BULLETIN OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 84, Number 6, November 1978
© American Mathematical Society 1978

BOOK REVIEWS

On numbers and games, by J. H. Conway, Academic Press, London, New
York, San Francisco, 1976, ix + 238 pp., $26.50.

Surreal numbers, by D. E. Knuth, Addison-Wesley, Reading, Massachusetts,
1974, 119 pp.,

And more than everything my son, o beware:
the making of many books without end;
and excessive studiousness, tiredness of flesh.

(Translated by Bill from Ecclesiastes XII, 12.)

Some readers know to play the game of nim well, fewer play a perfect
annihilation game, and nobody knows whether there exists an opening move
in chess that will guarantee a win for white. These games and many more,
belong to the family of combinatorial games, by which we mean the set of all
two-player perfect-information games without chance moves and with
outcomes lose or win (and sometimes: dynamic tie). The motivation for
ONAG may have been, and perhaps was—and I would like to think that it
was—the attempt to bridge the theory gap between nim-like and chess-like
games.

Why is there a gap?

Every combinatorial game can be described as a directed graph called
game-graph, whose vertices are the game positions, and (u, v) is a directed
edge if and only if there is a move from position u to position v. Denote by N
the set of all positions from which the Next (first) player can force a win; by
P the set of all positions from which the Previous (second) player can force a
win; and by T the set of all (dynamic) Tie positions, which are positions from
which no player can force a win and therefore both can avoid losing. In an
acyclic game-graph there cannot be any tie positions. The N, P, T classi-
fication of any game graph R = (¥, E) can be determined in O(|V| + |E|)
steps [8]. For both nim and chess, a finite game-graph can be constructed and
the N, P, T classification can be determined. So both games are solvable in
principle.

If we play nim with » piles, each pile containing at most k tokens, then the
game-graph contains (k + 1)* vertices. Suppose that in (generalized) chess
played on an n X n board there are k different pieces. If k is about n?/2,
then the game-graph of chess contains O (2%) vertices. So both game-graphs
have exponentially many vertices, and thus both games appear intractable in
the usual sense of computational complexity [1, Chapter 10], [14, Chapter 9],
namely a computation appears to be required which is asymptotically
exponential.

From a computational efficiency standpoint, the essential difference
between nim and chess is that nim can be viewed as a disjunctive compound
(sum) of independent games, namely the individual piles. A disjunctive
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compound of games is a finite collection of games. Each player at his turn
selects one game and makes a legal move in it. The player first unable to
make a move is the loser. Applied to nim, this enables replacement of the
game-graph containing (k + 1)" vertices by the game-graph of a single pile,
which makes the strategy of nim tractable, i.e., polynomial in n. But for
chess-like games no reduction of game-graphs is known. Therefore they
appear intractable at present. In fact, some combinatorial games [9], [16] can
be proved to be NP-hard (terminology defined in [14, Chapter 9]). But this
complexity approach is not at all pursued in ONAG, in which inductive
constructions are the order of the day.

What enables the replacement of large by small game-graphs in nim-like
games, such as those considered in [12], is a tool called the (classical)
Sprague-Grundy function. The tool is useful for combinatorial games without
dynamic ties in which the first player unable to move is the loser, the other
the winner. This tool breaks down for the more complex games. Here are
some of the properties of the more sophisticated games which damage or
destroy the existence or applicability of the (classical) Sprague-Grundy
function.

1. Existence of dynamic ties. A polynomial strategy can be recovered for this
case by defining a generalized Sprague-Grundy function [6), [8), [15]. This
theory is illustrated in two and a half pages in ONAG by means of a sample
game called “Traffic Jams”.

I1. Various interactions between game tokens, including jump and capture
rules. An example is Welter’s game (Chapter 13 of ONAG), which is played
on a semi-infinite linear board with a finite number k of coins, at most one
per square (Figure 1). The squares are numbered 0, 1, 2,... from the left.
Either player at his turn selects a coin and moves it to any unoccupied square
with a lower number. In particular, any coin is allowed to bypass other coins.
The game ends when the loser is unable to move because the coins are
jammed in positions 0, 1, ...,k — 1.

O I 2 3 4 5 6 7 8 9 10 1
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FIGURE 1. A typical position in Welter’s game

Welter gave a partial analysis of the game [17). Conway gives a complete
theory (except for one open problem of secondary importance) which is
rather curious, based on a mating function and an animating function (named
after addition, nim-addition and preserving the mating function), which uses
both ordinary and nim-addition.

Another example where tokens interact is the set of annihilation games, in
which two colliding tokens get annihilated and go out of the game. Their
game-graphs can be replaced by sufficiently small graphs (in the form of
so-called contrajunctive compounds rather than disjunctive compounds), so
that the strategy becomes polynomial if somewhat intricate [7].
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I11. Partizanship of games. A game is called impartial if the options of both
players are identical for each position in the game. Otherwise it is partizan.
Nim-like games are impartial; checkers, chess and go are partizan. It is the
area of partizan games in which the main impact of ONAG lies, and from
which the motivation for SUN emerges.

Normally in a review, one can refer to the book’s theory x and Theorem y,
with which the readership is reasonably familiar, and then comment about
the author’s approach in selecting them, illuminating them, fusing them
together, proving them, etc. ONAG, on the other hand, is a highly original
research book (including many applications), and its main ideas have not yet
been disseminated widely. Therefore we give below a very brief and informal
summary of Conway’s theory of partizan games, which will sometimes be
called simply games below.

Games are defined inductively. If GL and G are any two sets of games,
then there is a game { G*|G®}. All games are constructed in this way.

Numbers constitute a subclass, and they are also defined inductively: if N -
and NR are any two sets of numbers, and no member of N is > any
member of N%, then there is a number { N*|N®}. All numbers are construc-
ted in this way.

The empty set { } serves to define the number created on day 0: { | } = 0.
On day 1, the numbers { [0} = —1, {0] } = 1 and the game {0|0} = * are
created, and on day 2 we get, among other numbers, {0|1} = %, and among
other games, {1/ — 1} = *1, {0]*} = 1 (see the “partizan game-graphs” in
Figure 2, in which vertices are game positions, and edges slanted in south-
westerly direction denote moves of Left; in south-easterly direction moves of
Right). Note that these special cases obey the following rules, which turn out
to hold in general: G > 0 if Left can win (i.e., can make the last move);
G < 0 if Right can win; G = 0 if the second player can win; G| |0 (G is
fuzzy) if the first player can win. Because of these properties, the deter-
mination of the value of G of a partizan game is of fundamental importance
to the theory.

o

-1 | * 172 x| 4
FIGURE 2. A few partizan games
The fuzzy games are those which are neither positive nor negative nor zero.
For example {x|y} with x > 0 > y is fuzzy. There are also hot and cold
games. For example {x|y} with x > y is hot (with temperature x — y), and all
numbers are cold. The temperature theory, complete with thermographs and
cooling devices, is designed to bound the values of hot games. The important
Simplicity Theorem (rather: a special case thereof) determines the values of

numerical games. It states that if N and N® are sets of numbers and
{N*|NR®} is a number, then it is the simplest number N which is > all
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numbers in N and < all numbers in N&. The order of simplicity is: integers
with increasing absolute value, followed by the dyadic rationals with increas-
sing denominators, followed by all other numbers.

In a disjunctive compound of two games G, H, a player selects one game
and makes a legal move in it. This suggests the following inductive definition
for the sum:

G+H={G"+H,G+ H"G*+ H,G+ H*}.

If we define —G = {—G®| — G*}, we can verify (e.g., Figure 2) that
3 +3 =1, in the sense that J + 1 —1 = 0, i.e,, the second player can win the
disjunctive compound of the games 3, 3, — 1. (Now show that {01} =1 +
1 + *.) Also multiplication can be defined.

Games are ordered by their birthday and partially ordered by <. The
numbers created on the finite days comprise the set of all dyadic rationals.
On day w we get, for example, the ordinal number w = {0, 1,2, ...| }, the
infinitesimal number 1/w = (0|1, 1, 1, 3, ... }, the transcendental numbers
7, e, and {0.1, 0.101, 0.10101, . . . |0.11, 0.1011, 0.101011, ...} = x (in
binary notation), which turns out to be 3. (Verify that x + x + x = 1.)

The game 1 is positive (Left can win!) but it is smaller than every positive
infinitesimal number. In particular, 1 < 1/w. One gets an exciting and weird
world of games. An example is the game domineering, played with dominoes
each of which covers precisely two squares of an n X n chessboard. Left
places his dominoes vertically, Right horizontally. Dominoes must not over-
lap, and the player first unable to move is the loser. Note that for example for
n = 2, the game has the hot value +1. Either player, by playing in *1,
reserves a further move for himself, while his opponent is unable to move.

After a while of playing domineering, the board may split into several
disconnected regions, and the game becomes a disjunctive compound of
several games. It is best for each player to move in a hottest game.

Left-Right Hackenbush, also described in [10], is a cold game played on a
graph whose vertices are painted Lilac and Red. At least one vertex in each
component is grounded. Left (Right) deletes a Lilac (Red) edge together with
all vertices no longer connected to ground, and their incident edges (of either
color). The game has a very curious polynomial strategy if the graph is a tree.
But for a general graph, Berlekamp [3] showed that even the special case of
bipartite redwood furniture is NP-hard.

If all edges are painted Ivory, the game is impartial. Its theory makes use of
a mating-type function. Of course there is also Hackenbush Hotchpotch in
which there exist edges of all three colors. For this game wop and sop
functions come in handy, which are generalizations of animating functions.

In addition to the analysis of many special families of impartial and
partizan games such as the octal games of Guy and Smith of which Kayles is
an example [12], tame restive and restless games; even, odd and prime games;
shrinking rectangles, twisted Bynum’s game and contorted fractions; cutcake,
Col, Snort and others—many general theories and algorithms are developed in
ONAG. For example, an algorithm is given for determining for any game G
whether it is a number or not, and, in the latter case, determining all numbers






