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Linear functional analysis evolved as the natural gathering point for a
number of different investigations into the solvability of linear equations
which were either in the form of integral equations or in the form of
countable systems of linear scalar equations in which the unknown was a
sequence of numbers. As the subject developed much broader areas of
applicability became evident. These applications, in turn, spawned further
abstract development, and the abstract results themselves assumed an intrin-
sic interest. The basic approach of functional analysis, where one considers
functions to be points in a large space of related functions and lets the
differential or integral operator act on these points, has also been very
successful in treating nonlinear problems.

The division between the linear and the nonlinear theory is, of course, not
so sharp. As we know from calculus, a great deal of information about a
system of nonlinear equations is obtained from their local linear appro-
ximation. Moreover, it is often possible to glean information about a linear
problem by considering a related nonlinear problem; this is so strikingly
demonstrated in Lomonosov’s recent results on the invariant subspace prob-
lem for linear operators [5S].

Berger’s aim is to give a systematic treatment of some of the fundamental
abstract nonlinear results and of their application to certain concrete prob-
lems in geometry and physics.

The study of nonlinear operators acting on infinite dimensional spaces has
an obvious starting point-study the finite-dimensional case, a finite system of
scalar equations in a finite number of unknowns. Even at this step we note
that a fairly complete description of the solutions would be very difficult;
when p(x) is a polynomial in a single variable the study of solutions of
p(x) = 0is the subject matter of classical algebraic geometry.

Let n and k be integers, n > 1, k + n > 1 and let O be a bounded open
subset of R". Suppose f: O — R"** is continuous.

If f is one-to-one then k > 0. Moreover, assuming f is
one-to-one, f(0) is open in R*** iff k = 0. (F1)
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If kK =0, O contains the origin, and f(x) # Bx when 8 < 0
and x €90, then there exists x € O with f(x) = 0. (F2)

Clearly (F1) is a direct (local) extension of the linear theory. (F2) is an
existence result from which it is easy to see, letting f = I — h, that when O is
convex and A(30) C O, then A has a fixed point. These results, known as the
Invariance of Domain Theorem and the Brouwer Fixed Point Theorem are
consequences of the topological degree of Brouwer. For many years prior to
1912 generalizations of the notion of winding number for functions of a
complex variable had been sought. Brouwer completed this search in 1912 by
assigning to each member g of ¥ = {f: O - R", f is continuous, f(x) # 0
when x €90 } an integer, which we can denote by deg(g, O, 0). This integer
was invariant under homotopies lying in %, and its nonvanishing implied g
vanished in O. It enjoys other properties and is very useful for not only
proving existence results, but also for describing the nature of the set of
solutions.

Suppose 0 ={x€ER, ||x|| 1}, let &/ = {x e R/*'| ||x|

= 1} and define f: "' — §"*%~1 by f(x) = = f)/II S
for x € S"~'. Then every continuous extension of f to O
with values in R"*# necessanly has a zero iff f is not
homotopic, through maps of $”~! into §"**¥~1, to a constant
map. In particular, if f is homotopically nontrxvxal then
f(x) = 0 has a solution in 0. (F3)

The proof of the above is clear. When k = 0, deg(f, O, 0) # 0 iff f is
homotopically nontrivial, so no new existence information is gained. When

k > 0, f is always homotopically trivial. When k < 0, one has a sufficient, if
difficult to check, criteria for existence.

Suppose f is continuously differentiable and at x, € O,
df(x,) is nonsingular. Then f is a homeomorphism of a
neighborhood of x, onto a neighborhood of f(x). (F4)

Let f be differentiable, have a Lipschitz continuous deriva-
tive, and suppose that at x, € O, df(x,) is nonsingular. Then
if f(xg) is small, the sequence {x; } defined by

Xeor = % = [dF(x)] " F(x0) (F5)

converges to a solution of f(x) = 0.

The Inverse Function Theorem, (F4), and Newton’s Method, (F5), are
distinctly different from the previous two results. Based upon information
about f at a point x, one can say something about f nearby x,. In (F2) and
(F3) information about f on 00 implies the existence of a zero in 0.
Moreover, (F4) and (F5) are not finite-dimensional results in the sense that
they are immediately extendable to the general Banach space case. When X
and Y are Banach spaces, U C X is open, f: U— X is differentiable (the
derivative of f at x, df(x), is a bounded linear map of X into Y) and df(x,)
being nonsingular means it is a bijection between X and Y, then (F4) and
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(F5) hold. The proof is based upon the most venerable of nonlinear
techniques-the iterative method which is now well known as the Banach
Contraction Principle [3].

Let A4 be a complete metric space, with A: 4 — A Lipschitz
with Lipschitz constant less than 1. Then % has a unique
fixed-point x*, and {h*(x)} converges to x* for any x € 4.

The extension of (F1) and (F2), and, more generally, of topological degree,
to general Banach spaces requires an essential modification. From now on let
X denote a Banach space equipped with a norm || ||, and let B, = {x €
X| ||x|| < r}. If X is infinite dimensional, B, is not compact and as a result
there always exist continuous maps g: B, — B, without fixed-points. This
being so, one cannot have a reasonable topological degree defined for all
continuous maps g: B; - X with g(x) # 0 when x €9B,.

In 1922 Birkhoff and Kellogg [2] used the Brouwer Fixed Point Theorem to
prove the existence of solutions to certain integral equations. Their method of
proof was to discretize the equations, apply the Brouwer Theorem to the
resulting finite-dimensional system, and then show that as the discretizations
became more refined these approximate fixed-points converged to a solution
of the full equation. In 1930 Schauder [8] gave an abstract version of their
results. When D C X a continuous mapping, g: D — X is called compact if
g(A4) is compact whenever 4 C D is bounded. Schauder proved that if D is
closed, bounded and convex and g: D — D is compact, then g has a
fixed-point. The role played by compact perturbations of the identity in the
linear theory had long been noted, and in 1934 Leray and Schauder [4]
extended Brouwer degree to nonlinear mappings of this type. When V' C X is
open and bounded, A: ¥V — X is compact, A(x) # x when x €9V, they
defined an integer deg(l — A, V, 0), which they proved had all of the
properties of the Brouwer degree provided deformations took place within
compact perturbations of the identity. Having a topological degree available
permitted investigation of problems by means of the following a priori bound
method-if C: X — X is compact and linear and f: X — X is compact then f
has a fixed-point provided that {x € X| x = ¢f(x) + (1 — )C(x), for some
t €0, 1]} is bounded. This method produced substantial improvement in
existence results for nonlinear elliptic partial differential equations, problems
which had previously been attacked by local continuation arguments where
one starts, say, at the unique solution of x = tf(x) + (1 — )C(x) at t =0,
uses a local analysis to prove existence for small values of ¢, and by repeating
the argument marches across to a solution at t = 1.

Of course, for a concrete problem the choice of the spaces in which one sets
up the problem will be very important (assuming there is a choice; for some
problems, methods of functional analysis have not been shown to be useful).

Let us consider the following problem: Let £ be a bounded domain in R",
with 9Q smooth, let g: @ X R™"*! >R be continuous and consider the
equation

Au(x) = q(x, u(x), Vu(x)), forx €Q,

- M
u(x) =0, forx €0Q.






