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ERGODIC THEOREMS IN DEMOGRAPHY 

BY JOEL E. COHEN1 

ABSTRACT. The ergodic theorems of demography describe the properties of a 
product of certain nonnegative matrices, in the limit as the number of 
matrix factors in the product becomes large. This paper reviews these 
theorems and, where possible, their empirical usefulness. The strong ergodic 
theorem of demography assumes fixed age-specific birth and death rates. An 
approach to a stable age structure and to an exponentially changing total 
population size, predicted by the Perron-Frobenius theorem, is observed in 
at least some human populations. The weak ergodic theorem of demography 
assumes a deterministic sequence of changing birth and death rates, and 
predicts that two populations with initially different age structures will have 
age structures which differ by less and less. Strong and weak stochastic 
ergodic theorems assume that the birth and death rates are chosen by 
time-homogeneous or time-inhomogeneous Markov chains and describe the 
probability distribution of age structure and measures of the growth of total 
population size. These stochastic models and theorems suggest a scheme for 
incorporating historical human data into a new method of population 
projection. The empirical merit of this scheme in competition with existing 
methods of projection remains to be determined. Most analytical results 
developed for products of random matrices in demography apply to a 
variety of other fields where products of random matrices are a useful 
model. 

1. Introduction. According to his autobiography, Ulam [1976, p. 6] once 
introduced himself as a pure mathematician who had sunk so low that his 
latest paper contained numbers with decimal points. This paper will sink-if 
possible-even lower, to pictures of numbers with decimal points. The reasons 
are that I make no pretense of being a pure mathematician (although some of 
my best friends are) and that I will describe a young, not a mature, field of 
science. This field is still very close to its empirical roots. Consequently, even 
the mathematical parts of this paper will be framed in concrete language. 
Many of the assumptions made here can be weakened, at the cost of more 
technicalities. 

The ergodic theorems of demography describe the properties of a product 
of certain nonnegative matrices, in the limit as the number of matrix factors 
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in the product becomes large. We review the historical motivation and 
applications of these theorems. We present some properties, perhaps surpris­
ing, of these products when successive factors are chosen from a set of 
possible matrices by a Markov chain. We assume elementary knowledge of 
linear algebra and stochastic processes, but no previous exposure to demogra­
phy. We give some references to extensions and generalizations and indicate 
some unanswered questions which may require more mathematical power. 

An age-structured population is a set, with membership possibly changing 
in time, of individuals identified by age. These individuals may be people, 
other animals or plants, cells, or items of equipment such as railroad ties, light 
bulbs, and aircraft engines. We will restrict our attention to human popula­
tions. 

UNITED STATES SUMMARY 

GENERAL POPULATION CHARACTERISTICS 

Population by Age: 1970 and 1960 
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FIGURE 1. United States population in 1970 and 1960; number in millions in five-year age 
groups. Source: U. S. Bureau of the Census, 1970 U. S. Census of Population, vol. 1, pt. 1, sec. 1, 
p. 259. 
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FIGURE 2. Two sets of projections computed on the basis of the population of Eastern 
Gennany in 1957 and of an estimate of the population of Thailand in 1955, respectively; age 
distribution by five-year age groups. M * male; F = female. Hypothetical vital rates used in 
both projections assume an expectation of life at birth for both sexes of 60.4 years and a gross 
reproduction rate of 1.50. Source: Bourgeois-Pichat 1968, p. 6. to 
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The age structure of a population is of interest for both scientific and 
practical reasons. Censuses show that the proportions of individuals of 
various ages in national populations vary substantially in time and from place 
to place. Figure 1 compares the number of individuals of each age in the 
United States censuses of 1960 and 1970. The leftmost panels of Figure 2 
compare the age structure, grossly distorted by war and depression, of East 
Germany in 1957 (above) with that of the rapidly growing population of 
Thailand in 1955 (below). These observations raise the scientific question of 
accounting in quantitative detail for such variation. 

From a practical point of view, it is desirable to predict the number of 
schools which will be needed (as well as the number of teachers and 
professors in them, of course), the size of the labor force, and the number of 
people over 65 who may be drawing Social Security benefits. In each of these 
examples, the quantity of immediate interest, the number of students, work­
ing people, or pensioners, depends both on the number of people in the 
appropriate age class and the proportion of such people who go to school, 
work, or are retired. So the demography of age-structured populations pro­
vides only part of the answers to these practical questions. In other cases, 
such as a mosquito population divided into larval, pupal, and adult stages, it 
is safe to assume that every adult female will seek a blood meal. The 
proportion of adults is of direct interest. 

Even if one has no direct interest in the age structure of a population, but 
would like to improve predictions of total population size, one might plausi­
bly divide a population into homogeneous age classes and apply age-specific 
birth and death rates to each such class. The overall, or crude, birth and 
death rates will clearly vary with the proportions of different age classes in 
the population, because the chance that an individual will have a child or will 
die in the next year depends on the age of the individual. 

By focusing attention on the causes and effects of age structure, we do not 
intend to ignore the obvious, that birth and death rates depend on many 
factors besides the age of individuals. Many demographers now believe that 
one reason for the very limited predictive ability of demography is precisely 
that it has not paid attention to nondemographic factors which influence 
demographic variables. Still, it is helpful to start with an understanding of age 
structure. 

To investigate age structure mathematically, we simplify. We treat age and 
time as discrete. We define age as the number of completed time units since 
the birth of an individual. We assume, since no one lives forever, a finite 
number k of age categories. We consider a closed population subject to birth 
and death only, without immigration or emigration. We consider one sex 
only. It might appear at first glance that studying populations without sex 
could hardly be fun, and certainly not useful; but that is not so. Our study of 
a single sex does not ignore the existence of two sexes in human populations 
(and of many more than two sexes in, for example, fungal species). We simply 
assume that there are enough individuals of the other sex (or sexes) not to 
alter the birth or death rates, as a function of age, of the sex we are studying. 
In order to avoid repeating the phrase, "birth and death rates," we shall refer 
to such rates as "vital" rates. We assume that age-specific vital rates apply 
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uniformly and equally to all individuals in an age class. Finally, we restrict 
our attention to large populations in which it is sufficient to study expected 
numbers of births and deaths, conditional on given vital rates. (Schweder 
[1971] argues for this simplification.) For such large populations, it is reason­
able to let the number of individuals in an age class be a continuous 
nonnegative variable, not restricted to the integers. 

Mathematical models of age-structured populations based on a variety of 
alternatives to these simplifying assumptions have been constructed 
(Hoppensteadt [1975]; Keyfitz [1977]). 

For concreteness, we shall speak in terms of human females. We will use 
years or multiples of years as our unit of time and age. 

2. Censuses, projections, and ergodic theorems. By an age census at time t 
we mean a nonnegative /ovector Y(t), where k > 2 is the number of age 
classes and the Zth element Yt(t) > 0 is the number of females at time / who 
will be i years old at their next birthday. We adopt the square-block norm 
|| Y|| = 17,| + . . . +17^1. By the age structure y{i) of a census Y(t) we mean 
the normalized vectory(t) = Y(t)/\\ Y(t)\\. Clearly \\y(t)\\ = 1. 

To describe the action of vital rates in transforming an age census at one 
time into an age census at the next time, we let x(t) be a sequence of 
operators, / = 1, 2 , . . . , mapping the nonnegative A:-vectors into the non-
negative ^-vectors. The basic model we shall consider is given by 

Y(t + 1) = x(t + 1)7(0, t = 0, 1, 2 , . . . . (1) 

Particular models of age-structured populations specify the form of x(i) and 
the choice of the sequence x{\\ x(2),.... 

Ergodic theorems in demography have the following form: given assump­
tions about {x(t)}> describe the long run behavior of population size || Y(t)\\ 
and of age structure y(t) and show that the behavior of these quantities is 
independent of initial conditions, over at least some range of initial condi-
tions/'Ergodic" refers here to behavior which is independent of initial condi­
tions, and not, as in statistical mechanics, to the equality of time averages 
with ensemble averages. For the reader who came this far in the by now 
disappointed hope of learning about classical ergodic theory, I recommend the 
lucid introduction, at a high level, by Mackey [1974]. The ergodic theorems 
which we shall describe are also not to be confused with the development, 
due to Demetrius ([1974], [1977] and elsewhere), of analogies in population 
biology to the ergodic theory of statistical mechanics. 

We consider three ergodic theorems or classes of theorems. The strong 
ergodic theorem assumes that x(t) is constant in time t. The weak ergodic 
theorem assumes that {x(t)} is a determinate sequence. Stochastic ergodic 
theorems assume that {x(t, co)} is a sample path of a stochastic process which 
chooses x(t) from a set of possible operators X. As in the deterministic case, 
strong stochastic ergodic theorems assume that the stochastic process de­
termining x(t) is stationary. Weak stochastic ergodic theorems assume the 
stochastic process may be nonstationary. 

As a further (enormous!) simplification we shall assume that each x(t) is a 
linear operator, represented by a A: X A: projection matrix of the form 


