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BOOK REVIEWS

Anti-invariant submanifolds, by Kentaro Yano and Masahiro Kon, Lecture
Notes in Pure and Applied Mathematics, vol. 21, Marcel Dekker, Inc., New
York, 1976, vii + 183 pp., $19.75.

General introduction. This article is divided into two parts: Part I quickly
recalls the basic concepts of differential geometry, including the notions of
differentiable manifolds and Kahlerian and Sasakian manifolds, while Part II
is the review of the Yano-Kon book. (Some readers, familiar with differential
geometry, may wish to skip Part I. For their benefit I have repeated the
definitions of Kdhlerian and Sasakian manifolds at the start of Part II.)

Part 1. Review of differential geometry. A topological n-manifold is a
metrizable topological space M which locally looks like R”, in the following
sense: each point p € M has a neighborhood U homeomorphic to some open
set Win R If x=(x;,...,x,): U W CR" is such a homeomorphism,
then the pair (U, x) is called a coordinate chart. Two such charts (U, x) and
(V, y) are smoothly related if either () U N V =G, or (b) U N V #< and
the maps x ey L y(UN V)-x(UNn V)andyex ' x(UN V)->y(U
N V) (defined on the open subsets y(U N V) and x(U N V) in R") are
smooth (i.e., of class C*®). A differentiable n-manifold is a topological n-mani-
fold M on which a class F of coordinate charts has been singled out. The
class F must satisfy (a) every p € M is in some chart of F and (b) if (U, x)
and (V, y) are charts in F, then they are smoothly related.

If M is a differentiable n-manifold, one can “do calculus on M. For
example, one can introduce the notion of differentiable functions on M: a
function f: M — R is of class C* if for each chart (U, x) € F the function
fox71: x(U)—Ris of class C* on the open set x(U) in R". Similarly, by
considering compositions of the form x oy, one can define a notion of
differentiable maps y from (say) an interval in R to M.

Associated with each point p of a differentiable manifold M is an n-
dimensional real vector space, the tangent space T, M. The fact that M admits
such “linear approximations” is the central feature of the theory of
differentiable manifolds; in particular, it explains the constant use of linear
and multilinear algebra so characteristic of this theory. The most intuitive
description of the tangent space is this: if y: (@, b) > M is a smooth curve at
P (i.e., a smooth map into M of an interval a < ¢ < b containing ¢ = 0 such
that y(0) = p) and if (U, x) € F is a chart containing p, then we can
associate to y a vector in R”, namely v, = d((x ° v)(¥))/dt|,_o; we say that
two such curves at p, y and g, are equivalent if v, = v, and we denote the
equivalence class of y by [y]; then an element of T,M is simply such an
equivalence class and the vector space structure on 7, M is that induced by
the bijection [y]~v, of 7,M with R". (This construction does not depend on
the particular chart at p that we happen to use.)

Analogously, we define a complex n-manifold to be a metrizable topological
space M which is covered by a prescribed family F of “holomorphically
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related complex charts”. That is, if (U, z) € F then U is open in M and
z=(z,...,z,) maps U homeomorphically onto an open set in C"; also if
(U, z) and (V, w) are in F and U N V # & then the maps z o w™!': w(U N
V)y—>z2(UnN V)andw ez~ ' z(U N V) - w(U N V) are holomorphic. The
(analogously defined) tangent spaces are complex vector spaces of (complex)
dimension n. Of course, any complex n-manifold is at the same time a (real)
manifold of (real) dimension 2n.

ExaMpLEs. (1) Suppose that f,, ..., f; are smooth functions on an open
domain D c R"*k. If at each point of D the gradient vectors of these
functions are linearly independent, and if there is at least one point of D at
which all the f’s vanish, then M = {p € D: f(p)=-+- =fi(p) =0} isa
differentiable n-manifold. (REMARK. According to H. Whitney’s celebrated
theorem, every differentiable manifold can be represented by such a
“concrete” example.)

(2) In like manner, one obtains many examples of complex n-manifolds by
considering the zero-set of a system f,,...,f; of holomorphic functions
defined in a domain of C"**. Because of the maximum modulus theorem,
none of these examples is compact.

(3) The most important compact complex manifold is the complex projec-
tive space CP”, defined to be the set of complex lines through the origin in
C"*!. Alternatively, it can be defined as the orbit space of the natural action
of S'={zeC:|z]=1}on(C"*)*={(we C"*: w0}

What we have obtained so far is just the framework for differential
geometry. (It is, incidentally, also the framework for several other branches of
mathematics, notably differential topology.) In order to get a geometric
theory we must impose some geometric structure on this framework. In many
subbranches of geometry, including that studied by the Yano-Kon book, such
structures arise by imposing certain “linear geometric structures” on each
tangent space. Here are the main examples we’ll encounter.

(1) An inner product on a real vector space V is a symmetric, positive-
definite bilinear form on V. A Riemannian structure on a manifold M is a
(smooth) choice of inner products on its tangent spaces (i.e., a field of inner
products). Imposing a Riemannian structure makes M into a Riemannian
manifold and allows one to introduce geometric notions such as arclength,
volume and parallelism.

ExAMPLE. If M is a submanifold of a Euclidean space R, then M inherits a
natural Riemannian structure, obtained by restricting the usual inner product
on RY to the tangent spaces of M.

(2) An almost-complex structure on a real vector space V is a linear
endomorphism J: ¥ — V such that J> = — I, where [ is the identity map. If
V admits such a structure then its dimension must be even. An a/most-com-
plex manifold is a (real) manifold with a (smooth) field of such endomor-
phisms on its tangent spaces.

ExampLE. If M is a complex manifold of complex dimension n, so its
tangent spaces are complex vector spaces, then M can also be viewed as an
almost-complex manifold with J being multiplication by V — 1. Not every
almost-complex structure arises this way; the criterion is that J satisfy certain
partial differential equations (Newlander-Nirenberg Theorem).
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(3) Following Yano-Kon, we can define a Kdhlerian manifold to be a
manifold M with a Riemannian structure g and almost-complex structure J
such that (a) on each tangent space, J is an isometry with respect to g, (b) J
satisfies the “Newlander-Nirenberg” equations (so M is actually a complex
manifold) and (c) the skew-symmetric bilinear form w(v, w) = g(Jo, w)
satisfies certain differential equations (for those in-the-know: dw = 0).

EXAMPLES. (a) M = C", with the usual (Euclidean) inner product. (b)
M = CP”, with the “Fubini-Study” structure: first, identify CP” as the orbit
space of the standard action of S! on $***! = {w € C"*!: |w| = 1}; the
isometric action on S%"*! of the unitary group U(n + 1) C SOQ2n + 2)
commutes with this S'-action and thus induces an action of U(n + 1) on
CP". Then the Riemannian structure on CP" is (essentially) characterized by
being invariant under this U(n + 1) action. (¢) Any complex submanifold M
of C"** (as described in Example 2 above) or of CP" inherits a natural
Kéhlerian structure by restriction to M of the Kéhlerian structure on the
ambient space.

(4) An almost-contact metric structure on a real vector space V is a
quadruple (g, ¢, & 1), where g is an inner product on V, ¢ is a linear
endomorphism of ¥, £ is an element of ¥ and ¢ is a linear functional on V
(i.e., an element of the dual space ¥V*). These objects must satisfy certain
conditions: for each u,0 € V, g(p(u), p(v)) = g(u, v) — (Un(v), P*(v) =
=0+ 1(0), n(e(v)) =0, §) =0, n(§) = 1, and n(v) = g(v, §). (Briefly: ¢
maps V onto the orthogonal complement £+ of the unit vector £ and on £+
acts as an isometric almost-complex structure.) If ¥ admits such a structure,
then V is odd-dimensional. A Sasakian manifold is a differentiable manifold
M with a (smooth) field of almost-contact metric structures on its tangent
spaces such that the “structure fields” g, ¢, & 7 satisfy certain differential
equations. (For this article it is not important to know the precise form of
these equations.)

REMARKS. (a) Almost-contact metric structures arise naturally in Hamil-
tonian mechanics. (b) There is an important example of a Sasakian manifold
described in Part II.

Whenever one has a vector space on which a certain linear object is
prescribed, it is natural to seek out those subspaces which are particularly
closely related to that linear object. For example, in the presence of an inner
product, pairs of mutually orthogonal subspaces are interesting.

Likewise, if a geometric structure on a manifold M is described by the
presence of a certain linear object on each tangent space, it is natural to seek
those submanifolds of M whose tangent spaces are “interesting” subspaces
(relative to the linear object) of the tangent spaces of M. The object of the
Yano-Kon book is to study the following kinds of submanifolds of Kéhlerian
and Sasakian manifolds.

DEerINITION. If M is a Kihlerian manifold with almost-complex structure J,
then a submanifold M in M is an anti-invariant submanifold if for each
pEMJT,M)C(T,M )* (“L” denotes orthogonal complement in 7, @_ );
likewise, if M is a Sasakian manifold with structure field ¢, then M Cc M is
anti-invariant if o(T,M) C (T,M)*.






