BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 3, Number 3, November 1980

TILINGS WITH CONGRUENT TILES

BY BRANKO GRUNBAUM! AND G. C. SHEPHARD

Introduction. The purpose of this paper is to survey recent results related to
the second part of Hilbert’s eighteenth problem (see Hilbert [1900]). This
problem, which is concerned with tilings of Euclidean space by congruent
polyhedra, will be stated below after the necessary terminology has been
introduced. Although Hilbert’s original question was answered by one of his
assistants (Karl Reinhardt) more than fifty years ago, there remain many
unsolved problems in this area of mathematics; a description of recent results
therefore seems to us to be of considerable interest.

Three surveys of developments related to Hilbert’s problems (Aleksandrov
[1969], Browder [1976], Kaplansky [1977]) have been published in recent
years, but they contain no mention of the remarkable advances made during
the last decades in connection with the problem that concerns us. An even
more cogent reason for publishing this survey is that much of the material
results from the work of crystallographers, and no mention of it appears in
the recognized mathematical literature. Reasons for this disregard are easy to
find. Current fashions in mathematics applaud abstraction for its own sake,
regarding it as the highest intellectual activity—whether or not it is, in any
sense, useful or related to other endeavors. Mathematicians frequently regard
it as demeaning to work on problems related to “elementary geometry” in
Euclidean space of two or three dimensions. In fact, we believe that many are
unable, both by inclination and training, to make meaningful contributions to
this more “concrete” type of mathematics; yet it is precisely these and similar
considerations that include the results and techniques needed by workers in
other disciplines. Moreover, throughout the history of mathematics, funda-
mental ideas for other branches of mathematics have been motivated by
“intuitive” geometric questions; irrational numbers, calculus, axiomatics and
topology are only a few of the most obvious “inventions” that originated in
this manner. It seems to us to be foolish and presumptuous to believe that
ours is the first generation which needs no more the inspiration that can be
found in studying simple geometric objects and their mutual relations. By
showing that there are still many open and difficult (yet interesting and easily
understood) problems, we hope to persuade some readers that this is an area
of mathematics worthy of their attention.
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In this connection we strongly approve of the recent policy of Mathemati-
cal Reviews to include papers from crystallographic journals. By ignoring this
material in the past several decades, the mathematical community has
suffered a great loss of information.

Background. There exists a vast literature on the subject of tiling, and
almost every imaginable variant of the question “How can a space be tiled by
replicas of a set?” has been discussed in some form or another. The sort of
spaces considered have included elliptic, Euclidean and hyperbolic planes,
spaces of higher dimensions, manifolds such as tori, and even algebraic
structures such as groups. The sets (tiles) considered have ranged from
convex polyhedra (the best behaved of all) to fractals and related sets
(Mandelbrot [1977], Giles [1979]) or even to non-measurable sets with bizarre
properties such as those which occur in the Hausdorff paradox. Even the
word “tiling” has been used in at least two different interpretations: it means
either a partition of the space into pairwise disjoint sets, or, for topological
spaces, a covering of the space such that the interiors of the tiles are pairwise
disjoint.

It is clearly impossible to consider all these variants here; we shall restrict
ourselves to monohedral tilings of Euclidean d-space E“ by tiles which are
closed topological cells. The word “monohedral” means that each tile is
congruent (that is, isometric) to a fixed set S, called the prototile of the tiling,
and a “closed topological cell” is any homeomorphic image of the unit
d-dimensional ball {(x,, . . ., x;)|2 x? < 1}. The word “tiling” is used in the
second of the two senses mentioned above. Our motivation in restricting
attention to this case is that it is clearly what Hilbert had in mind when he
formulated his eighteenth problem. If S is the prototile of a monohedral tiling
J then we say that S admits the tiling 5.

Even with the restrictions just stated, there are many different kinds of
tilings; we shall now discuss these, and introduce the terminology needed to
make our statements precise. Some of the terms used are now in reasonably
widespread use—others are introduced here for the first time, in the hope that
precise and convenient terminology will contribute to clear thinking.

To begin with we discuss variants that arise if we place restrictions on the
mutual positions of the tiles. A tiling & is isohedral if the symmetry group of
J is transitive on the tiles—in other words, the tiles belong to one transitivity
class. In this case we shall also say that the prototile is isohedral. Clearly
every isohedral tiling is monohedral. If a prototile admits a monohedral tiling
but no isohedral tiling, then it is called anisohedral. An isohedral convex
polyhedron is called a stereohedron. If a stereohedron admits a tiling in which
the translational symmetries act transitively on the tiles, it is called a paral-
lelohedron. As we shall see later, a powerful method of constructing stereo-
hedra is by taking the Dirichlet regions of a dot pattern,—that is, of a discrete
system of points in E¢ on which the symmetries of the system act transitively.
In crystallographic literature such stereohedra are known as “Dirichlet do-
mains” or “Wirkungsbereiche”~we shall call them plesiohedra.

Some tilings by convex polyhedra have the property of being face-to-face
(edge-to-edge in the 2-dimensional case). This simply means that the intersec-
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FIGURE 1. Examples of anisohedral tiles. The one shown in (a) is the first such tile discovered
(Heesch [1935)); the tiles in (b), (c), (d) are from Heesch, Heesch and Loef [1944], Heesch [1968a]
and Milnor [1976), respectively; the tile in (¢) was communicated to us by Ludwig Danzer, who
attributed it to Martin Kneser. A more detailed discussion of such tiles is given in Heesch [1976b,
Chapter 4]. The tile in (f) was found by Kershner [1968], that in (g) by Marjorie Rice (see
Schattschneider [1978]); these two are prototiles of monohedral edge-to-edge tilings, and the first
uses only directly congruent tiles. The reader may amuse himself establising that each of these
prototiles is anisohedral; the discovery of tilings will probably be experienced as an easier task
than proving that no isohedral tiling is possible.

tion of any two tiles is either empty or is a face (of any dimension) of each.
The three regular tilings of the plane are familiar examples of edge-to-edge
tilings. (Some authors include in the definition of stereohedra the requirement
that the tiling is face-to-face; we do not make this assumption.)

The second part of Hilbert’s eighteenth problem can now be formulated as
follows:

(A) Does there exist an anisohedral polyhedron in Euclidean 3-space?

From the phrasing of the problem as well as from other evidence (see
Griinbaum and Shephard [1978]) it seems likely that Hilbert believed that
there exist no anisohedral tiles in the plane. If so, he was mistaken. After
Reinhardt [1928] found the affirmative solution to Problem (A), Heesch
[1935] discovered the anisohedral planar prototile shown in Figure 1(a). In
Figures 1(b), (c), (d), (¢) we show anisohedral prototiles of a similar nature.
But “stronger” examples exist; Kershner [1978] discovered three kinds of
anisohedral convex pentagons which admit edge-to-edge tilings of the plane
(one is shown in Figure 1(f)). A different kind of such pentagons was found
by M. Rice (see Figure 1(g)). Of course, by taking prisms based on aniso-
hedral polygons it is easy to see that the d-dimensional version of Problem
(A) has an affirmative solution for all d > 2. The three recent surveys of
developments related to Hilbert’s problems (Aleksandrov [1969], Browder
[1976]), Kaplansky [1977]) are singularly unhelpful in their discussion of
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Problem (A). In the first, Delone [1969] stops with the mention of Reinhardt
[1928]. In the second, Milnor [1976] mentions Heesch’s work but not
Kershner’s, and existence of anisohedral convex polygons is stated to be an
open problem. In the third, in which the appropriate chapter is entitled
“Building up of space from congruent polyhedra”, the discussion deals
exclusively with crystallographic groups, and not a single sentence reports
results on polyhedra or tilings!

FIGURE 2. A monohedral tiling of E> by parallelepipeds. Each face of the prototile is a rhomb
with angles 60°, 120°, 60°, 120°, and the tiles occur in four aspects. First four tiles (one of each
aspect) are assembled as shown in the diagram; then this “shape” will tile E using translations
only. As an indication how to do this we have labelled each vertex 4, B, C or D; vertices which
meet must bear the same label. This tiling occurs in two enantiomorphous forms and has the
remarkable property that the intersection of any two adjacent tiles is not a two-dimensional face
of either. The tiling was discovered independently by Ludwig Danzer and the authors in 1975.

Tilings by congruent cubes. A classical result of Minkowski [1907, p. 74]
establishes that (for 4 = 2 and d = 3) in every monohedral tiling of E¢ by
congruent d-dimensional cubes in which a group of translations acts transi-
tively, there exists a “stack” of cubes in which each two adjacent cubes
intersect in a whole (d — 1)-dimensional face; Minkowski conjectured that
this statement remains valid for all 4. Proofs of the Minkowski conjecture for
d =4, 5, 6 were given by Jansen [1909], for d < 9 by Perron [1940b}, [1941],
and in all generality by Hajos [1942]. The following generalization of the
problem was proposed by Keller [1930]:

(B) Does there exist, in every monohedral tiling of E® by congruent d-dimen-
sional cubes, a tile which shares a complete (d — 1)-dimensional face with
another tile?

Perron [1940a] established that the answer to Problem (B) is affirmative for
d < 6; there seem to have been very few new results concerning Problem (B)
in the intervening forty years. For a discussion of these problems and results
see Stein [1974], Seitz [1975], as well as the papers of Robinson [1979}, [1980]
in which the analogues of the Minkowski conjecture and of Problem (B) for






