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1. Introduction. The subject matter of this talk is at the crossroads of two 

areas which will turn out to have more than only an etymological kinship, 
namely numerical analysis and number theory. Like so many mixed breeds, it 
has its fascinations and attractions, but also its inherent dilemmas. A multi­
tude of concepts and devices dear to numerical analysts and computer users 
are, in open or disguised form, of an arithmetic nature, and problems arising 
in the computational workshop, especially those requiring effective methods, 
are now treated quite frequently with the powerful tools of the number 
theorist. This provides for a vivid interplay and is a source of enrichment for 
both disciplines. Of course, the occasion only permits us to look at a certain 
segment in the broad spectrum of activities. The leitmotif in our discussion 
will be the simulation of procedures containing an element of randomness by 
judiciously chosen deterministic schemes, with number theory playing a 
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prominent part in the construction of such schemes. 
Our exposition can be roughly divided into two parts, which will not 

preclude, however, some strong interrelations between these. §§2-5 are devo­
ted to deterministic versions of Monte Carlo techniques that have come to be 
known under the collective term "quasi-Monte Carlo methods". The widest 
range of applications, and indeed the historical origin of these methods, is 
found in numerical integration, but related matters such as interpolation 
problems and the numerical solution of integral equations can also be dealt 
with successfully. It does not seem to be too well known among the craftsmen 
of the trade that quasi-Monte Carlo methods possess two big assets not 
shared by standard Monte Carlo techniques, namely effectiveness and fast 
convergence. It is therefore hoped that this talk will help in the dissemination 
and eventual adoption of these more efficient methods. 

As we already indicated, the term "quasi-Monte Carlo" encompasses a 
variety of techniques. In their basic form, they all emerged sometime in the 
1950s, and another common bond between them is their heavy reliance on 
number-theoretic concepts. These methods fall into three main categories 
which are characterized by the titles of §§3-5. For the sake of completeness, 
we will present the (at least from the standpoint of the speciahst) classical 
foundations of these various techniques, but emphasize the refinements and 
extensions in scope achieved in recent years. This vigorous progress has been 
sustained by significant contributions from both the Russian school and the 
Western branch, with the Chinese doing more than just checking the balance. 

In the second part, comprising §§6-11, we are concerned with the vital 
matter of pseudo-random number generation. The limelight will be on the 
most popular generators, namely Lehmer's linear congruential pseudo­
random numbers. These appeared to fall into disfavor among theoreticians 
about ten years ago upon the disclosure of a certain undesirable lattice (or 
"crystalline") structure, but there is every indication that the practitioners did 
not care much about these squabbles and continued defiantly with their 
time-honored routines. Recent results of the author amount to a rehabil­
itation of these generators and justify a posteriori the woman (or man) at the 
computer in her (or his) preservative attitude. To sum up a complex matter 
succinctly, this research has shown that a proper choice of parameters in the 
generation procedure leads to a sequence of pseudo-random numbers 
enjoying excellent properties of statistical (almost-) independence among a 
given number of successive terms. The italicized part of the preceding 
sentence cannot be emphasized too much. Although not totally ignored, the 
matter of adequately selecting these parameters has all too frequently been 
left to chance or was based on insufficient evidence. If, as so often, generators 
with the said statistical independence properties are required, we can now 
provide for the first time reliable criteria for the choice of parameters which 
are buttressed by effective theoretical results. 

Lest a contrary impression be created, it should be pointed out that the 
existence of linear congruential pseudo-random numbers with desirable 
statistical independence properties does not negate the results about their 
unfavorable lattice structure. The fact is simply that the lattice structure does 
not detract from the usefulness of these generators as long as we use the 
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pseudo-random numbers for purposes in which only the statistical indepen­
dence of successive terms or a good distribution behavior are relevant.2 

Whoever finds that there is still an irreconcilable dilemma here, may want to 
ponder the following morphological principle: if one attempts to distribute 
points in a well-planned and equitable manner over a given domain, one will, 
intentionally or inadvertently, provide the resulting collection of points with 
an intrinsic structure. Consider a very simple example in which we are 
challenged to distribute denumerably many points on the real axis in what we 
deem the fairest way. We will most likely end up with an equally spaced 
arrangement3 and have thereby generated a point set with the structure of a 
one-dimensional lattice. Thus, a lattice structure may even be a virtue when 
good distribution properties are desired. More will be said about this in §§10 
and 11. 

The advance of our knowledge in this area of linear congruential pseudo­
random numbers has gone hand in hand with progress in pure number 
theory, namely the establishment of nontrivial estimates for exponential sums 
with linear recurring arguments. We have found it convenient to relegate 
these number-theoretic matters to a separate section (see §8). Apart from the 
topics already mentioned, we shall discuss related work on Lehmer's pseudo­
random numbers and similar generators as well as review their elementary 
properties. 

As to the list of references, we have attempted to be fairly complete 
concerning the literature on quasi-Monte Carlo methods since no compre­
hensive survey of this area was available up to now. With respect to 
pseudo-random numbers, the prolific output in this discipline has been 
assessed periodically in review articles and bibliographies (cf. [84], [100], [135], 
[207], [208], [322a]) and there are monographs covering the subject (cf. [80], 
[142], [154], [182], [193], [213]), so that we have only listed those works having 
a direct bearing on our discussion. 

Before we embark on our exposition proper, it is necessary to gain an 
understanding of the fundamental principle involved in the Monte Carlo 
method which is the progenitor of the great bulk of the theory to be 
expounded here. The Monte Carlo method (or "method of statistical trials") 
may be described in simple terms as a numerical method based on random 
sampling.4 We give an illustration below. The history of the method has been 
charted often enough. Its birth is assumed to have taken place in 1949 with 
the publication of [199], although it was definitely known earlier to a 
clandestine group5 working on U. S. Defense projects. Statisticians have 
intuitively used its principle long before that (cf. [334]), but it was only the 
computer age that could turn it into a systematic and viable technique. A 
number of excellent monographs explore the whole range of the method (cf. 

2 Most applications in numerical analysis are of this type. 
3 A Rorschach test could be set up interpreting deviations from this arrangement in psycho­

logical terms. 
4 As Sobol' [306, p. 9] points out correctly, the method is not of much help in trying to win at 

roulette. 
5 Mainly J. von Neumann, N. Metropolis, S. M. Ulam, H. Kahn, and their collaborators at the 

Los Alamos Scientific Laboratory. 
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[25], [28], [66], [106], [309]). We also recommend the survey article [100], the 
recent bibliography [84], and the elementary introduction in [306]. The main 
reason for the popularity of the Monte Carlo method is its applicability to a 
never-ending variety of problems in numerical analysis, statistics, applied 
mathematics, particle physics, engineering, systems analysis, and so on. We 
refer to [28],[29], [70], [83], [106], [151], [200], [323], [340] for accounts of some 
of these applications. For the general area of simulation, see [17], [27], [69], 
[79], [190], [201], [209]. 

To present a simple example of a Monte Carlo calculation, we consider the 
problem of computing the area of a region E of complicated shape contained 
in the unit square [0, 1] X [0, 1]. The idea is now to select at random N points 
from the unit square by performing N independent trials. In practice, N 
should be fairly large, say N « 104. If xl9..., xN are the points resulting 
from the sampling process, then the Monte Carlo approximation is 

1 N 

a r e a o f £ « ^ 2 cE(xn), (1.1) 

where cE is the characteristic function of E. In other words, the fraction of the 
sample points falling into E is taken as an approximate value for the area of 
E. This procedure can be generalized immediately if one recognizes the 
left-hand side of (1.1) as the (Lebesgue) integral of cE over the unit square 
(provided that E is Lebesgue-measurable, of course). Thus, for a given 
dimension s > 1 let Is = [0, If be the ^-dimensional unit cube and let 
ƒ * ƒ(t) be a bounded6 Lebesgue-integrable function on/5. Then the Monte 
Carlo approximation for the Lebesgue integral of ƒ over Is is 

f f(t)dt~j- îf(xn), (1.2) 

where xl9... ,xN are random points from Is obtained by N independent 
trials. Therefore, the basic principle of integration by the Monte Carlo 
method is to replace a continuous average by a discrete average over 
randomly selected points. In the same vein, if E is a Lebesgue-measurable 
subset of Is, then we may say on the basis of (1.2) that 

ƒ fit) dt=f f(t)cE(t) dt « ± 2 f(xn)cE(xn), 
JE JIs M R s i 

and so the Monte Carlo approximation is taken to be 

ff(t)dt~± 2 ƒ(*»)> 0-3) 
x„(EE 

where x^ . . . , x^ are as in (1.2). 
The strong law of large numbers guarantees that the numerical integration 

procedure (1.2) converges almost surely. Moreover, it follows from the central 
limit theorem that the expected integration error is 0(JV~1/2). The remark-
able feature here is that this order of magnitude does not depend on the 

6 This condition is adopted to avoid technicalities and can be relaxed. 
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dimension. This explains the interest in the Monte Carlo method for large 
dimensions, where classical techniques perform poorly. It should be 
mentioned, however, that the implied constant in this estimate depends on a 
certain variance factor through which the dimension may enter. The idea of 
reducing this variance by suitable transformations plays an important role in 
the Monte Carlo method (cf. [66], [100]). 

For the practical implementation of the Monte Carlo method, the funda­
mental question is, of course, how to produce a random sample. There is no 
ready-made answer since no satisfactory definition of randomness exists (see 
§6 for an elaboration on this point). Some people use tables of "random" 
numbers such as [251] or physical devices for generating random numbers 
such as white noise. But there is now an ever expanding school of thought 
which has come to realize that instead of trying to cope with the impalpable 
concept of randomness, one should select points according to a deterministic 
scheme that is well suited for the problem at hand. This is the underlying idea 
of a quasi-Monte Carlo method. For instance, in the area of numerical 
integration it turns out to be quite irrelevant whether the sample points or 
"nodes" are truly random; of primary importance is really the even distribu­
tion of the points over Is (compare with §2). Thus, rather than worrying 
about random selection procedures, one should be concerned with finding 
sets of nodes having an optimally fair distribution (see §3). 

If we want to emphasize the distinction between quasi-Monte Carlo meth­
ods and the standard Monte Carlo method, we will employ the term 
"statistical Monte Carlo method" for the latter. There is another differen­
tiation in language that will occur in the course of our discussion and that is 
sometimes regarded as artificial, namely that between quasi-random points 
(or numbers) and pseudo-random numbers. Although no clear-cut line can be 
drawn, there is a subtle distinction here, in the sense that the use of 
quasi-random points is customarily restricted to numerical integration or very 
closely related applications and that, consequently, they only have to show an 
acceptable distribution behavior, whereas pseudo-random numbers are 
supposed to serve a multitude of purposes and should therefore perform well 
under a battery of statistical tests. 

PART I. QUASI-MONTE CARLO METHODS 

2. Quasi-Monte Carlo integration. We noted already that numerical 
integration by a quasi-Monte Carlo method depends on the judicious choice 
of nodes from the integration domain or a superset thereof. This poses the 
question as to the precise criteria according to which the nodes should be 
selected. To find out, let us first consider the case where the integration 
domain is Is = [0, If. Here we use the Monte Carlo approximation 

j f(t)dt~± Î f(x„). (2.1) 

For the sake of this discussion, we adopt a simpler model by replacing the 
large set of nodes xl9... 9xN by an infinite sequence xl9 x 2 , . . . of points in 
Is. Then as we increase N in (2.1), we obviously want the integration error to 
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become negligible. Thus we require that 

Km ± 2/W-f/(t)A (2.2) 
JV-*oo iV n a B j Jjs 

This limit relation should hold for a reasonable class of integrands, say for all 
continuous functions ƒ on Is. The resulting condition on the sequence xl9 

x 2 , . . . is precisely one of the well-known criteria for this sequence to be 
uniformly distributed in Is. This concept is usually defined as follows. The 
sequence x1? x 2 , . . . of points in Is is called uniformly distributed in Is if 

Jim j- 2 OOO-M 

holds for all subintervals J of Is, where | / | denotes the ^-dimensional 
Lebesgue measure (= volume) of J. Intuitively, this means that the points x,, 
x 2 , . . . are spread out over the unit cube Is according to the principle of 
proportional representation. A detailed treatment of uniformly distributed 
sequences can be found in the book of Kuipers and Niederreiter [174]. 

In case the sequence x„ x 2 , . . . is uniformly distributed in I\ the relation 
(2.2) actually holds for all Riemann-integrable functions ƒ on Is (cf. [174, pp. 
3, 52]). On the other hand, (2.2) need not hold for arbitrary Lebesgue-
integrable functions; e.g., it fails if ƒ is the characteristic function of the set 
{x„ x 2 , . . . }. In fact, (2.2) characterizes Riemann-integrability in the fol­
lowing sense: if ƒ is a real-valued function on Is such that the limit in (2.2) 
exists for all uniformly distributed sequences in Is, then ƒ must be Riemann-
integrable on Is (de Bruijn and Post [54], Binder [22]). Therefore, numerical 
integration by a quasi-Monte Carlo technique should only be employed for a 
Riemann-integrable integrand since only in this case can we guarantee 
convergence. On the theoretical level, this is a significant difference as 
compared to a statistical Monte Carlo method, for which the strong law of 
large numbers affirms the almost sure convergence in (2.2) for any bounded 
Lebesgue-integrable ƒ. But for practical purposes, the restriction to Riemann-
integrable functions in quasi-Monte Carlo methods is not of a serious nature. 

We turn now to the general case of an integration domain E Ç Is. As we 
have seen in (1.3), the Monte Carlo approximation attains the form 

f / ( t ) *«± 2 /(*«). 
x„€E£ 

If we use again an infinite sequence as a model, then by what we have already 
learned, the sequence xl9 x 2 , . . . should be uniformly distributed in Is. 
Further inspection shows that the integration domain E cannot be quite 
arbitrary if we want convergence of the method. For even if we take a simple 
integrand such as the constant function ƒ = 1 (i.e., if we are asked to 
calculate the volume of E), we arrive at the convergence condition 

Km jz 2 cE(xn)^l c£(t)dt, 
AT->oo iV naml Jjs 

which need only hold if cE is Riemann-integrable, or, equivalently, if E itself 
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is Jordan-measurable (= has an elementary volume). In toto9 we get conver­
gence in a quasi-Monte Carlo integration procedure if the integrand ƒ is 
Riemann-integrable, the integration domain E C Is is Jordan-measurable, 
and the sequence x„ x 2 , . . . of nodes is uniformly distributed in Is. 

Returning from the question of convergence to the original setup, namely 
that of a finite collection of nodes, we realize that such a discrete set can 
never constitute a completely fair distribution over Is since there will always 
be subintervals J of Is (possibly of very small volume) which do not contain 
any one of the given points. Thus, the uniform distribution property is an 
idealization, and in actual practice we have to settle for an approximation. 
The model of an infinite sequence has provided the clue to the proper 
criterion for selecting nodes, viz. the even distribution of the nodes over Is. 
Therefore, we shall introduce a quantity which measures the uniformity of 
distribution of a given set of nodes. 

We consider first the one-dimensional case. Let xl9..., xN be N numbers 
in ƒ = [0, 1]. If E is a subset of ƒ, then 

A(E;N)=J: cE{xn) 

counts the number of n, 1 < n < N, with xn E E. 
2.1. DEFINITION. The discrepancy DN of the N numbers xl9..., xN in I is 

defined by 

A(J;N) 
DN = sup 

j N 
(2.3) 

where / runs through all subintervals of I and | / | denotes the length of / . 
It is immaterial whether one considers closed, open, half-open, or arbitrary 

intervals / since any one category leads to the same value of the supremum in 
(2.3), as can be seen from [174, p. 99]. A useful variant of the above definition 
is the following. 

2.2. DEFINITION. The discrepancy D% of the N numbers xï9..., xN in / is 
defined by 

D% = sup 
0 < / < l 

A([0,t);N) 

N " 

Finite sequences of nodes with small discrepancy DN resp. D% provide a 
valid approximation to uniform distribution, in the sense that for an infinite 
sequence both lim^^^ DN = 0 and lim^^^ D% = 0 are equivalent to the 
sequence being uniformly distributed in I (cf. [174, Chapter 2, §1]). Here DN 

resp. D% stands for the discrepancy of the first N terms of the sequence. 
In nonparametric statistics the method of measuring the deviation between 

the empirical distribution of JC„ . . . , xN and the uniform distribution on I by 
the quantity D% is also known as the two-sided Kolmogorov test. The 
discrepancy D% may also be thought of as the supremum norm of the 
function 

RN(0 = N-lA([09 t);N)-t9 0 < * < 1. 
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By taking various other norms of this function, one arrives at further concepts 
of discrepancy, the most commonly used among these being the L2 dis-
crepancy TN given by 

^ = (jfV(o2<&) • 
See [220] for further information about the L2 discrepancy. One may also 
consider discrepancies with respect to distribution functions different from 
the uniform distribution ([125], [219]) and with respect to other summation 
methods ([121], [222], [223]). 

The significance of the discrepancy stems from the fact that it occurs in the 
effective error estimates for quasi-Monte Carlo integration. The precise form 
of these estimates depends on the regularity of the integrand. 

2.3. THEOREM (KOKSMA [156]). Iff is a function of bounded variation V(f) 
on I and xl9..., xN are numbers in I with discrepancy D%, then 

jf £ f{*n)-ff{t)dt < V(f)D*. (2.4) 

This error bound is particularly appealing since the influences on the 
integration error are clearly separated: the regularity of the integrand is 
reflected in the factor V(f) and the uniformity of distribution of the nodes is 
controlled by the discrepancy D%. 

If ƒ is of bounded variation and continuous on ƒ, then Koksma's inequality 
can be proved very quickly using integration by parts. For 

Ç RN{t)df{t) = ± £ Ccl04xn)df{t)-ftdf(t) 

= £ £ (/(l) - /(*„)) - /O) + jf /(<) * 

- - i £ f(x„)+Cnt)dt, 

and so 

Jf £ f(xn)-ff(t)dt\ = \(lRN(t)df(t) 
* «=i •'o Ko 

< V(f) sup |^(0I -V{f)Dt. 
0 < / < l 

The general case is shown by a slight variation of this argument (see [174, p. 
143]). 

2.4. THEOREM (NIEDERREITER [217]). Iff is a continuous function on I with 
modulus of continuity M and xl9..., xN are numbers in I with discrepancy D%, 
then 
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if £ ƒ(*„) - f 7(0 d\ <M(Z>£). 

A general error estimate valid for any Riemann-integrable integrand was 
established by Hlawka [120]. Analogues of the above inequalities can be 
shown for other summation methods ([222], [223, pp. 148-149], [303, Chapter 
2]) and for other distribution functions ([110], [125], [307]). Estimates in terms 
of the L2 discrepancy7 are also available ([292], [295], [366]) and are obtained 
by applying the Cauchy-Schwarz inequality at a certain stage in the argu­
ment. For instance, if ƒ has a continuous derivative on I and xl9..., xN are 
numbers in I with L2 discrepancy TN, then 

1 N r\ \ ( r\ -> \ 1 / 2 

Jf jS ƒ to » f0 / (0 * < [f0 (/'(O) dj TN. 

Error bounds of a different nature result from measuring the regularity of a 
periodic integrand by the size of its Fourier coefficients ([140], [214]). 

We turn now to the multidimensional case in which quasi-Monte Carlo 
methods are usually applied. Let Is = [0, l]5 be the ^-dimensional unit cube. 
For N given points xl9... ,xN in Is and a subset E of Is, we introduce the 
counting function 

A(E;N)=Jt cE(xn). 

We use | J? | to denote the ^-dimensional Lebesgue measure of E. To unify 
various definitions of discrepancy that we shall need, we start from a general 
concept. 

2.5. DEFINITION. Let 9H be a nonempty family of Lebesgue-measurable 
subsets of Is. Then the discrepancy DN((dïi) of the N points x^ . . . , x v in Is 

is defined by 

A(E;N) 

*N 

DN (9IL) = sup 
£e9H N -1*1 

2.6. DEFINITION. The discrepancy DN of the N points x„ . . . , x^ in Is is 
defined by DN = DN($\ where ^ is the family of all subintervals of Is, and 
the discrepancy D% is defined by D% = DN(fy*), where %* is the family of 
subintervals of Is of the form [0, tx) X • • • X [0, ts). 

For an infinite sequence of points in Is, we have as in the one-dimensional 
case that both lim^^^D^ = 0 and lim^^Z^ = 0 are equivalent to the 
sequence being uniformly distributed in Is (cf. [174, Chapter 2, §1]). 

In order to generalize Koksma's inequality, we have to set up an 
appropriate concept of total variation for functions of several variables. For a 
function ƒ on Is and an interval / = [a{l\ a^] X • • • X [a[s\ a£>] C Is, we 
put 

7 More generally, the integration error can be estimated in terms of an appropriately defined 
Lp discrepancy [303, Chapter 2]. 
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e , - l 2 (-ïr-^VK0,...,^)-
To define a partition <$ of Is

 9 we start from s finite sequences of the form 
0 - i?^ < IJP < • • • < i j ^ = 1 (J = h 2 , . . . , s). The partition then 
consists of all the intervals [ri^\ ry/̂ J X • • • X [TJ<5), I J $ , ] with 0 < *} < m, 
for y * 1 , 2 , . . . , s. 

2.7. DEFINITION. For a function ƒ on ƒJ, we set 

r<'>(/) = sup 2 |A(/;/)|, 

where the supremum is extended over all partitions ^ of Is. If V^Xf) is 
finite, then ƒ is said to be of bounded variation on Is in the sense of Vitali. 

For functions ƒ * f(tl9.. ,,ts) that are sufficiently regular, V(s\f) can be 
represented by an integral; namely, 

**>(ƒ)-f1-., f d'f 
dU &, 

dtx- - - dt, (2.5) 

whenever the indicated partial derivative is continuous on Is. If ƒ actually 
depends on less than s variables, then we always have A(/; / ) = 0, and so 
Vis\f) * 0. Since such a function ƒ may still be highly irregular, we have to 
consider a more suitable notion of variation which is obtained by taking into 
account the behavior of ƒ on the various faces of Is. 

2.8. DEFINITION. Let ƒ be a function on Is. For 1 < k < s and 1 < ix < i2 

< • • • < ik < s9 we denote by V{k\f\ il9..., ik) the fc-dimensional variation 
in the sense of Vitali of the restriction of ƒ to /,*...,; =* {(*i , . . . , ( , ) E I': 

tj » 1 for y =5* i"i,..., ik). If all variations Vik\f; /„ . . . , ik) are finite, then ƒ 
is said to be of bounded variation on Is in the sense of Hardy and Krause. 

Since Vis\f) = V(s\f; 1, 2 , . . . , s), a function of bounded variation in the 
sense of Hardy and Krause is automatically of bounded variation in the sense 
of Vitali.8 

2.9. THEOREM (HLAWKA [111]). Iff is a function of bounded variation on Is 

in the sense of Hardy and Krause and xx,... ,xN are points in Is
 y then 

N Ï /CO 
# 1 - 1 

•ff(t)di\ 

<2 2 V«\ ƒ ; / „ . . . , ik)D*N ( ƒ „ . . . , ik), (2.6) 
K / i < / 2 < • • • < ' * < * 

where D%{ix,..., ik) is the discrepancy in /,*...^ of the points obtained by 
orthogonal projection ofxx,... ,xN onto ƒ,*... /ft. 

The above estimate is often called the Koksma-Hlawka inequality. A 
proof9 of this result based on multidimensional integration by parts was given 

8 Information about these concepts of variation can be found in Hobson [127] and the 
literature in [174, p. 158]. 

9 For sufficiently regular integrands, Hlawka [112] presents a simplified proof of the inequality, 
with the variations replaced by the corresponding integrals in (2.5). 
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by Zaremba [366] and is reproduced in [174, Chapter 2, §5]. 
One obtains a simplified form of (2.6) if one defines the variation V{f) of ƒ 

on Is in the sense of Hardy and Krause to be 

* - l 1 < I , < J 2 < • • • <ik<s 

Obviously, V(f) is finite if and only if ƒ is of bounded variation on Is in the 
sense of Hardy and Krause. By using (2.5), V(f) can be written in terms of 
integrals for sufficiently regular/. Since we always have 

DH(iu...9ik) < Z>£(1,2, . . . , * ) - />& 
it follows from (2.6) that 

jf 2 /(x„)-f/(t)J < V{f)D*N. (2.7) 

This inequality is completely analogous to (2.4). 
The Koksma-Hlawka inequality can be generalized to more abstract 

settings ([214], [278]). Error estimates for other than equal-weight formulas 
are also known ([222], [223, pp. 148-149]). Inequalities for Riemann-
integrable functions ([120]) and error bounds in terms of an appropriately 
defined L2 discrepancy TN ([292], [366], [101]) or an L1 discrepancy ([292], 
[303, Chapter 8]), and more generally for an IS discrepancy ([303, Chapter 
8]), have been established as well. See [126] for the case of a nonuniform 
distribution function. 

A measure for the evenness of distribution different from the discrepancy 
has also been considered in the literature. To introduce this concept, we need 
some preliminaries. By a dyadic interval, we mean a subinterval of I of the 
form [j2~m

9 (J + l)2"m) with integers m > 1 and 0 < j < m, and with the 
stipulation that the interval be closed if its right endpoint is 1. In the 
^-dimensional case, a dyadic box is meant to be a cartesian product of any s 
dyadic intervals. Given a dyadic box B in Is, we split it into two parts as 
follows. For the moment, we move the origin of the coordinate system to the 
center of B and denote by £ t , . . . , £ the new coordinates. Then the union of 
those "quadrants" of B in which sgn(£j • • • £) = ( - 1 / is called the positive 
part B+ of By whereas the remaining portion of B is the negative part B~. Let 
now xx,..., Xjy be N given points in Is. Then we define the s-dimensional 
nonuniformity of these points to be 

sup \A(B+;N)-A(B-;N)\, 
B 

where the supremum is extended over all possible dyadic boxes B in Is. 
Furthermore, we project the given points orthogonally onto the various 
A:-dimensional faces of Is (1 < k < s) and calculate the ^-dimensional non-
uniformity of the projected points in the respective face. Finally, the largest 
value among the ^-dimensional nonuniformity and all these lower-dimen­
sional nonuniformities is said to be the nonuniformity y^N) of the points 
x„ . . . , xN (Sobol' [291]). It is always a positive integer < N. The motivation 
for this definition comes from the theory of Haar functions (compare with 
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[303]). For 1 < q < oo, an Lq analogue <pg(N) has also been introduced 
(Sobol' [289]). If Xj, x 2 , . . . is a sequence of points in Is, then %(N), 
I < q < oo, is the appropriate nonuniformity of the first N terms of the 
sequence. For any q, 1 < q < oo, we have the criterion that a sequence is 
uniformly distributed in Is if and only if lim^^W/N = 0 ([289], [294]). 
A comparison with the definition of discrepancy leads easily to the inequality 

<pO0(N)<2*NDN (2.8) 

for any AT points in Is. 
Estimates for integration errors can also be established in terms of nonuni-

formities. For instance, if /(t) = f(tl9...,/,) is such that all its mixed partial 
derivatives 

3*/ -r- TT , 1 < /, < U < • • • < L < s, 1 < k < s, 
OL • • • Of, * z K 

exist and are continuous on Is, then 

l i 2 f(xn)-ff(t)dt 
I N n~l JIS 

where C(f) is a constant depending on ƒ that reflects, as usual, the amount of 
oscillation of the integrand and <?«,(#) is the nonuniformity of the nodes 
x„ . . . , xN (Sobol' [291], [303, Chapter 4]). Analogous estimates using the 
nonuniformities %(N), 1 < q < oo, are also available ([289], [303, Chapter 
4]). 

So far, we have only considered the case where the integration domain is 
15, or what amounts to the same (modulo a simple change of variable), where 
the integration domain is an interval. We shall now study a much wider class 
of integration domains, namely that of bounded Jordan-measurable sets (= 
sets having a finite elementary volume). By applying, if necessary, a 
translation and a contraction, we can assume that such an integration domain 
is contained in Is. We have already seen in (1.3) what the Monte Carlo 
approximation should look like in this case. We also noted earlier that 
Jordan-measurable subsets of Is form the most general category of 
integration domains for which a quasi-Monte Carlo technique can be applied 
successfully. 

The integration error can again be estimated effectively in terms of a 
suitable notion of discrepancy. We need some preliminaries before we can 
enunciate this result. Let d(-9 • ) be the standard Euclidean distance in Rs. 
For a subset E of Is and e > 0, we define 

££ = { x 6 Is: d(x, y) < e for some y G E}9 

E_e = {xŒF:d(x9y) > e for all y G Is \E). 

The set Ee is a superset of E open in the relative topology in Is, whereas E_e 

is a closed subset of E. We classify now the Jordan-measurable subsets E of 
Is according to the measure of what may be called the "e-collars" of E. 

2.10. DEFINITION. Let b = b(e) be a positive nondecreasing function 
defined for all e > 0 and satisfying limc^0+6(6) = 0. Then 9R^ is defined as 

<C(f) 
<pœ(N)\ogN 

N 
(2.9) 
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the family of all Lebesgue-measurable subsets E of Is for which the inequal­
ities 

\Ee \E\< b(e) and \E \ E_e\ < b(e) 

hold for all e > 0. 
It is easily seen that every E E 91^ is actually Jordan-measurable and 

that, conversely, every Jordan-measurable subset of Is belongs to some ^ ^ 
(cf. [220, pp. 168-169]). Therefore, the families tylb provide a complete 
classification of all Jordan-measurable subsets of Is. The larger the function 
b, the more irregularly shaped can be the sets that are allowed in ?f\Lb. 

For an integration domain E E ty\Lb9 an error bound for quasi-Monte 
Carlo integration can now be given in terms of a discrepancy Z>iV((3fIlc) 
defined according to Definition 2.5, where c is a function closely related to b. 

2.11. THEOREM (NIEDERREITER [220]). For a function ƒ of bounded variation 
V{f) on Is in the sense of Hardy and Krause, an integration domain E E ($\Lb9 

and points xl9... 9xN in Is we have 

A 2 /(*„) -ƒƒ(*) dt\ <{V{f) + \f{\9...9\)\)DN{%c)9 (2.10) 

XnE:E 

where c is the function c(e) = b(e) + Isefor e > 0. 

One might wonder why the term | / ( l , . . . , 1)| appears in this estimate. The 
reason is that, in contrast to earlier inequalities, the left-hand side of (2.10) is 
not invariant under the shift from ƒ to ƒ + C, where C is a constant. 
Therefore, the upper bound in (2.10) depends also on the magnitude off 

There are two important facts buttressing the usefulness of the families 
9Rfr. First, the discrepancy DN(?l\Lb) can be estimated effectively in terms of 
the discrepancy DN, as we shall see in Theorem 3.10, so that we ultimately 
have control over the size of Z>Ar(

(f)TL̂ ) for the common choices of nodes. 
Secondly, the discrepancy £>Ar(

<3ILft) still satisfies l i m ^ ^ DN(?fïib) = 0 for 
any infinite sequence uniformly distributed in Is, and uniform conditions on 
the measure of the "e-collars" of sets £ in a family 911 (such as those 
imposed on the members of ?fïib) are necessary to guarantee this property for 
DN(tyll) by a result of BiUingsley and Topsoe [21]. Thus, the approach based 
on the families 911̂  is essentially the most general one in quasi-Monte Carlo 
integration. 

The case of a convex integration domain deserves special attention since it 
occurs quite frequently. Information about this class of integration domains 
is, of course, implicitly contained in the above considerations since every 
convex subset of Is belongs to ^tb with b(e) = 2se for e > 0. By using special 
properties of convex sets, it is, however, possible to obtain stronger results. 

2.12. DEFINITION. The isotropic discrepancy JN of the N points xl9... 9xN 

in Is is defined by JN = DN(Q)9 where Q is the family of all convex subsets of 

r. 
The use of JN was suggested by Hlawka [115] and the term "isotropic 

discrepancy" was coined by Zaremba [370]. This type of discrepancy figures 
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in the error estimate for convex integration domains. 

2.13. THEOREM (ZAREMBA [370]). Iff is a function of bounded variation V(f) 
on Is in the sense of Hardy and Krause, E is a convex subset of Is, and 
xl9... >xN are points in Is with isotropic discrepancy JN9 then 

* / i - l JE I 
<(V(f) + \f(l,...,l)\)JN. 

x„SE 

Up to now, all the integrands considered were bounded functions. Sobol' 
[311] succeeded in constructing quasi-Monte Carlo methods for improper 
integrals in which the behavior of the integrand at the singularity is under 
control. In a sense, the paper of Hardy and Littlewood [108] may be 
considered the first contribution to this subject.* 

The study of quasi-Monte Carlo integration on the infinite-dimensional 
unit cube was initiated by Cencov [33] and Sobol' [293]. See also [279], [301], 
[303, Chapter 7], [313], [314]. 

The results appearing in this section as well as in the three following ones 
should be compared with the features of classical techniques for computing 
simple and multiple integrals. We refer to [53], [95], [173], [329] for expository 
accounts of these techniques. Summarizing in a nutshell what transpires from 
this comparison, one can say that conventional methods are without doubt 
superior in the one-dimensional case, whereas quasi-Monte Carlo methods 
should be considered more and more favorable as the dimension increases. 
For simple integrals with integrands of a low degree of regularity, the results 
are basically equivalent. 

Quasi-Monte Carlo methods have been employed for other purposes be­
sides numerical integration. We mention here only those works that are based 
on the general principles of such methods. In later sections, we will indicate 
further applications using the special techniques to be described. 

There are, of course, several important problems in numerical analysis that 
can be reduced to the approximate calculation of integrals, and under such 
circumstances quasi-Monte Carlo methods may be applied readily. A case in 
point is the numerical solution of integral equations; see [114], [116], [124], 
[313]. Applications to integro-differential equations occur in [210], [212], to 
linear partial differential equations in [211], and to the theory of turbulence in 
[15]. A method of determining surface areas by means of uniformly distribu­
ted sequences is discussed in [175]. Interesting connections with complex 
analysis appear in [118], [123], regarding problems of interpolation and 
analytic continuation, respectively. Quasi-Monte Carlo methods can also be 
used to approximate the extreme values of a function ([3], [122], [232], [317]) 
and the greatest and smallest real part of the eigenvalues of a matrix [318]. On 
the basis of ideas in [34], applications to the simulation of Markov chains are 
studied in [312]-[314]. 

3. Quasi-random points. A scrutiny of the various error estimates in §! 
provides convincing evidence that what we should employ in a quasi-Monte 
Carlo integration is a set of nodes with very small discrepancy. Finite or 

*See also R. S. Lehman, Pacific J. Math. 5 (1955), 93 -102 . 
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infinite sequences with this property are called low-discrepancy sequences and 
their terms are loosely referred to as quasi-random points (or quasi-random 
numbers in the one-dimensional case). Strictly speaking, we have dealt not 
only with one, but with several concepts of discrepancy, so that the 
expression "low-discrepancy sequence" would seem to call for further 
explanation. It turns out, however, that the various notions of discrepancy are 
related to DN in a known manner. Thus, D% and DN are linked by the 
inequalities 

Z>* < DN < TD% (3.1) 

in the ^-dimensional case (see [174, p. 93]), and JN as well as DN{c?^Lb) can 
also be estimated in terms of DN (see (3.21) and Theorem 3.10). Moreover, 
the L2 discrepancy 7^ of any N points in Is satisfies 

CM+2)/2< TN < DZ 
with a constant Cs > 0 only depending on s (cf. [220, Theorem 4.2]). There­
fore, "low discrepancy" will be interpreted to mean low discrepancy DN. 

The discrepancy of the average sequence of points in Is is under control 
because of the law of the iterated logarithm established by Chung [40] in the 
one-dimensional case and Kiefer [150] in the multidimensional case, accor­
ding to which we have 

V2N D* 
lim sup — = 1 
*->*> Vlog log N 

with probability 1, in the sense of an appropriate product measure on the 
sequence space.10 Together with (3.1) we get 

DN = 0(N~ X'2 (log log N)l/2) 

almost surely. In combination with the error estimates in §2 (in particular, 
Theorem 2.3 and (2.7)), this ties in rather nicely with the probabiustic error 
bound for the Monte Carlo method. It is to be expected, however, that clever 
constructions should produce sequences that behave much better than the 
average sequence. As a matter of fact, we shall exhibit examples of finite 
sequences of N points in Is for which DN = 0(N~ *(log NJ~ *). Quasi-Monte 
Carlo integration with such quasi-random points involves then effective error 
bounds that are considerably smaller than the probabilistic Monte Carlo 
bound 0(JV~1/2). Thus, as far as numerical integration is concerned, quasi-
Monte Carlo methods based on determinate low-discrepancy sequences are, 
on the whole, preferable to statistical Monte Carlo methods. 

We discuss now in detail the relevant properties of the various notions of 
discrepancy. We start with the one-dimensional case in which all the basic 
questions have been settled. Here the discrepancy D% can be calculated in an 
easy manner by arranging the numbers xl9..., xN in nondecreasing order of 
magnitude, which obviously does not affect the value of D%. We obtain then 
the formula11 

10 See also [30], [242], [243], [372]. 
11 See [215]. For generalizations of this formula referring to other distribution functions or 

other summation methods, see [219], [222]. 
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1 . I 2n — I I /o o\ 
« xrr + max \xH ^rj— . (3.2) 

2N l<n<N J * 2N I 
We deduce from (3.2) that D% > l/(2N) for any N numbers in 7, and that 
D% » X/ÇLN) exactly for the sequence 

2N ' 2N ' ' ' • ' 2iV * " ' 
or one of its rearrangements. A simple argument shows that DN > \/N for 
any N numbers in I (cf. [174, p. 90]), and DN = \/N holds for the sequence 
(3.3) and its rearrangements, but also for some other sequences. A formula 
similar to (3.2) can be obtained for the L2 discrepancy TN9 namely 

N UN2 N n% \X» 2N ) 

provided that xx < x2 < • • • < xN (cf. [220, p. 135]). This shows that the L2 

discrepancy of any N numbers in I is > 1/(VÏ2 N) and that the lower 
bound.is attained precisely for the sequence (3.3) and its rearrangements.12 It 
is interesting to note that the nodes in (3.3) are also used in a classical 
integration method, namely the iV-point midpoint rule (see [53, p. 40]). The 
integration error implied by the use of sequences equal or close to (3.3) was 
Studied by Chui [37], [38], [39]. 

The terms of the optimal sequence (3.3) depend on the chosen value of N. 
In computational practice, it is often convenient to be able to change the 
value of N without losing the previously obtained data. For this purpose, it is 
advantageous to work with an infinite sequence and then to take its first N 
terms whenever the value of N has been decided upon. In this way, we may 
increase N if we desire greater accuracy and still use the results of the earher 
computation. 

It requires a deeper analysis to determine the behavior of the discrepancy 
for infinite sequences. In the first place, the discrepancy DN of an infinite 
sequence cannot be uniformly of the order of magnitude N~l. An important 
theorem of W. M. Schmidt [282] has established that for any infinite sequence 
of numbers in I there exist infinitely many N such that DN> D% > 
(log JV)/(100 N). On the other hand, infinite sequences with DN — 
0(N~l log N) have been known for several decades. For instance, if a is an 
irrational number for which the partial quotients in the continued fraction 
expansion are uniformly bounded, then the discrepancy DN of the sequence 
{a}, { 2 a } , . . . , {na},... of fractional parts13 satisfies DN < CN~\l + 
log N) for all N > 1, where C is an explicit constant (compare with [220, 
Theorem 3.2], [174, p. 125]). 

12 A similar statement holds for the L1 discrepancy according to a result in [292] that also 
appeared in an essentially equivalent form in [236, Chapter 10]. 

13 The fractional part {/} of / e R is defined by {t} » / - [fj, where [f] is the greatest integer 
< I. We always have 0 < {t} < 1. 
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Another example, the so-called van der Corput sequence, is more impor­
tant for two reasons: first, the known discrepancy estimate is better than for 
the above example, and second, this sequence consists only of dyadic 
fractions and is therefore perfectly well adapted for the use in binary 
computers. The sequence can be conveniently defined in terms of a "radical-
inverse function". If g > 2 is an integer, then every nonnegative integer n has 
an expansion in the base g of the form 

k 

n - 2 aiSl w i t h 0, E {0, 1 , . . . , g - 1} for 0 < i < k, (3.4) 

and this representation is unique apart from adding on higher powers of g 
with zero coefficients. Now the radical-inverse function <t>g is given by the 
well-defined expression 

M") = £ «w-'-1- (3-5) 
#=0 

The action of this function may be described as follows. Write the expansion 
of n in the base g as a string of digits ak • • • axa0; then <t>g(ri) results from this 
by reflection about the "decimal point", i.e., <f>g(ri) is the g-adic fraction given 
by 0.a0ax • • • ak. The condition on the at in (3.4) implies that 0 < $g{ri) < 1 
for all n > 0. 

The van der Corput sequence, which made its first appearance in [341], is 
now defined as the sequence <f>2(0), <J>2(1)> • • • > ^iin\ • • • m [0> !)• According 
to unpublished results of Tijdeman, its discrepancy D% satisfies 

ND% < | log2AT+ 1 forallAT>l 

and 

lim sup (ND% - \ log2AT) > f + | log23, 
N->oo 

where log2 denotes the logarithm to the base 2. The fact that the coefficient | 
of log2AT is best possible was already shown earlier by Haber [92]. For a quick 
proof of DN = 0(N~l log N), see [174, p. 127]. At present, we know of no 
infinite sequence in I whose discrepancy is uniformly smaller than that of the 
van der Corput sequence.* 

There are various ways of estimating the discrepancy of a one-dimensional 
sequence (see [217] for a survey). The most common procedure is to reduce 
the estimation of the discrepancy to the problem of estimating associated 
exponential sums. The theoretical basis for this technique is a general prin­
ciple of quantitative Fourier inversion. We need the following notion: if Fis a 
function of bounded variation on I, then its Fourier-Stieltjes transform F is 
given by 

F(h)= f elltiht dF(t) for all integers h. 

•ADDED IN PROOF. Better sequences have recently been constructed by R.Bejian and H.Faure. 
For further information about the van der Corput sequence, see the joint paper of these authors 
in C. R. Acad. Sci. Paris Sér. A 285 (1977), 313-316. 
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3.1. THEOREM (NIEDERREITER AND PHILIPP [234]). Let F be a nondecreasing 
function on I with F(0) = 0 and F(\) = 1, and suppose the function G on I 
satisfies the Lipschitz condition \G(u) — G(v)\ < L\u — v\ for u9 v E ƒ, as 
well as G(0) = 0 and G (I) = 1. Then for every positive integer m we have 

sup \(F(v)-F(u))-(G(v)-G(u))\ 
U,V>ELI 

4L 
m + 1 * .LU-^yw-^i-

3.2. COROLLARY. Le/ j q , . . . , xN be any real numbers. Then the discrepancy 
DN of the finite sequence of fractional parts {xx}9..., {xN} satisfies 

D"<irr\ f ^ U /M + 1 / 
1 * 

— y, 
72irihxn 

for every positive integer m. 

The corollary results from Theorem 3.1 by setting F(t) = ^4([0, t); N)/N 
and G (J) » t for 0 < f < 1. The inequality in Corollary 3.2, without the 
specified constants, is due to Erdös and Turân [64]. For a special class of 
sequences, there exists a simplified version of this inequality which will be 
useful later on. It is convenient here to introduce for an integer m > 2 the 
summation symbol 2/,(m0dm) which designates a sum over the complete 
residue system mod m consisting of all integers h with - m/2 < h < m/2. 
The summation symbol S*(modW) refers to the same sum, but with h = 0 
deleted from the range of summation. 

3.3. LEMMA. Let m > 2 andy0,... ,JV-i be integers. Then the discrepancy 
DN of the finite sequence of fractional parts {^o/w}> • • • » {^Ar-i/m} satisfies 

N< m * kj«m> rnsm(<ir\h\/m) 
JL V e2mhyH/m\ 
N w-0 

To make the relationship with the earlier inequality even more transparent, 
we use sin mt > 2/ for 0 < t < \ and get 

, lm/2] 

DN < - + S T 1 

It should not come as a surprise that we obtain smaller constants in the 
special case. 

The proof of Lemma 3.3 nicely illustrates the principles involved in these 
types of inequalities. For an integer k, let A (k; N) be the number of n, 
0 < n < N - 1, witl ij = k (mod m). Then we can write 

A(k;N) 
#i*0 

where ck is the characteristic function of the coset k + mZ of Z/mZ. Now 
with the abbreviation e(t) = e2™' for f E R we have 
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* O 0 - £ 2 e(h(y-k)/m) îoryŒZ, 
A (mod m) 

so that 

and 

Mk; N) = ±- 2 e(-hk/m)N2 e(hyn/m) 
/i(mod m) w-0 

tf 1 A T — 1 

,<(*;*) -£-£ 2* e(-A*/m) 2 «(W»0- (3.6) 
m m A(modm) «*0 

Let ƒ = [u, v) be an arbitrary half-open subinterval of I. We choose the 
largest closed subinterval of J of the form [a/m, b/m] with integers a < b, 
which we denote again by [a/m, b/m]. The case where no such subinterval 
exists can be dealt with easily, since we have then A (J; N) = 0 and v — u < 
\/m, hence 

\A(J;N)/N-\J\\ = \J\<l/m. (3.7) 

In the remaining case, we obtain 

A(J; N) - N\J\ = | {A(k;N)-Z) + Z(b-a+l)- N\J\ 

± 
m ( ia «(-«/«>)( Y «(*./«)) + * ( ft"^+1 - M) 

A (mod m 

by using (3.6). It follows that 

A(J;N) 

N -\J\ < ̂  T I 2 «(*fc/«)| I ̂  's1 «(*-/») 
m A(modw) U - a | | i Y n«0 

ft-a+ 1 
m - m (3.8) 

Now for 0 < \h\ < m/2 we have 

2 e(Afc/m) 
= \e(h(b - a+ \)/m) - 1| 

KA/m) - 1| 

2 1 
\e(h/m) - 1| sin(?r|/i|/m) 

From the definition of a and b it follows that 

a/m = u + ^ with 0 < 01 < 1/m 

and 
Z>//w = v - 02

 w i t h 0 < #2 < l/w> 
so that 

(3-9) 

b- a + 1 
m - | / | •0, - 9: <-L. 

m 


