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evident in research on group representations. Notions from homological
algebra and algebraic K-theory have clarified many features of the modular
theory, as well as the difficult integral representation theory, which deals with
representations over various types of integral domains. Work goes on on all
parts of the subject, and there is still a great deal to be discovered.

Serre’s book gives a fine introduction to representations for various
audiences. It is divided in three parts. The first was originally an appendix to
a book on quantum chemistry by Gaston Berthier and Josiane Serre. It gives
an exposition of the basics of complex characters and representations, in a
style suitable for nonspecialists. There are also a few remarks on the
extension of the theory to compact groups.

The second part is for a more sophisticated reader. It gives more detailed
information on complex characters, and then proceeds to deeper topics.
These come under two main headings. First, there is a discussion of induction
theorems, which tell when characters of a group can be obtained in a natural
way from characters of certain subgroups. Second, rationally questions in
characteristic zero are considered. Thus, one sees what happens when the
complex field is replaced by a subfield which may be too small to realize all
the complex representations.

The third part is an exposition of Brauer’s modular theory. Here, categori-
cal notions (projective covers, Grothendieck groups) are used freely. The
connection between complex, integral and modular representations is
examined very elegantly, and the Fong-Swan Theorem on lifting modular
characters of p-solvable groups is obtained as an application. The Brauer
characters are discussed briefly, but block theory is omitted altogether.

Despite the brevity of the book and its omission of many topics, the
specialist can profit greatly from reading it. As always with Serre, the
exposition is clear and elegant, and the exercises contain a great deal of
valuable information that is otherwise hard to find. Also, the discussion of
rationality questions is by far the best available. The translation, by L. L.
Scott, Jr., is excellent; the design and typography are up to Springer-Verlag’s
superb standards. Thus, although the book is no substitute for the ency-
clopedic works of Curtis and Reiner and of Dornhoff, it is highly recom-
mended for specialists and nonspecialists alike.
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Applied and computational complex analysis. 11, by Peter Henrici, Wiley, New
York, London, Sydney, Toronto, 1977, ix + 662 pp., $32.50.

What would you put into a text for a second course in complex analysis? I
expect that most of us, faced with this decision, would follow Hille in
accepting some material as canonical and pursue our personal interests for
the rest. Hille’s basic list consisted of analytic continuation, elliptic functions,
entire and meromorphic functions, normal families, and conformal mapping,
but was for a rather “pure” course. Suppose it is to be a course oriented
toward applications, meaning applications outside of mathematics itself? One
has to consider what the applicable parts of the subject are (now, not in some
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imagined millennial future). Certainly residue theory and conformal mapping
are applicable, and more of these is needed than was in the first course;
asymptotic evaluation of integrals by steepest descents; complex inversion of
Laplace transforms; probably Wiener-Hopf techniques or more generally the
Riemann-Hilbert boundary value problem. From Hille’s canonical list, be-
sides conformal mapping, elliptic functions probably count as applicable, and
so do entire functions now that they have come into prominence in
communication theory and optics.

Henrici continues in the style of his first volume by offering rather different
answers. His chapter headings are Infinite products, Ordinary differential
equations, Integral transforms, Asymptotic methods, and Continued
fractions. Of course entire functions are hiding in the chapter on infinite
products, and again among the Laplace transforms; Laplace transforms are
just one kind of integral transform, and asymptotic methods are as expected;
but where are the other desiderata, and what are differential equations and
continued fractions doing in this volume? Conformal mapping has been
officially deferred to Volume 3 as a technique for solving partial differential
equations; some of the other omitted topics are concealed under the very
broad chapter headings.

The separate chapters are effectively short books in themselves, and will be
discussed as if they actually were separate. The chapter numbering continues
from Volume 1, reviewed in Bull. Amer. Math. Soc. 81 (1975), 647-652.

8. Infinite products. I suppose that every beginning mathematician, after
being introduced to infinite series, asks, “what about infinite products?” Of
course there are infinite products; they play a smaller role, perhaps because
their theory can be reduced to the theory of series. There are, however,
advantages to having a separate theory of products, because they are useful in
several contexts. For example, a power series is a natural generalization of a
polynomial, but power series are notoriously uninformative about the zeros of
their sums. The natural generalization of a polynomial written as a product of
linear factors is an infinite product that displays the zeros (although the
proper generalization is less straightforward than this remark might suggest).

This chapter is short (only 74 pages), but it contains everything that a
beginning student needs to know, and a great deal else that is not ordinarily
thought of as textbook material. Henrici begins by showing us some of the
famous products connected with partitions of integers. We return to more
standard material with the gamma function, including a deduction of Stir-
ling’s formula from the infinite product. Gamma functions lead to hyper-
geometric functions, and these are then pursued to the end of the chapter for
their own sake; far enough to get some of the famous identities, as well as
Pochhammer’s representation and Mellin-Barnes integrals, which illustrate
some of the more sophisticated applications of contour integration.

9. Ordinary differential equations. Given the title of the book as a whole, it
is not surprising that this chapter is almost entirely about linear differential
equations in the complex domain. The theory of these equations is one of the
classics of analysis. The algorithmic method does not have much new to say
here since the whole subject has always been a bunch of algorithms, not
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always perfectly understood. Most mathematics majors, and certainly almost
all students of applied mathematics, are familiar with the techniques of
solving the equations by using formal series, but most textbook presentations
are apt to leave the student somewhat mystified. The techniques seem to work
in the real domain where differential equations usually live; why, the student
wonders, are we to be interested in what is going on in the complex plane?
One answer, of course, is that we cannot understand the rationale of the
techniques if we stay in the real domain, any more than we can understand
the convergence theory of power series by staying in the real domain.

In this chapter everything is done with care, and systems of equations are
treated by matrix methods, as is proper. Bessel functions and the confluent
hypergeometric function make brief appearances; the role of Fuchs’
conditions is made clear; then we meet Riemann’s theory of the
hypergeometric equation, complete with quadratic transformations; the whole
theory of Legendre’s equation drops out as a very special case. (One doubts,
however, that a working physicist would appreciate being asked to go this
route in order to be able to solve three-dimensional problems with spherical
symmetry.)

This is a clean treatment in modern language, and it seems clear that the
material really does belong (where it is seldom seen nowadays) in a course on
complex analysis.

10. Integral transforms. The word “transforms” is, if one takes a very
abstract position, simply a synonym for “function”: to transform something
is to use it as the argument of a function. Of course “integral transform” has
special connotations, particularly in the present context: to form an integral
transform one multiplies a given function by a “kernel” and integrates, thus
producing a new function that has (one hopes) desirable properties. Henrici
starts out with Laplace transforms (kernel e ™%, 0 < ¢ < o0), from the very
pragmatic point of view of wanting to solve nonhomogeneous linear
differential equations with constant coefficients. To a considerable extent, the
intrinsic charm of the material then takes over, and in the latter part of the
chapter the differential equations recede into the background.

The idea of using Laplace transforms to solve differential equations is like
a more complicated version of using logarithms to do multiplication: we
transform the problem into a more tractable one, and then transform the
solution back. (In fact, one could present logarithmic multiplication explicitly
as an example of the use of Laplace transforms.) The key observation, for
differential equations, is that (9/9x)e ™ = — te~*, which shows how a
differential operator is going to be transformed into a polynomial. The same
sort of thing can be done by symbolic (or operational) methods, but these
involve dangers that for many years only really good scientists seemed able to
avoid consistently. The Laplace transform provided a satisfactory and reliable
translation of operational calculus; one might say that Heaviside was to
operational methods what Napier was to logarithms (remember that the
interpretation of logarithms as exponents came later). However, whereas
logarithmic multiplication is dead (killed by the hand-held electronic calcula-
tor), the Laplace transform is very much alive, so much so that some






