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REPRESENTATIONS OF FINITE GROUPS OF LIE TYPE 

BY CHARLES W. CURTIS1 

The representation theory of a group G over the field of complex numbers 
involves two problems: first, the construction of the irreducible representa­
tions of G; and second, the problem of expressing each suitably restricted 
complex valued function on G, as a linear combination (or a limit of linear 
combinations), of the coefficients of the irreducible representations. 

For example, if G is the additive group of real numbers mod 1 (the 
one-dimensional torus), one considers integrable functions on G, or what is 
the same thing, integrable periodic functions of period 1 on the additive 
group of real numbers. In this case the irreducible representations of G are 
given by the exponential functions x -» e27Tikx, where k is an integer, and are 
the continuous homomorphisms from G into the multiplicative group of 
complex numbers. The expression of an integrable function in terms of the 
irreducible representations {e2mkx} is the Fourier expansion of/, 

00 

f(x) ~ 2 ake^ik\ 
— 00 

where the Fourier coefficients ak are given in terms of ƒ and the representa­
tions by the formulas 

ƒ 00 
f{t)e2"ik' dt, * - 0 , ± l , ± 2 , . . . . 

- 0 0 

For such a group, and, more generally, for locally compact groups and Lie 
groups, the solution of the problems of representation theory involves both 
the construction of the irreducible representations, and the question of under 
what circumstances the Fourier expansion converges, and in particular, 
whether it converges to the function. 

The subject of harmonic analysis, to which the preceding considerations 
lead, is an old and pervasive part of mathematics, pursued for more than a 
century, and still full of life. It has fostered many triumphs, and certainly one 
of the greatest has been Harish-Chandra's contributions to harmonic analysis 
on semisimple Lie groups (see, for example, Warner [I2]).2 
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The purpose of this paper is to describe some recent progress on the 
problem of constructing the irreducible representations, in the field of com­
plex numbers, of finite groups of Lie type. 

Finite groups of Lie type are the counterparts, in finite group theory, of 
semisimple Lie groups. They are the groups constructed by Chevalley in his 
Tôhoku Journal paper of 1955, and twisted versions of them. They include 
the classical groups over finite fields, and families of finite simple groups 
arising from the exceptional simple Lie algebras. Their structural properties 
have been thoroughly analyzed from the points of view of finite group theory, 
finite geometrical systems, and algebraic groups defined over finite fields. 

Their representation theory, as described above, involves mainly the con­
struction of the irreducible representations; the convergence of the Fourier 
expansion, etc. offers little resistance, as we are dealing with functions on a 
finite set. 

Nevertheless, the problem of constructing their representations and char­
acters3 in the field of complex numbers, begun by Frobenius in 1896 [II, Bd. 
3, p. 29] for the groups PSL2(p), is still not completely solved. 

New methods have been introduced, however, by Deligne and Lusztig, of 
such originality and strength, that decisive progress has been made. This 
article is an attempt to survey the present situation, with some background on 
various ways of approaching the groups themselves, some earlier results on 
the representation theory, and an introduction to the contributions of Deligne 
and Lusztig. 

There are several fascinating, and, to the author anyway, still somewhat 
mysterious, features of the theory. Hopefully these points are discussed in a 
more satisfactory way later on, but it seems appropriate to mention them 
here, so the reader will be looking out for them. 

The first is the remarkable fact, first shown by Harish-Chandra (see §2.2), 
and later given an explicit and detailed form in the conjectures of 
MacDonald (see §4.3), that a common set of principles govern the behavior 
of the irreducible (unitary) representations of semisimple Lie groups (which 
are infinite-dimensional) and finite groups of Lie type (where the groups are 
discrete and the representations finite-dimensional). 

Another noteworthy development begins with the fact that finite groups of 
Lie type are associated with a finite group generated by reflections, and a 
finite field. The finite groups generated by reflections (or the finite Coxeter 
groups) include the symmetric groups, the hyperoctahedral groups (which are 
the symmetry groups of /2-dimensional cubes), and five groups associated 
with the exceptional Lie algebras, which have appeared previously in other 
disguises (for example as the group associated with 27 lines on a cubic 
surface). The representations of these groups are all realizable in the rational 
field, and the characters, and in most cases the representations, have been 
constructed over a long period of time ty Frobenius and Young, in the case 
of the symmetric and the hyperoctahedral groups, and by Kondo and Frame 

3See §2.1 below for an introduction to some of the main facts about representations and 
characters of finite groups which will be needed for this paper. 
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for the exceptional ones.4 Their work has proved to be of crucial importance 
for the problem of decomposing induced representations of finite groups of 
Lie type into their irreducible components, using the important new concept 
of a generic algebra of a finite Coxeter group, defined by Tits (see §3.2). 

A third theme arises from the fact that the groups are associated with finite 
fields, so that their representation theory produces information relating finite 
fields and the field of complex numbers. This subject, as Weil pointed out in 
his article [82], originated with Gauss' work on the number of solutions of 
certain congruences, which he related to Gauss sums. Deligne and Lusztig 
defined actions of the finite groups of Lie type on algebraic varieties defined 
over finite fields, which in turn define representations on the /-adic cohomol-
ogy of the varieties. The methods they discovered for computing the char­
acters of these representations are closely related to the cohomological 
methods, whose existence was conjectured by Weil in [82], for counting the 
rational points on varieties over finite fields (see §4.3). 

As a final note, we remark that characters of finite groups have been 
traditionally applied to investigate the structure of the groups. In the present 
situation, the character theory again leads to new group theoretical informa­
tion, which we illustrate in §3.2 with an outline of the determination of the 
doubly transitive permutation representations of the finite groups of Lie type. 
Another application, on the number of unipotent classes in reductive groups 
over finite fields, was given by Lusztig [52]. 

This paper is restricted to a survey, without proofs, of general results, which 
apply to all finite groups of Lie type. The groups exist in nature, however, as 
individual families of classical groups, exceptional groups, twisted groups, etc. 
Often the most interesting results concern the special behavior of individual 
families of groups, which is invisible in the general situation. For these results, 
and proofs of the general theorems, we have provided some references, 
without attempting completeness. A guide to the literature is also included, 
indicating appropriate references for each section. Of special importance are 
the articles of Deligne and Lusztig [25], and Lusztig's own survey [56], to 
which it is hoped the last part of this article will serve as an introduction. 
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1. Finite groups of Lie type. This section contains an outline of two 
descriptions of finite groups of Lie type: a brief account of their construction 
as Chevalley groups, and their axiomatic description as groups with (B, N)-
pairs. A third characterization, in terms of algebraic groups, will be given in 
§4. The notations Z for the integers, Q for the rationals, and C for the 
complex field will be used. 

1.1 Chevalley groups. Let g be a semisimple Lie algebra over the complex 
field C, and let $ — {a, / ? , . . . } be a root system of g with respect to a 
Cartan subalgebra fy. For each root a G <3>, let ga be the one-dimensional root 
subspace corresponding to a. Chevalley proved that there exists a basis of g 
consisting of elements Xa G ga, for a G $, together with a basis of £) such 
that the structure constants are all rational integers. The set of Z-linear 
combinations of these basis elements forms a Lie algebra g z over Z, which is 
a Z-form of g. 

It was then proved by Kostant [47] that from the Chevalley basis of g, it is 
possible to construct a Z-form Uz of the universal enveloping algebra U of g, 
such that Uz is generated, as an algebra over Z, by the elements 

{X?/m\, a G $, m = 1, 2, . . . }. 

Now let 7r: g -> Endc(M) be a representation of g by linear transforma­
tions on a finite-dimensional vector space M over C Then TT can be extended 
to a representation m\ U —> Endc(M), so that M becomes a left U-module. A 
Z-form Mz of M is called admissible if Mz is stable under left multiplication 
by elements of Uz; admissible Z-forms can be shown always to exist, and on 
such a Z-form Mz, we have, for each a G $, {X™/m\)Mz = 0, for all 
sufficiently large m. Therefore, for an indeterminate t over Z, the endomor-
phism 

xf{t) = exp(^J = f t'W/il) 
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is defined on M% [t\ and its matrix with respect to a Z-basis of Mz will have 
entries which are polynomials in t with coefficients in Z. 

Now let k be an arbitrary field, and let gz, M, Mz, x„(t) be as above. 
Then 

8* - k ®z 9z> 
becomes a Lie algebra over k, and acts on the /c-vector space 

Mk~k®z Mz, 
so that Af* is a g^-module. For each root a, we may substitute elements of k 
for the indeterminate / in the matrix of x£(t), and obtain endomorphisms 

xa(t):Mk-+Mk9 tGk, 

which are in fact automorphisms of Mk (because they are given by an 
exponential series). Note that the action of Uz on Mz, is such that it is 
possible to construct automorphisms of the vector spaces Mk using the 
exponential series without having problems with the denominators m\ in the 
series, even in case A: is a field of characteristic/? > 0. 

DEFINITION. Let qk, Mk, xa(t) G Endk(M) be as above. For each a G 0, let 
Ua = {xa(t): t G k}, and let 

G ^ = <C/ a :aG$>. 

The group G^ k is the Chevalley group associated with the representation m of 
Ö and the field k. 

Chevalley constructed the groups G„tk for all fields k, where ir is the adjoint 
representation ad: g -» Endc(g), given by ad X(Y) = [X, Y], for X9 Y G Q. 
He proved that if g is a simple Lie algebra, then the Chevalley group Gad k is a 
simple group for all fields k (with some exceptions for the field k of two or 
three elements and certain Lie algebra of rank one or two). He realized that 
this construction placed under one roof the classical linear groups, whose 
structure had been worked out over finite fields by Dickson [26], and by Artin 
and Dieudonné in general (see [27]), and the families of simple groups 
corresponding to the exceptional Lie algebras of types G2, F4, E6, E7 and Es. 

Not long after Chevalley's paper had appeared, several authors found that 
other families of simple groups could be constructed by twisting a Chevalley 
group G„ k, that is, forming the subgroup G°k of elements in Gmk left fixed by 
a suitable automorphism o of the abstract group Gmk. Among the groups 
obtained in this way were the unitary groups, certain twisted orthogonal 
groups, and infinite families of finite simple groups discovered by Suzuki and 
Ree arising from Chevalley groups of type B2, G2, and F4, for certain finite 
fields k of characteristic 2 and 3. 

The groups described above, for finite fields k, are the finite groups of Lie 
type. They occupy a central position in finite group theory because, taken 
together, they include all known infinite families of finite simple groups, 
besides the alternating groups. 

1.2 Finite groups with (B, N y pairs. The finite Chevalley groups and their 
twisted versions have a common subgroup structure, which provided the basis 
of the analysis, by Chevalley and his successors, of the structure of the 
groups. The subgroup structure was axiomatized by Tits, as follows, and leads 
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to our second, axiomatic, description of finite groups of Lie type. 
DEFINITIONS. A (2?, N)-pair (or Tits system) in a group G is a pair of 

subgroups B and N such that B and N generate G, and the intersection 
T = B n N is a normal subgroup of N such that the factor group W = N/ T 
is a finite group generated by involutions {w 1 ? . . . , wn], satisfying the follow­
ing conditions, for w E W and wt G {w l 9 . . . , wn}: 

w(Bw C BwB U BwtwB 

and 

(Here we are using the notation wB, for w G W9 to denote the coset nB9 

where n G JV is an element such that nT = w in Ŵ; the coset wB is 
independent of the choice of n because T Ç B.) 

The subgroup B in a (i?, AT)-pair is called a /tore/ subgroup', the group W is 
called the Weyl group; the elements {wv...,wn} are the distinguished 
generators of W, and the number n is called the rank of the (2?, JV)-pair. 

All the finite groups of Lie type discussed in §1.1 have (2?, Af)-pairs. A 
good example to keep in mind is the (B, N)-pair of rank n — 1 in the 
Chevalley group G^ k where TT is the identity representation of the Lie algebra 
g consisting of all linear endomorphisms of trace zero on an «-dimensional 
vector space. In this case, TT(X) = x9 for x G g, and Gn k is isomorphic to the 
group SLn(k) of n by n matrices over k with determinant 1. A (J?, iV)-pair in 
G^k is given as follows: 

B =H 
0 

(upper triangular matrices in SLn(k))> 

N = (all monomial matrices of determinant 1} 

(where a monomial matrix has exactly one nonzero entry in each row and 
column). 

T = B n Af = {all diagonal matrices of determinant 1}. 
W = N/T = Sn9 the symmetric group of order n\ 

The distinguished generators {wv . . . , wn_x] of W in this case can be 
taken as the images in W of the matrices 

1 

/ + l 0 1 
- 1 0 

1 < I < /! - 1. 

Notice that the same construction yields a (2?, iV)-pair in the general linear 
group GLn(k). Similar constructions yield (2?, JV)-pairs in the other classical 
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groups such as the symplectic groups Sp2k(k) and the orthogonal groups 
On(k). 

For an arbitrary Chevalley group GVtk (§1.1), a (B, iV>pair is obtained as 
follows. Let $+ denote a positive system of roots in $, and let U = <f/a: 
a E <!>+>. Then for a Borel subgroup B, we may take the normalizer N(U) of 
U in G„ £. The subgroup B has a semidirect product decomposition B = Tf/, 
where T is the subgroup of G^k consisting of all elements acting as diagonal 
transformations with respect to a suitable basis of Mk. For the subgroup N9 

we may then take the normalizer of T in Gnk. 
Using the axioms, it can be shown that the (B, i?)-double cosets in a group 

G with a (B9 iV)-pair are parametrized by the elements of the Weyl group. 

(1.2.1) THEOREM (BRUHAT DECOMPOSITION). Let G be a group with a 
(B9 NYpair. Then 

G= IJ BwB9 

with BwB = Bw'B if and only if w = w' in W. 

The Bruhat decomposition in GLn(k) can be exhibited as follows. Let 
g E GLn(k) be arbitrary. Left multiplication by elements of B allow us to 
perform enough of the elementary row transformations so that the nonzero 
leading elements in each row of bg9 for suitable b E B9 appear in different 
positions. It follows that for some permutation matrix n E N9 we have 
nbg E B9 and hence g E Bn~XB. 

A deeper result about (B, Af)-pairs in finite groups is that the Weyl group is 
always a Coxeter group, that is, W has a presentation with generators and 
relations given by 

W = ( wl9 . . . , wn\ (WfWj)^ = 1, with mu = 1 for all i ) . 

Moreover, the indecomposable Coxeter groups that can occur are precisely 
those associated with the known families of finite simple groups of Lie type 
(where a Coxeter group is indecomposable if it is impossible to separate the 
distinguished generators (w„ . . . , wn} into two nonempty sets for which the 
generators in one set commute with the generators of the other). 

Using his theory of buildings, Tits was then able to prove that not only the 
Weyl groups, but the finite groups with (B, 7V)-pairs themselves, are char­
acterized by the axioms. More precisely, he proved that every finite simple 
group with a (2?, 7V)-pair of rank at least 3 is isomorphic to a Chevalley 
group, described in §1.1. 

For our purposes, a more detailed axiomatic description will be used, for 
which a classification has been achieved without restrictions on the rank. 

DEFINITION. Let p be a prime. A finite group G has a split (2?, N)-pair of 
characteristic p, and Weyl group W9 provided that G has a (2?, iV)-pair with 
Weyl group W, B is the semidirect product of a normal /^-subgroup U and the 
subgroup T = B n N9 T is an abelian group of order prime to p9 and 
T= nneNnBn-1. 

The groups described in §1.1 all have split (B9 iV)-pairs as defined above. 
In GLn(k) (or SLn(K)) the subgroup U is the subgroup of B consisting of 
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upper triangular matrices with Ps on the diagonal. Finite abelian groups T of 
order prime to/? also satisfy the definition; in this case W = {\}9 B = N = 
r , a n d f / = {1}. 

It is essential for the study of the representations not to consider finite 
groups of Lie type in isolation from one another, but as members of infinite 
families. 

DEFINITION. A family of finite groups of Lie type consists of the following 
data. We are given a finite Coxeter group W, and an infinite set of prime 
powers {#}, called characteristic powers. For each characteristic power q, 
there corresponds a group G(q) in the family, such that G(q) is a finite group 
with a split (B, 7V)-pair of characteristic/? and Weyl group W, where/? is the 
prime dividing q. 

For example, {GLn(q)}, for fixed n, is a family of finite groups of Lie type 
associated with the Coxeter group Sn. In this case (and for all untwisted 
Chevalley groups) the set of characteristic powers consists of all prime 
powers. For the families of twisted groups discovered by Suzuki and Ree, 
however, the characteristic powers associated with the family consist of 
powers of a single prime (either 2 or 3). 

1.3 Parabolic subgroups. Let {G(q)} be a family of finite groups of Lie 
type, with the common Weyl group W, and let B(q) denote a Borel subgroup 
of G(q\ for each q. The Bruhat decomposition (1.2.1) 

G(q) = U B(q)wB(q) (w G W) 

is independent of q, in the sense that the double cosets are parametrized by a 
set independent of q (namely W). 

Some other subgroups with this property are the parabolic subgroups, 
defined, for a finite group G with a (B, 7V)-pair, as the subgroups P contain­
ing the Borel subgroup B, and their conjugates. Those containing B will 
sometimes be called standard parabolic subgroups. For each standard para­
bolic subgroup P there exists a uniquely determined subset J of the dis­
tinguished generators of W, such that P = BWjB, where Wj is the parabolic 
subgroup of W generated by the elements of / . 

(1.3.1) THEOREM. Let P = BWjB and P' = BJVjB be standard parabolic 
subgroups. There exists a bijection 

P\G/P'±*Wj\ W/Wr, 

given explicitly by the map 

WJWWJ, -* BWJWWJB = PwP'. 

Note that the preceding result extends the Bruhat decomposition (1.2.1). A 
further basic property of the parabolic subgroup is also, in a certain sense, 
independent of q. For a finite group X, we recall that Op(X) denotes the 
unique maximal normal /?-subgroup of X. Each finite group G(q) in a given 
family of finite groups of Lie type can be shown to satisfy the condition 

Op{G(q))={\}, 

where p is the characteristic of G(q). On the other hand, Op(B(q)) = U(q), 
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and 

B(q) = T{q)U{q) (semidirect product). 

Moreover B(q) is precisely the normalizer in G(q) of its 0^-subgroup. These 
properties (of G(q) and B(q)) carry over to all parabolic subgroups. 

(1.3.2) THEOREM. Let P = BWjB be a standard parabolic subgroup of 
G = G{q). Let V = Op(P\ where p is the characteristic of G{q). Then P = 
NG(V), and P = LV {semidirect product), where L = Lj(q) is a member of a 
family of finite groups of Lie type having the Weyl group WJt 

Note that this result explains why finite abelian groups of order prime to p 
(which appear in the semidirect product decomposition of the Borel sub­
group) were included in the definition of finite groups of Lie type. 

The semidirect product P = LV in (1.3.2) is called a Levi decomposition of 
P, and a subgroup L (isomorphic to P/Op(P)) a Levi factor of P. 

The interesting group theoretic condition P = NG(Op(P)) in (1.3.2) can be 
shown to characterize parabolic subgroups, (see [8]; the proof uses the theory 
of reductive algebraic groups). 

Returning to our examples once again, the standard parabolic subgroups in 
GLn(q) are parametrized by partitions of n, n = nx + • • • + ns, correspond­
ing to parabolic subgroups of the Weyl group Sn of the form 

*S/i, X ' * • x ^ « / 

The corresponding standard parabolic subgroup consists of all partitioned 
matrices 

\A2l • • • • > 

where Atj is an nt X nj matrix, and Ay = 0 if i >j. The 0^-subgroup of such a 
parabolic subgroup consists of the matrices as above with Ait equal to the 
identity matrix In. A Levi factor is given by the partitioned matrices with 
Atj = 0 for i =£j, and is isomorphic to 

GLnx{q)X • • • XGL„s(ql 

a finite group of Lie type with Weyl group S X • • • X5W , as in (1.3.2). 

2. Representations and characters. This section contains a review of basic 
principles of representation theory over the complex field C. Special attention 
is given to the classical methods of constructing characters, by induction from 
subgroups (Frobenius) and by Brauer's criterion for virtual characters. The 
results on induced characters are combined with ideas in §1 to describe 
Harish-Chandra's organization of the character theory of a finite group of Lie 
type, in terms of the philosophy of cusp forms. 

2.1 Basic principles of representation theory. A representation of a finite 
group G (over the complex field) is a homomorphism 

S: G->GL(M) 

from G into the group of invertible linear transformations on a finite-dimen­
sional vector space M over C. The character x of S is the complex valued 
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function x- G -> C defined by the trace map: 

X(g) = Tr(g,S), 
where Tr(g, S) is the trace of the linear transformation 5(g). The degree of 
the character is the value at the identity element of G, 

degx = x0)> 
so that deg x = dimc(M). 

Two representations of G, S: G-*GL(M) and S": G->GL(AT), are 
equivalent if one is carried to the other by an isomorphism X: M -> M' of the 
underlying vector spaces: 

S(g) = X-'S'(g)X, VgEG. 
Two representations are equivalent if and only if they have the same char­
acter. Thus the problem of constructing the characters of G, while somewhat 
simpler than the problem of constructing the representations, nevertheless 
captures much of the representation-theoretic information. 

A representation is irreducible if it cannot be expressed as a direct sum of 
representations on smaller vector spaces. Every representation is a direct sum 
of irreducible ones, uniquely determined up to equivalence, so the central 
problem of representation theory is to construct the irreducible representa­
tions and their characters (called the irreducible characters). All these concepts 
also apply to representations of semisimple associative algebras over C. 

There is a kind of Fourier analysis involving the characters of a finite 
group that is extremely useful and powerful. We note first that because of 
properties of the trace map, the characters x are class functions, that is, they 
are constant on conjugacy classes: x(*g*_1) = X(g) f° r all x,gE.G. We 
next introduce a hermitian scalar product in the vector space of complex 
valued class functions cf(G) on G: 

(<p,xp)=\G\~l S « P W ^ W , <p,^Gcf(G). 

It then turns out that the irreducible characters {x,} form an orthonormal 
basis in the vector space of class functions cf(G): (x,, xj) = Sy (Kronecker 
delta), and every class function x can be expressed uniquely in terms of the 
irreducible characters: x = Sc/X,, ct G C. In particular, the character x of an 
arbitrary representation S can be expressed as a linear combination 

X = 2«iX/ (2.1.1) 
with nonnegative integer coefficients ni9 called the multiplicities of {x,} in x-
The multiplicities nt count the number of times the irreducible representation 
*$ with character x, appears as a direct summand of the representation S. 

The multiplicities nt in the expression (2.1.1) are computed from the inner 
product as nt = (x, x,)> a n d ^iXXS P^ay a r°l e analogous to Fourier coefficients. 
We shall sometimes write X/ G x to indicate that the multiplicity (x,, x) °f the 

irreducible character x, in X is positive, (x, x) > 0. 
For a character x as in (2.1.1), we have for the norm ||x|| of x> 

||x||2 = (x,x) = 2>,2 
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and consequently obtain a useful criterion for irreducibility: a character x is 
irreducible if and only if (x, x) = 1-

From the discussion above, it follows that the number of distinct irreduc­
ible characters is finite, and is less than or equal to the number of conjugacy 
classes in G ; in fact, these two numbers are equal. 

An important method of construction of characters of G from characters of 
subgroups H of G was discovered by Frobenius. Let \p be a complex valued 
class function on /ƒ, and define a function \f/G on G by the formula 

xŒG 

where */> is the function on G obtained by letting ^ coincide with \p on //, and 
setting it equal to zero outside H. Then \pG is a class function on G. 
Moreover, an easy calculation shows that we have: 

(2.1.1) PROPOSITION (FROBENIUS RECIPROCITY). For all \p E cf(H) and 
X E cf(G) we have 

(x, *G)G - (X\H, *)H 

where the scalar products are computed on the groups G and H respectively, and 
x\H denotes the restriction of x to the subgroup H. 

Using Frobenius reciprocity, it is easily checked that, if \p is a character of 
ƒ/, then \pG is a character of G. This simple observation is already one of the 
important methods for the construction of characters of G; however, even if \p 
is an irreducible character of H, $G need not be irreducible. For example, if 
1^ is the trivial character on H (such that \H(h) = 1 for all h E if), then 
from Frobenius reciprocity we have 

{\%\G
H)=\H\G/H\, 

the numbers of (H, Z/)-double cosets, so that if H ^ G, l£ is never irreduc­
ible. To make full use of Frobenius' construction, therefore, we must also 
consider the problem of decomposing induced characters \pG into irreducible 
ones. 

Considerable insight towards the decomposition problem comes from the 
following theorem of Mackey. We use the notation Hx to denote the 
conjugate x~lHx of a subgroup H of G by an element x E G. If ^ is a 
character of H, then \px denotes the character of Hx given by \px(hx) = i//(A), 
Vh E/f. 

(2.12) INTERTWINING NUMBER THEOREM. Let \p{ and \p2 be characters of 
subgroups Hx and H2 of a finite group G. Then 

HxxH2 

where the sum is taken over the distinct (Hl9 H-^-double cosets in G. 

A second powerful method for constructing characters was discovered by 
Brauer. Let charz(G) denote the set of Z-linear combinations of the irreduc­
ible characters of G. The elements of charz(G), while not always characters 
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themselves, can always be expressed as differences of two characters. Ele­
ments of charz(G) are called virtual characters (or generalized characters). 
Similarly we may define virtual representations of G. For a virtual representa­
tion S with virtual character <p, we shall denote the value of <p at an element 
of g G G by Tr(g, S), even though <p(g) is not necessarily the trace of a 
linear transformation. 

Brauer's theorem gives a test to determine whether a given class function is 
a virtual character. For the statement, we require the important concept of an 
elementary subgroup of G, which is a subgroup of the form ( g ) X P (direct 
product) where <g> is a cyclic group, and P is a/7-group, for some prime/?. 

(2.1.3) BRAUER'S THEOREM. A class function <p on G is a virtual character if 
and only if<p\Eisa virtual character of E, for all elementary subgroups E of G. 

Brauer's theorem can often be used to show that class functions on G 
defined in some natural way, are in fact virtual characters. One can then 
attempt to decompose them into irreducible characters, noting that for a 
virtual character <p, (<p, <p) = 1 if and only if ± <p is an irreducible character of 
G. 

(2.2) The philosophy of cusp forms. The main problems. Throughout this 
section, let G = G(q) denote a finite group of Lie type, of characteristic p, 
belonging to a family with a common Weyl group W (see §1.3). As a start 
towards an inductive method of constructing the irreducible characters of G, 
let us assume for the time being that the characters of groups of Lie type of 
smaller rank than G, are known. We then ask what can be said about the 
irreducible characters of the groups {G(q)} in the family under consideration. 
We emphasize that the problem is not simply to find the characters of an 
individual group G(q), but to find them by methods which will apply to all 
groups in the family. 

An obvious starting point is the examination of proper parabolic subgroups 
of G. For such a subgroup P, there is, by Theorem (1.3.2) a Levi decomposi­
tion P = LV, where L = L(q) is a finite group of Lie type belonging to a 
family of groups of lower rank than G. 

Let S be an irreducible representation of L and let S be the irreducible 
representation of P obtained by lifting S to P, putting V = Op(P) in the 
kernel. In other words, because of the semidirect product decomposition 
P = LV, there exists a homomorphism ƒ: P->L with kernel V, and 5 is 
simply the composite map S ° ƒ. Letting \p and xp denote the characters of S 
and S, we see by Mackey's theorem (2.1.2) that 

(*C,*°)-2(*"*,*Vni-
PxP 

If P is a standard parabolic subgroup BWjB, it follows from (1.3.1) that the 
double cosets PxP are in bijective correspondence with the double cosets 
Wj \ W/ Wjy and hence, to some extent, the norm ||^G(<?)||2 is independent of 
q. In contrast, ||*/>G(<?)||2 involves the double cosets L(q)\ G(q)/L(q)y which 
depend on q in an uncontrollable way. 

The irreducible characters x appearing with positive multiplicity in \j/G will 



REPRESENTATIONS OF FINITE GROUPS OF LIE TYPE 733 

satisfy, by Frobenius reciprocity, 

(* i ? ) * a (2.2.1) 
where V is the 0^-subgroup of some proper parabolic subgroup of G. 

Harish-Chandra formulated a general principle, which he called the philoso­
phy of cusp formsy which applies to the above situation in the theory of finite 
groups of Lie type, and also to the representation theory of real semisimple 
Lie groups, and reductive algebraic groups over/?-adic fields. 

In our situation, the main ideas can be described as follows. 
(2.2.2) DEFINITION. An irreducible character x of G is said to be cuspidal (or 

belongs to the discrete series) if (x, l£) = 0 for all Op -subgroups V of proper 
parabolic subgroups P of G. 

In other words the cuspidal characters are those that are missed entirely by 
the inductive considerations at the beginning of this section. (See (2.2.1).) 

(2.2.3) THEOREM (HARISH-CHANDRA). Let G(q) be a member of a family of 
finite groups of Lie type with Weyl group W. Then: 

(i) Every irreducible character x of G{q) is either cuspidal or (x, i//G(<?)) ^= 0 
for some irreducible cuspidal character \p of a Levi factor L{q) of some proper 
parabolic subgroup P(q) of G(q). 

(ii) If the second alternative occurs, then P(q) and \p are essentially uniquely 
determined by x- More precisely, ifxp and t// are irreducible cuspidal characters 
of Levi factors L(q) and L\q) of proper parabolic subgroups P{q) and P'(q) of 
G, then 

(,p<«>, $'<**>) = 0 

unless L(q) is conjugate to L'(q) in G(q) and \f/ and \p' are conjugate characters 
ofL(q)andL\q). 

(iii) Let xj/ be an irreducible cuspidal character of a Levi factor L(q), as in (i). 
Then (\pG^q\ i//G(<7)) is bounded independently ofq; in fact 

Let us define two parabolic subgroups to be associated if their Levi factors 
are conjugate in G(q). Statement (ii) asserts that the organization of the 
characters of G(q) according to (2.2.3) is as efficient as possible. That is, each 
irreducible noncuspidal character x of G(q) appears in i£G(9) for a uniquely 
determined conjugacy class of irreducible cuspidal characters of Levi factors 
of a uniquely determined equivalence class of associated parabolic subgroups. 
Thus the following problems (neither of which is completely solved at this 
time) are fundamental for the determination of the irreducible characters of 
G(q): 

(A) (CONSTRUCTION OF THE DISCRETE SERIES). T O construct the irreducible 
cuspidal characters of an arbitrary finite group G of Lie type; and 

(B) (Decomposition Problem). To decompose \pG into irreducible compo­
nents, for an irreducible cuspidal character \p of a Levi factor of a proper 
parabolic subgroup of G. 

3. Decomposition of induced characters. This section begins with some 
general principles governing the decomposition of induced characters for 
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arbitrary finite groups. The methods are applied to finite groups of Lie type 
in §3.2 , and in particular, to the simplest case of the decomposition 
problem, stated in §2.2. 

(3.1) Centralizers and Hecke algebras. Let H be a subgroup of a finite group 
G, and let \f/ be an irreducible character of H. There exists a primitive 
idempotent e^ in the complex group algebra CH such that \p is the trace 
function associated with the action of H by left multiplication on the minimal 
left ideal CHe^. Let us view CH as a subalgebra of CG. It is not difficult to 
prove that the character of G afforded by the left CG-module CGe^ is the 
induced character \pG. 

DEFINITION. The centralizer of the left CG-module CGe^ (or the centralizer 
of the representation of G by left multiplication on CGe^) is defined to be the 
algebra of linear transformations EndCG(CG^), consisting of all linear trans­
formations on the vector space CGe^ which commute with the action of G. 

An easy lemma from ring theory shows that EndCG(CG^) is antiisomor-
phic to e^CGe^, which is a semisimple subalgebra of CG with identity element 
fy. Schur's Lemma implies that the induced character \pG is irreducible if and 
only if dimçO^CG^) = 1. The structure of e^CGe^ yields information about 
the decomposition of \pG in the general case. 

For example, the idempotent eH = \H\"l^heHh affords the trivial repre­
sentation \H of H9 and hence CGeH affords the induced permutation char­
acter 1%. Recalling that the group algebra CG may be identified with all 
complex valued functions on G, multiplied by convolution 

(&)(*) = 2 f(xy)g(y ~ *), ƒ. 8 e CG, x E G, 

we see that the algebra eHCGeH is the subalgebra of CG consisting of all 
functions which are constant on (H9 Z/>double cosets (multiplied by con­
volution). Closely related algebras and their representations constitute the 
theory of spherical functions in the representation theory of Lie groups, and 
what follows may be viewed as the counterpart, in finite group theory, of 
some aspects of the theory of spherical functions. 

DEFINITION. Let H be a subgroup of G, and \p a character of H afforded by 
a left ideal CHe^ generated by an idempotent e^ E CH. The Hecke algebra 
H(G, H91//) is the subalgebra e^CGe^ of CG. 

(3.1.1) THEOREM. Let G, H, ^, H(G9H,\fs) be as above. Let x be an 
irreducible character of G, extended by linearity to a function on the group 
algebra CG. Then (x, $G) ¥= 0 if and only if the restriction X\H(G,H,*) ^ 0- ^n 

case the restriction is not zero, it defines an irreducible character o>x of the 
Hecke algebra of degree (x, ^ G ) . Moreover, the map X-*X\H{G,H,V> defines a 
bijection from the irreducible components {x} of\pGto the set of all irreducible 
characters of the Hecke algebra H(G9 H9 \p). 

The next result shows that the character values of the irreducible compo­
nents of \pG can be computed from a knowledge of the representations of the 
Hecke algebra. 

(3.1.2) THEOREM (REE). Let G, H9 \p9 H(G9 H9 \//) be as above, and let x be 
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an irreducible component of \pG. Let <ox be the irreducible character of 
H(G, H, \p) given by x\H(G,H,*py Let t E G, let Ê be the conjugacy class oft, and 
C = 2XG^JC the class sum, and let ZG(t) denote the centralizer oft in G. Then 

\ZG(t)\o>x(eCe) 

2 , e c c o x t e le)œx(ege) 

Computation of x(0 from this formula is not easy. The result becomes 
considerably simplified in case i// is a linear character of H. We illustrate in 
the case of permutation representations \%. 

For H a subgroup of G, and x E G, let 

indHx=\H:H n Hx\; 

then ind^x is the number of if-cosets in the double coset HxH. 

(3.1.3) THEOREM. Let H be a subgroup of G, and let H{G, H, lH) be the 
Hecke algebra corresponding to the trivial representation of H. Let {A}/ e / 
denote the (H, Hy double cosets in G. The normalized characteristic functions 

0, = T777 2 x9 i E /, 

form a basis of H(G, H, lH), for which the structure constants are rational 
integers, and are given by 

aft = 2 Vykak> 

with 

^ ^ l ^ r l A n ^ D / 1 ! , forxkGDk. 

Letting a, denote the basis element corresponding to the double coset D~x, the 
character formula (3.1.2), for x E 1#5 and t E G, becomes 

\zG(t)\ S(ind*,rVfl,)|Sn AI 
\«\ SCindjc,)"1^^)^^) ' 

where the sum is taken over double cosets, and xi E Dtfor i E /. In particular, 

deg x = 
IG : #|degcox 

S(ind xt) cox(4)cox(a/) 

where deg <ox = (x, v//G). 

(3.2) Principal series representations. Generic degrees. We shall consider the 
application of Hecke algebras to the simplest case of the decomposition 
problem, namely the description of the irreducible components of \G, for a 
cuspidal character X of a Levi factor L of a parabolic subgroup P of a finite 
group of Lie type G, in the minimal situation, with P a Borel subgroup. In 
this case, the Levi factor T is an abelian group of order prime to the 
characteristic, and has no proper parabolic subgroups, so that all irreducible 
characters of T are, by definition, cuspidal. The components of XG in this 
situation are called principal series characters of G, in analogy with repre-
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sentations of semisimple Lie groups associated with minimal parabolic sub­
groups. The principal series characters appearing in XG, as X ranges over the 
linear characters of T, are simply the components of l£ where U is the 
6^-subgroup of a Borel subgroup.^ 

The problem of decomposing XG, for X an arbitrary linear character of T 
lifted to the Borel subgroup of B, is not essentially more difficult than the 
analysis of if, where \B is the trivial character of B. Therefore we shall begin 
with the case of if, and will discover later that the methods used in this 
situation are of broad applicability to other cases of the decomposition 
problem. 

From §3.1, the Hecke algebra H(G, B, lB) associated with if, has a basis 
consisting of the normalized characteristic functions on the (B, 2?)-double 
cosets, which, by the Bruhat Theorem 1.2.1, are parametrized by the elements 
of the Weyl group W. Therefore the basis elements of H(G, B, lB) are 

«HT = Tm 2 *' w e W' 
\B\ xŒBwB 

For the next result, we require the concept of the length l(w) of an element 
of a finite Coxeter group W, defined as the minimal number of factors among 
all expressions of w as a product of the distinguished generators. 

(3.2.1) THEOREM (IWAHORI, MATSUMOTO). The multiplication in 
H(G, B, \B),for a finite group G with a (B, N)-pair, satisfies 

= f <V> /(w,w) > l(w), 

*"»*•" " [ qtaWiW + (qt - 1)^ , l(wtw) < l(w), 

for all w G W and distinguished generators {w,}, 1 < i < n, where q{ = 
ind^vv^* \B\ B C\ Bw,\). Moreover, H(G, B, lB) has a presentation as an 
associative algebra with generators {aw } \ < i < n and relations as follows: 

(quadratic relations) a* = q(\ + (qt — l)aWj, and 
(homogeneous relations) awawaw • • • = awawaw • • • (/ ¥=j) 

with ny factors, where n^ is the order of the product wtWj in W. 

For example, in case W = S3, the generators of H(G, B, \B) are {aWx, aWz}, 
with relations 

a\ = %1 + (ft - O v ' = 1,2, 

and 

Using the presentation in (3.2.1), it is immediate that the Hecke algebra 
H(G, B, \B) always has two one-dimensional representations, ind and sgn, 
defined on the generators as follows: 

i n d ^ ) = qi9 1 < i < n, 

and 

s g n ^ ) = - 1 , 1 < ƒ <n. 
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The corresponding representations in \% according to Theorem 3.1.1 are: the 
trivial representation 1G, corresponding to ind; and the Steinberg representa­
tion StG, corresponding to sgn. As an exercise the reader can show, using the 
degree formula in (3.1.3) and some facts about groups with split (B9 N)-pairs, 
that 

degStG=|G|p , 

where \G\p denotes the/7-part of the order of G. 
Using the homomorphism ind, and the homogeneous relations in 

H{G9 B9 lB)9 it follows that the index parameters {qt} satisfy the condition 
qt = qj whenever wt and Wj are conjugate in W. 

If we set the index parameters qt = 1, we see that the Hecke algebra 
becomes the group algebra C W of W. The connection between these algebras 
can be investigated, following Tits, by introducing the generic algebra Aw of 
the finite Coxeter group W9 as follows. Let R = Q[Xl9.. . , Xn] denote the 
polynomial ring over the rational field Q with generators {Xt} corresponding 
to the distinguished generators {w,} of W, and satisfying the condition that 
Xt = Xj whenever wt and Wj are conjugate in W. (For example, if W is an 
indecomposable Coxeter group, it follows that R is a polynomial ring in either 
one or two indeterminates.) 

DEFINITION. The generic algebra Aw is the algebra over R9 with basis 
{OLW}W^W over R9 identity element av and multiplication defined by the 
conditions 

= f «*,*> /(w/w) > /(w), 

"»>"» " [ X^ + (Ai - I K , I(wêw) < I(wY 

The structure constants of the generic algebra are polynomials in 
Xl9 . . . , Xn. A homomorphism ƒ: R -> Q is defined by specialization, i.e. 
substitution of elements qt G Q for the variables Xi9 so that f(P(Xx, . . . , Xn)) 
= P(ql9. . . , qn) for all P(X{9 . . . , Xn) G R. For each such specialization ƒ: 
R -* Q> w e obtain an algebra over Q9 called the specialized algebra Aj9 whose 
structure constants are obtained by applying ƒ to the structure constants of 
the generic algebra. In particular it is clear from (3.2.1) that if G(q) is a 
member of a system of finite groups of Lie type, with Weyl group W and 
index parameters {qi9 1 < i < n}9 then the specialized algebra Af9 for the 
specialization ƒ: R-> Q given by ƒ(,¥,) =*= qi9 is isomorphic to the Hecke 
algebra H(G(q)9 B(q)9 1^), while the specialized algebra Af{ given by fx(Xt) 
= 1, 1 < i < n9 is isomorphic to the group algebra QW. 

From these facts, the associativity of Aw follows, because the associativity 
is equivalent to a polynomial relation in {Xl9.. . , Xn) which is satisfied by 
all the specializations Xt -» qt arising from groups in the system under 
consideration. Similarly, the discriminant 8 of the algebra Aw is a polynomial 
in {Xl9. . . , Xn) whose image under the specializations Xt -» qê is different 
from zero, hence 8 ^ 0 . Letting K denote the quotient field of R9 it follows 
that the algebra A$ x K ®R Awis a, separable algebra over K9 that is, A$ is 
semisimple, and remains semisimple over all extension fields of K. 

As in the case of H(G9 B9 lB)9 it follows that Aw has a presentation exactly 
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as in (3.2.1), with quadratic relations 

a* - Ail + (Xt - 1 ) ^ , 1 < i < n, 

and the same homogeneous relations. It then follows, as before, that Aw has 
two homomorphisms into R, IND and SGN, defined by 

INDCÖH,,) - Xt and S G N ^ ) - - 1 , 1 < i < n. 

Using the generic algebra as an intermediary, the structures of specialized 
algebras Af and Af, for different specializations ƒ and ƒ', can be compared. 

(3.2.2) DEFORMATION THEOREM (TITS). Let f and f be homomorphisms from 
R-* Q such that the specialized algebras Aj and Aj, are semisimple. Then the 
algebras Af and Af, obtained by extension of the field to C, are semisimple and 
isomorphic. 

(3.2.3) COROLLARY. Let G{q) be a member of a family of finite groups of Lie 
type with Weyl group W. Then there exists an isomorphism 

The isomorphism above is not given canonically. For applications to the 
representation theory of G{q), it is desirable to have a more precise compari­
son between the representations of H{G{q), B{q), lB{q)) and CW, which can 
be achieved as follows. 

(3.2.4) PROPOSITION^ Let Aw be a generic algebra over R, let K be the 
quotient field of R, let K be an algebraic closure of K, and R the integral closure 
of R in K. Let ƒ: /? —» Q be a homomorphism such that the specialized algebra 
Aj is semisimple, and let ƒ: R —» C be a fixed extension of f to a homomorphism 
from R into the algebraic closure of Q in C._Let x be an irreducible character of 
the semisimple algebra A$. Then x(<0 £ R for each basis element o^, w E W. 
Moreover, letting /(a^) denote the basis element of Aj corresponding to a^, the 
map Xfi Af -> C defined by XjiA^O ® 1) = /(X(«H,))> extended by linearity to a 
linear map on the semisimple algebra Af, is an irreducible character of Af. The 
correspondence x~*Xj *s a bijection from the irreducible characters of A w to the 
irreducible characters of Af. 

The correspondence X-*Xf depends in general on the choice of the 
extension ƒ of ƒ: R-+Q. The correspondence will be independent of ƒ 
provided that the characters of the generic algebra A$ are rational, in the 
sense that x(<0 e R f° r a^ WELW, for each irreducible character x of A^. 
Rationality holds most of the time, but there are some interesting exceptions. 

(3.2.5) THEOREM (BENSON AND CURTIS). Let A w be a generic algebra of an 
indecomposable Coxeter group W associated with a family of finite groups of Lie 
type. Then every irreducible character of A^ is rational, with the exception of 
the two irreducible characters of degree 512 in type E7, the four irreducible 
characters of degree 4096 in type Es, and the three nonlinear irreducible 
characters in case W is dihedral of order 16 {corresponding to the family of 
twisted groups of type F4). 

A further result in this direction can be proved, namely that not only the 


