • || on B and S with 0 < 8 < 1, there exist norm one elements 
x and y satisfying 

The work on nicely placed finite-dimensional subspaces is due to J. L. 
Krivine [35] (see also [55] for an alternate exposition). This work provides a 
kind of substitute for the conjecture that every infinite dimensional Banach 
space B contains a subspace isomorphic to c0 or lp for some 1 < p < oo. 
(For counter-examples to the conjecture, see [61] and [18].) It appears to be 
an outgrowth of Krivine's earlier joint work with D. Dacunha-Castelle [10] on 
whether the conjecture is valid for B a subspace of L1, a problem which 
remains unsolved. (L1 denotes Ll([0, 1]), the space of equivalence classes of 
Lebesgue integrable functions on the unit interval; c0 the space of sequences 
of scalars vanishing at infinity; lp the space of sequences (.*,) with 2J l i \xj\p 

< oo ; "isomorphic" means "linearly homeomorphie".) Krivine's proof uses 
intuitions from probability theory. The techniques are analytical and 
combinatorial, not geometrical, and yield a new proof of the famous theorem 
of Dvoretzky that I2 is finitely represented in every Banach space [13]. 
(Tzafriri [62] gave an earlier nongeometrical proof that some isomorph of I2 is 
finitely represented in every Banach space.) Let 1 < p < oo and (xj) a 
sequence of elements in some Banach space. Say that lp or c0 is block finitely 
represented in (xj) if there exist arbitrarily long finite strings of successive 
linear combinations of the JC/S whose linear combinations are arbitrarily close 
in norm to the lp or c0 norm. Precisely, if for every e > 0 there are n finite 
subsets Fx,..., Fn of the positive integers N with max Ft < min Fi+l for all 
1 < i < n - 1 and elements bx,..., bn with bt in the linear span of {xy. 

j E Fê) for all i so that for all scalars c{,..., cn9 

(1 - e)(S kr) , /'<|2 Cb\< O + e)(2 M)'* 
(where (2 \ct\

p)l^p = sup \c;\ in the c0 or "p = oo" case). Now Krivine's 
theorem may be stated as follows: Let (xj) be a sequence in a Banach space 
with infinite-dimensional linear span. Then either lp is block finitely represented 
in (xj) for some 1 < p < oo or c0 is block finitely represented in some 
permutation of(xj). 

The discovery concerning injectivity is due to M. Zippin [64]. A Banach 
space B is said to be injective if the space of scalars can be replaced by B in 
the qualitative version of the Hahn Banach theorem; precisely, if for every 
Banach space Z, closed linear subspace Y, and bounded linear operator T: 
Y -» B9 there exists a bounded linear operator f: Z -» B extending T. B is 
said to be separably injective if B is infinite-dimensional separable and the 
above extension property holds for all separable spaces Z. Ail early result of 
Sobczyk [57] established that c0 is separably injective (for a short proof, see 
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[63]). It's trivial that then any space isomorphic to c0 is separably injective. 
Zippin has proved the converse: Every separable injective Banach space is 
isomorphic to c0. The proof makes essential use of several discoveries in 
Banach space theory over the last 15 years. In particular, work of Amir [2], 
Pçltzynski [44], Szlenk [60], Rosenthal [50] (see also [53]), Lindenstrauss 
(unpublished), Johnson and Zippin [33], and Alspach [1] is basic to the 
demonstration. Zippin's essential new ingredient is a remarkable appro­
ximation lemma concerning arbitrary Banach spaces B with separable dual. 
The lemma shows that such a space B may be embedded in C([0, 1]) in such 
a way that its elements may be closely approximated by functions in a 
subspace isometric to C(K) for some compact countable K c [0, 1], (C(K) 
denotes the space of continuous scalar valued functions on K under the 
supremum norm). The techniques of his proof are functional-analytic and 
topological (in the point-set sense). For simplifications and some extensions, 
see [5]. No infinite-dimensional separable space is injective; in fact every such 
space contains a subspace isomorphic to I00 (the space of all bounded 
sequences of scalars) [48]. The problem of classifying injective spaces up to 
isomorphism remains open: see [38] and [49] for a discussion of the known 
results.* 

For the remainder, we shall deal with the following fundamental question, 
hereafter referred to as the Problem: 

Does every infinite dimensional Banach space B contain a subspace which is 
isomorphic to CQ, isomorphic to I \ or reflexive and infinite dimensional^ 

The main progress so far effectively eliminates the /'-case. The two most 
powerful results are as follows: 

THEOREM 1. Let (bj) be a bounded sequence in some Banach space. Then 
either (bj) has a weak Cauchy subsequence or (bj) has a subsequence (bj) so that 
there is a 8 > 0 with ||2"_i Cjbj\\ > 8 2"»! \cj\ for every n and scalars 
c , , . . . , cn. 

THEOREM 2. Let B be a separable Banach space which contains no subspace 
isomorphic to ll. Then every bounded subset of B** is weak*-sequentially dense 
in its weak* closure. 

A sequence (bj) in a Banach space B is said to be a weak-Cauchy sequence 
if the scalar sequence (b*(bj)) converges for every b* E B*, the dual of B. A 
sequence (bj) satisfies the second alternative of Theorem 1 if and only if it is 
equivalent to the usual Z1 basis, that is, if for any sequence of scalars (cj), 
2 Cjb'j converges if and only if 2 \cj\ < oo. Since the usual /'-basis is not a 
weak-Cauchy sequence, the two alternatives of Theorem 1 are mutually 
exclusive. 

Theorem 1 was proved by the author for the case of real scalars in [51]. 
Later, L. Dor obtained a proof for the complex scalars in [11], which also 
streamlined some of the arguments in [51]. We present a self-contained and 
hopefully motivated proof for Theorem 1 in §2; the argument is real-variable 
and combinatorial, requiring only elementary ideas. Theorem 2 is a 

•ADDED IN PROOF. For some recent fundamental progress, see R. Haydon, On dual Lx-spaces 
and injective bidual Banach spaces (to appear). 
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consequence of Theorem 1 and work of J. Bourgain, D. H. Fremlin and M. 
Talagrand [7] based on earlier work of the author's concerning point-wise 
compact subsets of the first Baire class [54]. The techniques here are point-set 
topological and combinatorial. The base of the arguments is a beautiful 
characterization theorem published by R. Baire in 1899. We present the 
relevant ideas in §3. (For a Banach space X, the weak*-topology on X* refers 
to the X-topology on X* in the natural pairing, while the weak-topology on X 
refers to the A"*-topology on X. A subset A of a topological space Y is said to 
be sequentially dense in its closure if for every point y in the closure of A 
there exists a sequence av a2>... of elements of A with an -> y as n -» oo.) 
For the remainder of the present section, we deduce some consequences of 
these two theorems, present other characterizations of Banach spaces 
containing /', and give some comments concerning the Problem. (For an 
application of Theorem 1 to Banach spaces and probability theory, see [8]. 
An extension of the result to "trees" of elements in Banach spaces is derived 
in [59].) 

It is easily seen that if an infinite-dimensional B has a separable dual B*, 
then every bounded sequence in B has a weak-Cauchy subsequence. A 
natural conjecture is that a separable B contains a subspace isomorphic to /l 

if B* is nonseparablc. This conjecture was disproved independently by R. C. 
James [31] and J. Lindenstrauss [37] (see also [22] for another counter­
example). Nevertheless, there is a form of the conjecture, due to E. Odell and 
the author [42] which is valid: if B* is so nonseparable that the cardinality of 
j£** is larger than that of B, then B does contain an isomorph of l\ (The 
latter result follows easily from Theorem 2 as do most of the characterizations 
of spaces containing ll which we present.) An important open question 
related to the Problem is whether a separable B contains a subspace 
isomorphic to / l if Y* is nonseparablc for every infinite-dimensional subspace 
Y of B. The following result of [32] may be of some use in isolating out the 
reflexive case in the Problem: If B** is separable and B is infinite 
dimensional, then B contains an infinite-dimensional reflexive subspace. 

It is a result of R. C. James [29] that the answer to the Problem is 
affirmative if B has an unconditional basis. It is in fact an open question 
(which the author believes to be more difficult than the Problem) if every 
Banach space has a subspace with an unconditional basis. Theorem 1 reduces 
the latter problem to the case of spaces containing a nontrivial weakly null 
sequence (i.e. a sequence converging weakly but not in norm, to zero). 
Indeed, if B contains no isomorph of l\ let (bn) be a bounded sequence in B 
with ||bn - bm\\ > 1 for n ^ m. If (b'n) is a weak-Cauchy subsequence, 
(*2« — *2«+i) is a nontrivial weakly null sequence. It is proved in [56] that a 
nontrivial weakly null sequence has a subsequence with certain unconditional 
properties. However joint work of B. Maurey and the author [39] exhibits a 
nontrivial weakly null sequence with no unconditional subsequence (the 
question of whether such sequences exist was raised some time ago by C. 
Bessaga and A. Pçfczynski [6]). 

We pass now to some evident consequences of the Theorems. It is an 
immediate consequence of Theorem 1 that a Banach space contains an 
isomorph of ll if and only if it contains a bounded sequence with no 


