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ABSTRACT. Several applications are given of the technique of proving 
theorems in char 0 (as well as char/?) by, in some sense, "reducing" to 
char/? and then applying the Frobenius. A "metatheorem" for reduction to 
char/? is discussed and the proof is sketched. This result is used later to give 
the idea of the proof of the existence of big Cohen-Macaulay modules in the 
equicharacteristic case. Homological problems related to the existence of big 
Cohen-Macaulay modules are discussed. A different application of the same 
circle of ideas is the proof that rings of invariants of reductive linear 
algebraic groups over fields of char 0 acting on regular rings are Cohen-
Macaulay. Despite the fact that this result is false in char/?, the proof 
depends on reduction to char/?. A substantial number of examples of rings 
of invariants is considered, and a good deal of time is spent on the question, 
what does it really mean for a ring to be Cohen-Macaulay? 

The paper is intended for nonspecialists. 

1. Introduction. The objective of this paper is to describe and relate for a 
general audience several areas in commutative rings and algebraic geometry 
in which progress has been made recently by the following general method: 
translate the original problem into one of showing that certain equations 
cannot have a solution, and then apply the Frobenius to make these 
equations, which at first look merely unlikely, obviously absurd. This tech­
nique, which seems a priori limited to the char/? > 0 case, can be made to 
yield results for arbitrary Noetherian rings containing a field, by using the 
"metatheorem" (2.1) described in §2. The approximation theorem of M. Artin 
is the key to this kind of reduction. 

Both the main results which we shall discuss in detail involve the notion of 
a "regular sequence" on a module. Let R be a ring (all rings are commutative, 
with identity) and M an .R-module (i.e. a unital /{-module). Then xv . . . , xH 

in R is called a regular sequence on M or Msequence if: 
(l)2yoc,M=^Mand 
(2) for each /, 1 < / < n, xt is not a zerodivisor on M/^J^XJM. 

(See [ABJ, [AB2], [AB3], [K,], [M], [N2], [Rees], and [ZS].) 
If R is a local ring, i.e. a Noetherian ring with a unique maximal ideal m, 

then dim R denotes, equivalently, the supremum of lengths h of chains of 
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prime ideals P0 c Px C • • • C Ph (R is not regarded as a prime in R), or the 
least integer n such that there exist n elements JC„ . . . , xn in m and a positive 
integer N with m* c IZjXjR. The set of elements x{,..., xn is then called a 
system of parameters (s.o.p. for short) for /?. (The first definition of dimension 
is used even when R is neither local nor Noetherian: but then one may not 
even have dim R [x] = 1 + dim R. See [SeiJ, [Sei2], and the expository paper 
[Gil].) 

Note that any Noetherian ring has lots of local rings associated with it: for 
any prime P let RP = R [xs: s E R - P]/I, where I is the ideal generated by 
the elements {sxs — 1: s E R — P). Then RP is a local ring called the local 
ring ofR at P. (See [Kj], [M], [N2], and [ZS] for more details.) 

Life is really worth living in a Noetherian ring R when all the local rings 
have the property that every s.o.p. is an /{-sequence. Such a ring is called 
Cohen-Macaulay (C-M for short). Many more illuminating properties of these 
rings are discussed in §3. One example is the ring of formal (or convergent) 
power series in n variables xx,..., xn. In either case one s.o.p. which is 
obviously an /{-sequence is x„ . . . , xn. An s.o.p. which is less obviously an 
/{-sequence is jcp, x™2 + /2, x™3 + / 3 , . . . , x™ + ƒ„, where f is in the ideal 
generated by JC„ . . . , *,._„ 2 < i < n. 

Local rings (/?, m) in which m is generated by an s.o.p. are called regular, 
and an arbitrary Noetherian ring R is called regular if all its local rings are 
regular. (Let x be a point of an analytic variety or of an algebraic variety over 
an algebraically closed field. Then x is a smooth (simple) point if and only if 
the local ring at x is regular. Cf. [ZJ, [Fu], [Mu2], or [Mu4].) Formal or 
convergent power series rings over a field are regular, while their quotients by 
an /{-sequence turn out to be C-M but not usually regular. 

The first of the main results we shall discuss is: 

(1.1). THEOREM (M. HOCHSTER AND J. ROBERTS). Let K be afield and let G 
be a linearly reductive linear algebraic group over K acting K-rationally by 
K-algebra automorphisms on a regular Noetherian K-algebra S. Then the fixed 
ring SG is Cohen-Macaulay. 

"Linearly reductive" means that every finite dimensional (Zf-rational) 
representation is a direct sum of irreducible representations. [E.g. if K = C, 
this means G is the complexification of a compact real Lie group, while if K is 
algebraically closed of char/? > 0 then G°, the connected component of the 
identity of G, must be an algebraic torus (i.e. a finite product of copies of 
the multiplicative group Gm of K) while G/G° must be (finite) of order prime 
to/?. See [Bor], [Mu,], [NJ, and [N3].] 

A surprising fact is that while (1.1) is mainly a char 0 theorem (it is false for 
reductive G in char/? > 0), the proof depends on somehow passing to 
char/? > 0. 

When a local ring R is not C-M, life is much harder, but some of the agony 
can be assuaged if one at least knows that a s.o.p. xv . . . , xn is a regular 
sequence on some /{-module M (which is then called a big C-M module for 
R: "big", because M is not required to be finitely generated). The existence of 
such modules (which is an open question in mixed characteristic) seems to be 
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the key to settling a whole slew of homological problems (see §4). Many of 
these problems were first suggested and explored by M. Auslander [AHJ], 
[Au2], while the first real progress later was made by Peskine-Szpiro [PSJ. 
Now one can by and large recover the known results on these homological 
problems from the existence of big C-M modules in the equicharacteristic 
case (the case where R contains a field), and their existence in that case is the 
second main result we want to discuss: again, one uses the technique of 
passage to char/? > 0. The explicit result is: 

(1.2) THEOREM. If Ris a local ring which contains a field and xv ... 9xnis a 
system of parameters, then there exists an R-module M such that xv . . . , xn is 
a regular sequence on M. 

The reader is referred to [H05], [HoJ, [Ho^], [Ho10] for more information. 
The rest of this paper explores insights into the uses of (1.1) and (1.2), gives 

sketches of parts of the ideas of their proofs, and surveys some related results 
and open questions. Since one main theme is "how to prove it" using the 
Frobenius in char/?, we single out one consequence of (1.2) and give a 
detailed proof of it in char/? (§4). In §3 we try to give some feeling for what 
rings of invariants of linearly reductive groups may be like, and also some 
insight into what it really means for a ring to be Cohen-Macaulay. 

2. Artin approximation and a metatheorem for reduction to char/?. In this 
section we describe and sketch the proof of a result which permits reduction 
of many problems for Noetherian rings which contain a field to the case of 
Noetherian rings finitely generated over a field of char/? > 0. The most 
important tool is Artin approximation. Our result is expressed in terms of 
solvability of equations with a height condition. 

If ƒ c R, a Noetherian ring, height ƒ or ht ƒ denotes 

min{dim RP: I c P, P is prime}. 

By a "system of equations with height condition" over a ring A we mean a set 
of polynomial equations: 

&\ 
FX(X, y)«o, 

Fh(X,Y)-0 

where X * X{,..., Xn, Y « Yy,..., Yq9 and the F's are polynomials in the 
variables X, Y with coefficients in A. If R is an ^-algebra, we say that 
x * x , xn9y « yl9... ,yq is a solution of S in R if 

(1) height HgxtR « n, and 
(2)Fi(x,y) = 09 1 <i<h. 
Condition (1) is meant to imply, in particular, that 2,*,/? ¥= R (height 

R • +00, by convention). If 2,0c,/? =£ R then, by the KruU height theorem 
(see [N2, p. 26, Theorem (9.3)]), ht^^R < n. Condition (1) may be viewed as 
a sort of nondegeneracy condition on the x9s. 

We can now state: 

(2.1) METATHEOREM. Let $ be a theorem about Noetherian rings which is 
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true f or finitely generated domains over finite fields. 
Suppose that 9" is equivalent to the statement that for a certain family 

{S x}X e A of systems of equations with height condition over Z («, q, and h may 
vary with A), no system in the family has a solution. 

Then 9" is true for all Noetherian rings R which contain afield, regardless of 
characteristic. 

We first remark that if a system & has a solution in R and P is a minimal 
prime of 2,*,/?, then the images of x, y in RP constitute a solution as well: 
moreover, the new values for the Xt are a system of parameters for the local 
ring Rp. By a local solution xv . . . , xn,yv ... ,yq of a system S we mean a 
solution in a (necessarily «-dimensional) local ring (R, m) such that 
xl9..., xn is a s.o.p. for (/?, m). Since we may always pass from solutions to 
local solutions, the metatheorem follows from: 

(2.2) THEOREM. Let $ be a system of equations with height condition over Z. 
Suppose that & has a local solution in a local ring which contains a field. Then 
it has a solution in a domain R finitely generated over a finite field K, and also a 
local solution in Rmfor a maximal ideal mof R such that R/xa » K. 

We want to sketch the proof of this result (for more details see [Ho5, 
Theorem 3.1], [H<%, Lemma 3], or [Ho ,̂ Theorem 5.2]). However, we first 
need to discuss completion of local rings, which is a major tool for making 
reductions in the theory of Noetherian rings. The trick of reducing first to the 
local and then the complete local case works remarkably often. 

The point is that if (R, m)is local we may complete in the m-adic topology 
to obtain a new local ring (R, m), where m = mi? = the closure of m. In fact, 
we may complete any finitely generated i?-module M and get a finitely 
generated i?-module M (which is s R ®R M). An alternative point of view 
is that M = proj lim/ M/vctM. The completion^ functor is faithfully exact on 
finitely generated /J-modules. Moreover, dim R = dim R. Of course, R may 
already be m-adically complete: in this case, we call R a complete local ring. 
We refer the reader to [C], [N2], and [ZS] for further information. 

The advantages of working over a complete local ring are enormous. For 
example, here is a weak form of a recent result from [PP] (long known in 
many special cases, e.g. for uncountable algebraically closed residue class 
fields) for solving equations over complete local rings: 

(2.3) THEOREM (PFISTER-POPESCU). Let S be a system of polynomial 
equations over a complete local ring (R, m). Then & has a solution in R if and 
only if & has a solution modulo mN for all positive integers N. 

"Only if', of course, is trivial. " I f is a deep result utilizing the same circle 
of ideas needed to prove M. Artin's approximation theorem, which we discuss 
next. 

Some of the best, most useful results in algebra make assertions of the 
following type: that once we have adjoined "a few" obviously needed 
quantities to our ring to serve as solutions to equations of a certain kind, we 
can actually solve a tremendous bunch of other equations as well. For 
example: 
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(1) Once an integral domain A has been enlarged to its fraction field K (i.e. 
throw in the solutions of the equations bx = a, a, b E A, b ^ 0), any 
simultaneous system of linear equations which has a solution in some 
extension field has a solution in K. 

(2) The fundamental theorem of algebra. Once we adjoin a solution of 
x2 = — 1 to the real numbers R, every nonconstant polynomial equation in 
one variable has a root. 

(3) Hilberfs Nullstellensatz. Once we enlarge a field K to its algebraic 
closure K (throw in all roots of single polynomial equations in one variable), 
then any system of polynomial equations 

fl(Xi,...,Xn) = 09 

fh(Xl9.y/,Xn) = Q 
which has a solution in some extension field of K (cquivalently, such that 
1 g S^T, where T=•= K[X{,...,Xn]) has a solution in K. (See [K2] for a 
very simple proof when A' = C.) 

Our discussion of complete local̂  rings indicated that one has a better 
theory for solving equations over R than over /?, and it turns out to be 
important to study the question: for which R is it true that every finite system 
of polynomial equations over R with solutions in R has solutions in Rl (Note 
that it is easy to see that if R has this property, then so does every local ring 
which is (a finite module over) a homomorphic image.) M. Artin has proved 
two beautiful and important theorems along these lines. Let us say that a 
local ring (ƒ?, m) is an approximation ring if it satisfies the following two 
equivalent conditions: 

(1) Whenever a system of polynomial equations over R has a solution in R, 
then it has a solution in R. 

(2) If a system of polynomial equations over R has a solution (sv ..., sn) 
with the sf in R, then for every integer / > 0 there is a solution ( r 1 ? . . . , rn) 
with the r, in R such that 

sê = r} modulo m*R, 1 < i < n. 

(Thus, the solutions over R of a system over R are m-adically dense in the 
solutions over R.) 

The conditions (1) and (2) are equivalent because the extra congruence 
condition can be expressed by using auxiliary equations and unknowns. 

The first of Artin's results [Arx] is this: 

(2.4) THEOREM (M. ARTIN). Every analytic local ring is an approximation 
ring. 

By an analytic local ring we mean a homomorphic image of the convergent 
power series ring n6 * C{X{, • . . , Xn) c C[[Xlf..., Xn]] for some n. 

The result we really need here for the metatheorem, however, is a special 
case of an algebraic version of this theorem which Artin proves in [Ar2]. 

Let R * K[XU . . . , Xn] be a polynomial ring over a field K9 let m = 
SiXjR, and let A * Rm. The special case of Artin's theorem we need tells us 
what the smallest approximation ring containing A is. 


