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The last dozen years have been a golden age for transcendental number 
theory. It has scored successes on its own ground, while its methods have 
triumphed over problems in classical number theory involving exponential 
sums, class numbers, and Diophantine equations. Few topics in mathematics 
have such general appeal within the discipline as transcendency. Many of us 
learned of the circle squaring problem before college, and became acquainted 
with Cantor's existence proof, Liouville's construction, and even Hermite's 
proof of the transcendence of e well before the close of our undergraduate 
life. How can we learn more? 

Sophisticated readers may profitably consult the excellent survey articles of 
N. I. Feldman and A. B. Shidlovskiï [9], S. Lang [12], and W. M. Schmidt 
[17]. I will begin by addressing the beginner who has a solid understanding of 
complex variables, basic modern algebra, and the bare rudiments of algebraic 
number theory (the little book of H. Diamond and H. Pollard [8] is more than 
enough). My first advice is to read the short book of I. Niven [14] for a 
relaxed overview of the subject. If the reader is impatient, he may take 
Chapter 1 of Baker for an introduction. Either way he will learn short proofs 
of the Lindemann-Weierstrass theorem, that if the algebraic numbers 
al9..., <xn are distinct, then 

Pxe«x + . . . + fa*» ^ o 

for any nonzero algebraic numbers /f„ . . . , /?„. As special cases of this e and 
m are transcendental. These proofs are unmotivated; Baker mentions that 
they stem from the problem of approximating ex by rational functions of x, 
and refers the reader to Hermite's original papers. At this point the reader 
may also find it most enjoyable and enlightening to turn to the appendix of 
Mahler's book where a thorough discussion of most of the classical proofs for 
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e and IT is given. But our age is not history conscious, and the reader will 
probably ask "what comes next?" 

As a function of z, the exponential ez = *2zn/n\ is transcendental, and 
there is only one algebraic point at which it assumes an algebraic value, 
namely z = 0. It seems natural to conjecture that any entire transcendental 
function ƒ (z) = S^z" with the an rational is transcendental at all but finitely 
many algebraic points. However, a sparkling counter-example by P. Stackel 
[19] (based on a clever use of Cantor's diagonal enumeration procedure) 
shows there is such a function such that it and all of its derivatives are 
algebraic at every algebraic point! This is discussed in Chapter 3 of Mahler, 
where various more elaborate counter-examples and some related open 
questions are investigated. I think Stâckel's example belongs in Baker's 
treatise as well (it would fit into the blank space at the bottom of p. 8). It is in 
fact a common phenomenon that the transcendence theory of functions is 
easier than that of function values (witness the status of the Littlewood and 
Schanuel conjectures (Baker, pp. 104, 120)). On the other hand, the Stâckel 
function is very far removed from the functions that arise naturally in 
mathematics and physics, so one is tempted to modify the old conjecture by 
putting growth conditions on the numerators and denominators of the an, and 
requiring that ƒ(z) satisfy a functional equation or a linear differential 
equation with "nice" coefficients. The latter leads us into the Siegel-Shid­
lovskii theory of ^-functions. 

An ^-function is a series *2anzn/nl such that (i) a^ ax,... are elements of 
an algebraic number field, and (ii) a sequence of positive integers b^ bl9... 
exists such that bna0, bnax,..., bnan and bn are all algebraic integers whose 
conjugates are at most C(e)nen for any e > 0. We restrict our attention to E-
functions that satisfy a system of homogeneous linear differential equations 

n 

where the coefficients of all the E's and f s belong to an algebraic number 
field K. What makes them so tractable is the fact that sums and products of 
^-functions are again ^-functions satisfying similar systems of differential 
equations. 

THEOREM. If the functions Ex(x),..., En(x) are algebraically independent 
over K(x), then for all but finitely many algebraic numbers a, the values 
Ex(a)9... ,En(a) are algebraically independent. 

In fact, the exceptions are at worst zero and the poles of the fj. 
Mahler's proof of the above theorem takes about 82 pp., while Baker uses 

only 6 pp.! The urge to turn to Baker is irresistable, but his dazzling 
extraction of information from determinantal equations may overwhelm the 
reader. Throughout his book Baker is elegant, concise, precise, quite comp­
lete, and the devices of his proofs are even more elementary than anyone 
else's. His every word is chosen as carefully as a word in an A. E. Housman 
poem. But the lack of redundancy and the absence of occasional stretches of 
trivia can wear down the reader. I add that Baker does somewhat prepare the 
reader for Siegel-Shidlovskii in the short previous chapter (of independent 
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interest) where he proves his outstanding result on simultaneous ap­
proximation to ee\ ..., e°n (where the 0t are nonzero rationals). 

Mahler has analyzed rather than synthesized the Siegel-Shidlovskiï proof. 
He carefully identifies many relevant vector spaces, and does all the 
differential algebra in a very systematic fashion, putting one little lemma after 
another until the nonvanishing of ShidlovskiFs determinant is proved. This 
determinant must be "not too small" since it is an algebraic number, but it is 
quite small by the nature of its construction. By comparing upper and lower 
estimates, one shows that a certain space spanned by function values has 
dimension "not much smaller" than a certain space spanned by functions. 
The theorem is proved by applying this fact to a space spanned by products 
of the original ^-functions (a weak version of Hubert's theorem on forms is 
also needed; Mahler proves it ab initio). Afterwards Mahler puts in an 
additional 37 pp. on applications of the Siegel-Shidlovskiï theory (this is 
almost missing in Baker). Not only does one learn many "little" facts of 
interest from Mahler that may be of use elsewhere, but one can also identify 
subproblems of research interest (see Mahler, p. 113). (Additional remarks: 
most of pp. 151-153 in Mahler correspond to the word "Plainly" on p. 11 of 
Baker; much of p. 97 in Mahler corresponds to the phrase "readily verified" 
on p. 110 of Baker.) Mahler and Baker both agree that the main outstanding 
problem here is to generalize the theory to a function class wider than 
^-functions. 

In going from Lindemann-Weierstrass to Siegel-Shidlovskiï the reader 
should be warned that a somewhat artificial (though ingenious and by now 
familiar) element has entered. The Siegel-Shidlovskiï proof requires that a 
certain linear combination of E-iunctions (with polynomials over the integers 
as coefficients) vanishes at 0 to a high order. In the work of the Lindemann-
Weierstrass era for the EAunctions e*2, with a, algebraic, these polynomials 
were determined in an explicit fashion, and reflected intrinsic properties of 
the functions. In the work of Siegel (and also in earlier work by Thue on a 
kindred subject) one simply expresses the desideratum as a system of a 
limited number of linear equations with a large number of undetermined 
coefficients and shows (via the pigeonhole principle) that with enough coef­
ficients a solution in integers exists. There is nothing nonconstructive here, 
but something is lost. It would be nice if someone could at least do the 
algebraic independence of values of the Bessel functions without this device, 
especially since it often gives much stronger results on how well a transcen­
dental number can be approximated by algebraic numbers. One very 
readable presentation of an "intrinsic method" is in Bundschuh [4]; other 
examples of this technique (that applies also to approximation of algebraic 
irrationals by rationals) are given in Mahler [13] and Baker [2]. Baker's proof 
that 21/3 cannot be too well approximated is especially noteworthy, though 
mentioned only briefly in his book. The rest of the subject "suffers" from 
more and more ad hoc ingenuity. 

The reader may next be curious about Hubert's seventh problem, to 
demonstrate that aside from trivial cases the number a^ is transcendental if a 
and (i are both algebraic and ƒ? is not a real rational. For example, 2V 2 ought 
to be transcendental. This problem was solved affirmatively in the mid 1930s 



BOOK REVIEWS 1373 

by A. O. Gelfond and (independently) T. Schneider. The result has now been 
brilliantly extended by Baker in several useful ways, both qualitatively and 
quantitatively. Qualitatively we have (Baker, p. 10) 

THEOREM. If ax, . . . , an are nonzero algebraic numbers such that 
log a t } , . . . , log an are linearly independent over the rationals9 then 1, 
log a l 9 . . . , log an are linearly independent over the field of all algebraic 
numbers. 

A host of previously unsolved transcendence questions can now be handled 
with ease. For example, one can show that m + In 3 is transcendental. Now 
let's examine the proof. The reader can easily go to Lemma 2 on p. 14 of 
Baker, but may then be jolted by the intricate ad hoc auxiliary function <&. 
And this is only the start of things to come. There is no superfluous chatter in 
Baker-his remark on p. 13 that "the inclusion of 1 in Theorem 2.1 . . . 
entails a relatively large amount of additional complexity . . . " should be 
taken to heart. The immediate remedy is to turn to Baker's paper [1] where 
the simpler (but still quite profound) version without the 1 is proved. But 
there is another path to understanding. 

Waldschmidt's book has not been mentioned yet. It omits the oft told tale 
of Lindemann-Weierstrass, except to state that result on p. 206, and 
concentrates almost entirely on applications of modern ad hoc methods to 
exponential functions alone. This book is addressed to the beginner, and 
starts with an excellent survey of prerequisite techniques in Chapter 1. Two 
solutions of Hilbert's 7th problem are given; that of Schneider in Chapter 2 
and that of Gelfond in Chapter 3. Perhaps the place to start is in Chapter 3 
on p. 71, where the Hermite-Lindemann theorem (a and ea are not both 
algebraic, unless a = 0) is proved as a warm-up. Assume a and ea axe both 
algebraic. Define F = FN(z) by F= P(x,y) and x = z, y = e\ where 
P(x9y) is a polynomial in x and y of degrees d{(N) and d2(N) respectively. 
Assume that N is large, and that both dx(ri) and d2(n) tend to oo as n -» oo. 
By the pigeonhole principle we can find coefficients for P that are not very 
large such that the first N derivatives of F vanish at z = 0 and z = a. For 
suitable large M the ratio 

GN(z)-FN{z)/[z»{z-a)M] 

is entire, and doesn't vanish for at least one of a and ea (say a). Now use the 
technique of Schwarz's lemma (i.e. the maximum modulus principle) to show 
GN(z) is small when \z\ < RM9 where RM is a suitable function of M that 
tends to oo as Af~> oo. Hence |GW(a)| is small. On the other hand, a 
nonzero algebraic number cannot be too small by a simple extension of the 
fact that there is no integer between 0 and 1. Thus we have both upper and 
lower bounds on |G)y(a)|. A contradiction is obtained by suitable choice of 
parameters. (Incidently, the motivation for choice of parameters is done very 
well in Waldschmidt, and there is also an excellent discussion of what further 
results can be squeezed out of this method.) 

The reader now knows a fundamental technique: use a (false) assumption 
that certain function values are algebraic and the Thue-Siegel pigeonholing 


