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Nothing in Nature is random. . . . A thing appears random only through 
the incompleteness of our knowledge. 

Spinoza, Ethics I 
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1. Introduction. The subject matter of this talk is at the crossroads of two 

areas which will turn out to have more than only an etymological kinship, 
namely numerical analysis and number theory. Like so many mixed breeds, it 
has its fascinations and attractions, but also its inherent dilemmas. A multi­
tude of concepts and devices dear to numerical analysts and computer users 
are, in open or disguised form, of an arithmetic nature, and problems arising 
in the computational workshop, especially those requiring effective methods, 
are now treated quite frequently with the powerful tools of the number 
theorist. This provides for a vivid interplay and is a source of enrichment for 
both disciplines. Of course, the occasion only permits us to look at a certain 
segment in the broad spectrum of activities. The leitmotif in our discussion 
will be the simulation of procedures containing an element of randomness by 
judiciously chosen deterministic schemes, with number theory playing a 
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prominent part in the construction of such schemes. 
Our exposition can be roughly divided into two parts, which will not 

preclude, however, some strong interrelations between these. §§2-5 are devo­
ted to deterministic versions of Monte Carlo techniques that have come to be 
known under the collective term "quasi-Monte Carlo methods". The widest 
range of applications, and indeed the historical origin of these methods, is 
found in numerical integration, but related matters such as interpolation 
problems and the numerical solution of integral equations can also be dealt 
with successfully. It does not seem to be too well known among the craftsmen 
of the trade that quasi-Monte Carlo methods possess two big assets not 
shared by standard Monte Carlo techniques, namely effectiveness and fast 
convergence. It is therefore hoped that this talk will help in the dissemination 
and eventual adoption of these more efficient methods. 

As we already indicated, the term "quasi-Monte Carlo" encompasses a 
variety of techniques. In their basic form, they all emerged sometime in the 
1950s, and another common bond between them is their heavy reliance on 
number-theoretic concepts. These methods fall into three main categories 
which are characterized by the titles of §§3-5. For the sake of completeness, 
we will present the (at least from the standpoint of the speciahst) classical 
foundations of these various techniques, but emphasize the refinements and 
extensions in scope achieved in recent years. This vigorous progress has been 
sustained by significant contributions from both the Russian school and the 
Western branch, with the Chinese doing more than just checking the balance. 

In the second part, comprising §§6-11, we are concerned with the vital 
matter of pseudo-random number generation. The limelight will be on the 
most popular generators, namely Lehmer's linear congruential pseudo­
random numbers. These appeared to fall into disfavor among theoreticians 
about ten years ago upon the disclosure of a certain undesirable lattice (or 
"crystalline") structure, but there is every indication that the practitioners did 
not care much about these squabbles and continued defiantly with their 
time-honored routines. Recent results of the author amount to a rehabil­
itation of these generators and justify a posteriori the woman (or man) at the 
computer in her (or his) preservative attitude. To sum up a complex matter 
succinctly, this research has shown that a proper choice of parameters in the 
generation procedure leads to a sequence of pseudo-random numbers 
enjoying excellent properties of statistical (almost-) independence among a 
given number of successive terms. The italicized part of the preceding 
sentence cannot be emphasized too much. Although not totally ignored, the 
matter of adequately selecting these parameters has all too frequently been 
left to chance or was based on insufficient evidence. If, as so often, generators 
with the said statistical independence properties are required, we can now 
provide for the first time reliable criteria for the choice of parameters which 
are buttressed by effective theoretical results. 

Lest a contrary impression be created, it should be pointed out that the 
existence of linear congruential pseudo-random numbers with desirable 
statistical independence properties does not negate the results about their 
unfavorable lattice structure. The fact is simply that the lattice structure does 
not detract from the usefulness of these generators as long as we use the 
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pseudo-random numbers for purposes in which only the statistical indepen­
dence of successive terms or a good distribution behavior are relevant.2 

Whoever finds that there is still an irreconcilable dilemma here, may want to 
ponder the following morphological principle: if one attempts to distribute 
points in a well-planned and equitable manner over a given domain, one will, 
intentionally or inadvertently, provide the resulting collection of points with 
an intrinsic structure. Consider a very simple example in which we are 
challenged to distribute denumerably many points on the real axis in what we 
deem the fairest way. We will most likely end up with an equally spaced 
arrangement3 and have thereby generated a point set with the structure of a 
one-dimensional lattice. Thus, a lattice structure may even be a virtue when 
good distribution properties are desired. More will be said about this in §§10 
and 11. 

The advance of our knowledge in this area of linear congruential pseudo­
random numbers has gone hand in hand with progress in pure number 
theory, namely the establishment of nontrivial estimates for exponential sums 
with linear recurring arguments. We have found it convenient to relegate 
these number-theoretic matters to a separate section (see §8). Apart from the 
topics already mentioned, we shall discuss related work on Lehmer's pseudo­
random numbers and similar generators as well as review their elementary 
properties. 

As to the list of references, we have attempted to be fairly complete 
concerning the literature on quasi-Monte Carlo methods since no compre­
hensive survey of this area was available up to now. With respect to 
pseudo-random numbers, the prolific output in this discipline has been 
assessed periodically in review articles and bibliographies (cf. [84], [100], [135], 
[207], [208], [322a]) and there are monographs covering the subject (cf. [80], 
[142], [154], [182], [193], [213]), so that we have only listed those works having 
a direct bearing on our discussion. 

Before we embark on our exposition proper, it is necessary to gain an 
understanding of the fundamental principle involved in the Monte Carlo 
method which is the progenitor of the great bulk of the theory to be 
expounded here. The Monte Carlo method (or "method of statistical trials") 
may be described in simple terms as a numerical method based on random 
sampling.4 We give an illustration below. The history of the method has been 
charted often enough. Its birth is assumed to have taken place in 1949 with 
the publication of [199], although it was definitely known earlier to a 
clandestine group5 working on U. S. Defense projects. Statisticians have 
intuitively used its principle long before that (cf. [334]), but it was only the 
computer age that could turn it into a systematic and viable technique. A 
number of excellent monographs explore the whole range of the method (cf. 

2 Most applications in numerical analysis are of this type. 
3 A Rorschach test could be set up interpreting deviations from this arrangement in psycho­

logical terms. 
4 As Sobol' [306, p. 9] points out correctly, the method is not of much help in trying to win at 

roulette. 
5 Mainly J. von Neumann, N. Metropolis, S. M. Ulam, H. Kahn, and their collaborators at the 

Los Alamos Scientific Laboratory. 
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[25], [28], [66], [106], [309]). We also recommend the survey article [100], the 
recent bibliography [84], and the elementary introduction in [306]. The main 
reason for the popularity of the Monte Carlo method is its applicability to a 
never-ending variety of problems in numerical analysis, statistics, applied 
mathematics, particle physics, engineering, systems analysis, and so on. We 
refer to [28],[29], [70], [83], [106], [151], [200], [323], [340] for accounts of some 
of these applications. For the general area of simulation, see [17], [27], [69], 
[79], [190], [201], [209]. 

To present a simple example of a Monte Carlo calculation, we consider the 
problem of computing the area of a region E of complicated shape contained 
in the unit square [0, 1] X [0, 1]. The idea is now to select at random N points 
from the unit square by performing N independent trials. In practice, N 
should be fairly large, say N « 104. If xl9..., xN are the points resulting 
from the sampling process, then the Monte Carlo approximation is 

1 N 

a r e a o f £ « ^ 2 cE(xn), (1.1) 

where cE is the characteristic function of E. In other words, the fraction of the 
sample points falling into E is taken as an approximate value for the area of 
E. This procedure can be generalized immediately if one recognizes the 
left-hand side of (1.1) as the (Lebesgue) integral of cE over the unit square 
(provided that E is Lebesgue-measurable, of course). Thus, for a given 
dimension s > 1 let Is = [0, If be the ^-dimensional unit cube and let 
ƒ * ƒ(t) be a bounded6 Lebesgue-integrable function on/5. Then the Monte 
Carlo approximation for the Lebesgue integral of ƒ over Is is 

f f(t)dt~j- îf(xn), (1.2) 

where xl9... ,xN are random points from Is obtained by N independent 
trials. Therefore, the basic principle of integration by the Monte Carlo 
method is to replace a continuous average by a discrete average over 
randomly selected points. In the same vein, if E is a Lebesgue-measurable 
subset of Is, then we may say on the basis of (1.2) that 

ƒ fit) dt=f f(t)cE(t) dt « ± 2 f(xn)cE(xn), 
JE JIs M R s i 

and so the Monte Carlo approximation is taken to be 

ff(t)dt~± 2 ƒ(*»)> 0-3) 
x„(EE 

where x^ . . . , x^ are as in (1.2). 
The strong law of large numbers guarantees that the numerical integration 

procedure (1.2) converges almost surely. Moreover, it follows from the central 
limit theorem that the expected integration error is 0(JV~1/2). The remark-
able feature here is that this order of magnitude does not depend on the 

6 This condition is adopted to avoid technicalities and can be relaxed. 




