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In complex analysis one often investigates a particular class of functions on 
some domain. More often than not the domain is simply connected and if it is 
not the whole plane, it is usually taken to be the unit disk. For this is 
conformally equivalent to any other nondegenerate simply connected region 
and the conformai map induces a certain isomorphism of the given class of 
functions to a class on the disk. What doesn't go over nicely, in general, are 
boundary properties of functions. 

On the other hand if the domain is multiply connected, it is no longer true 
that any two nondegenerate ones of the same connectivity are conformally 
equivalent. Thus before we can start to examine deeper relations between 
corresponding classes of functions, we must understand how the domains 
themselves are related. 

Teichmüller space is a space of domains all of the same topological type. In 
that theory we find out how the domains are related to each other and then 
parametrize them. At least this is true for domains of finite connectivity. Once 
we do this, we can understand, for example, how the canonical domain 
functions like the harmonic measures vary real analytically in the parameters. 

The foundation of Teichmüller space theory is thus rooted in methods for 
comparing two domains of the same topological type. The theory is most 
completely worked out and in any case has the nicest expression when the 
domains involved have no boundary at all; that is are compact Riemann 
surfaces without boundary. For this reason our explanations will ultimately 
be restricted to this case. 

We start with two Riemann surfaces R and S and an (orientation preserv­
ing) homeomprphism ƒ : R-* S. Since we are really going to deal with 
conformai equivalence classes, if ƒ is homotopic to a conformai map we 
consider that S is the same as R and ƒ is the identity. Of course given two 
surfaces R, S, there are in general infinitely many choices for homeomor-
phisms ƒ, no two being homotopic. For example, here are two; the image 
regions are the same in both cases but the two images of the arc between 
punctures lie in different homotopy classes. 
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The number of choices off corresponds to the number of essentially different 
ways that S can be cut so as to become simply connected. 

We will present two methods for relating S to R from the point of view of ƒ 
and briefly describe some recent advances which clarify each of them. 

I. S arises from R by a generalized affine stretch homotopic to ƒ. The 
parameters in the stretch describe the relative geometry. This method 
originates with Teichmüller. 

IL By means of ƒ, R and S become parallel boundary components of a 
uniquely determined hyperbolic 3-manifold. This is in analogy with the 
picture of two parallel closed surfaces in euclidean space, bounding the region 
between them, ƒ being the map along normals, sending one surface to the 
other. The geometry of the hyperbolic 3-manifold then describes the relative 
geometry of R and S. This method originates with Bers. 

Now we will describe these methods in some detail. 
METHOD I. Here everything is based on the simplest possible nonconformal 

map, the affine map. We write it in normalized complex form, 

A(z)=-^^-, 0<k<\, 
V l - A : 2 

where the condition on k is determined by the requirement that A(z) be 
orientation preserving and nonsingular. Geometrically, A is a stretch of 
magnitude VK - [(1 + k)/(l - k)]l/2 > 1 along the parallel family of lines 
inclined at angle 0/2 to the real axis, and compression of magnitude I/VK 
along the perpendicular lines. Thus, 

The next step is to explain what is meant by a generalized affine stretch. 
Suppose the affine stretch A has been applied to a particular plane region Rx 

yielding the image region Sv Suppose we take conformai maps $: R -> Rx 
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and ¥: St-*S and then consider the composition 

f(z) - ¥ o A o $(z): R -» 5. 

With respect to its nonconformal character, we can describe ƒ as an affine 
stretch of magnitude VK along the lines 

{z e R: Im e'""^/2$(z) = const}, 

the pull-back under $ of the stretch Unes for A. 
Such maps ƒ are examples of Teichmiiller maps. The manner in which we 

have introduced them here is however too restrictive. They are defined so that 
locally at nonsingular points they have the structure described, not necessarily 
globally. 

The general definition is formulated as follows. The map ƒ we have just 
constructed solves the Beltrami equation on R, 

fi = tf£> M(*) - ke •-££-(,) = k^-
i(*ri 'kwr 

where q{z) = Q\zf> Q(z) = e~i9/2$(z). From a more general point of view 
we learn to think of the analytic function q(z) as a quadratic differential on R 
with invariant expression q(z)dz2 under local coordinate changes or global 
conformai maps. The stretch lines for ƒ can be described in terms of q as 

{z e R: q(z)dz2 > 0} - {z e £ : Im g(z) = const}. 

These are called trajectories (or more precisely, horizontal trajectories) of the 
differential q. For the general theory of trajectories we refer to [20], [21]. 

Now turn around and, given an analytic function q(z) on Ifc-or quadratic 
differential qdz2 if R is not a planar Riemann surface, consider the Beltrami 
equation on R, 

fi = tifz, M - k!&) /\q(z% 0 < * < 1 
(the condition that q is a quadratic differential makes this invariantly defined 
on the Riemann surface R). It has a solution ƒ which is a homeomorphism of 
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R onto a Riemann surface f(R) and is uniquely determined up to composi­
tion on the left with a conformai map. If U c R is a small neighborhood 
without zeros of q(z) then in U, ƒ has the form 

f(z) = *oAoQ(z), 

Q(z) =fZVj dz9 A(z) - (z + * z ) / V l - A:2 

and ^ is conformai on 4̂ © Q(U); ^ plays the less essential role of a 
normalizing term. Globally, the solution ƒ is obtained by patching together 
these little pieces. 

At a zero of order p, q(z)~zp and /~[,4(z('+2>/2)]2/<'+2> is a local 
homeomorphism. The general theory also allows for simple poles p — -1 
since the area Jf\q\ dx dy is still locally finite. There are (p + 2) horizontal 
trajectories-essentially the rays {z e C: Imz ( / , + 2 ) / 2 ~ 0 } - emanating from 
the zero (or simple pole). These are called critical trajectories. 

With this said, we think of ƒ as an affine stretch of magnitude VK, 
K * (k + l)/(k — 1) along the trajectories {z: q(z)dz2 > 0} of q. Moreover 
the image Riemann surface f(R) can be constructed from q(z) and k by 
patching together local coordinate neighborhoods {A ° Q(U)}9 making due 
allowance for the singular points. This process will be illustrated below. 

By introducing a parameter t in tk, 0 < t < 1, we can interpolate continu­
ously between R and f(R). 

For an example consider the situation presented in this diagram 

i 

z + kz 

v / l - * 2 

^T 

-log f 
2m 

= M M W * - I r? = f in 

17 satisfies the Beltrami equation on R with 

9(f) 

^ _ e-2niW/y/K 

2ir/K 

MO «tt) « -
1 

ktt)l' ™' J2' 
On the circles f - re*, q(S)d£2 " d02 > 0. In this manner the affine stretch 
is realized in the annulus as a stretch along the concentric circles. 
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Now return to a general surface or plane region R. The construction we 
have described corresponding to a chosen differential q is beautifully explicit 
in the following circumstances. 

Suppose R is any Riemann surface and y is a nondegenerate simple closed 
curve on R, that is, not retractable to a point or a puncture. Associated with y 
is the Jenkins-Strebel quadratic differential <p[y]dz2 (see [10], [20]). This 
remarkable differential is uniquely determined up to positive scalar multiple 
by the following properties. Cut R along all of the critical trajectories 
(globally extended) of <p[y]. Then what is left is an annular region whose 
central curves are freely homotopic to y. Consequently 

$(z) = b exp c I y<p[y] dz for suitable constants b9 c 

maps the cut R conformally onto an annulus. For instance, 

In this mapping, opposite sides of an arc running along a critical trajectory 
from one critical point to another are sent to two boundary arcs of the 
annulus which subtend the same angles at the center. 

Occasionally it is possible to write down the / — S differential explicitly. 
For example, for the 4-punctured sphere and y as shown, 

«M**-,(,-£,-2) 

UjJ' : 

and the critical trajectories run along R from 0 to 1 and 2 to oo. For the torus 
generated by a square lattice and y the simple loop arising from the line 
segment to m + ni, m> n relatively prime, in terms of its representation in the 
plane, 

<p[y]dz2 * e'* dz\ tan(0/2) * n/m. 

Here there are no critical trajectories (but only because the genus is one) so to 
obtain our annulus we must remove one of the mutually parallel closed 
trajectories in the free homotopy class determined by y. 
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Returning to our general surface R cut along the critical trajectories of 
ç>[y], the modulus of the image annulus under $, that is, M(y) • (l/2ir) log r 
where r is the outer radius of the annulus (the inner is 1) is called the modulus 
of the free homotopy class determined by y. It is of course a conformai 
invariant. It can also be described [10] as the reciprocal of the extremal length 
of the family of curves freely homotopic to y. 

Now consider the Beltrami equation on R9 

3l W[y]\f" 
0 < k < 1. 

We can explicitly describe the corresponding map ƒ and the image surface 
f(R). Namely we can express ƒ as the composition, ƒ = ¥ ° 8, » $ where $ is 
the map of the cut R onto the annulus, â is the radial contraction of it, 

«tt) - W\l/K-\ K - X, - (1 + * ) / (1 ~ *)» 
and ¥ is the conformai map of the image annulus into that Riemann surface 
obtained by identifying the opposite arcs on its boundary. Thus expressed in 
the form of a diagram, 

Now we return to our original problem. We are given two compact 
Riemann surfaces without boundary and (we can assume) a quasiconformal 
map ƒ between them: 

<5" *<=* ) ^ 

According to a celebrated theorem of Teichmüller (see [4]), ƒ is homotopic to, 
hence we may assume equal to the solution of a Beltrami equation, 

A k-2-f 
W\fz' 

Kj = (1 + k)/ (1 - k), 0<k<l 

for some quadratic differential <p on R. Furthermore, <p is uniquely de­
termined up to a positive scalar factor by the homotopy class of/. This means 
ƒ is a generalized affine stretch of magnitude yKf along the trajectories of <p. 
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Teichmüller's theorem would remain true if R were a finitely punctured 
closed surface-like the /i-punctured sphere-but then <p may have simple poles 
at the punctures. 

Now we ask, how is <p determined geometrically by the initial surface R 
and the homotopy class of/? 

In the simplest case, ƒ is an annular map associated with <p = <p[y] for some 
y on R. The image surface S can be explicitly constructed from R, given k, as 
before. In general, however, the situation is as follows. 

Define a number K in terms of the extremal problem 

\/K - inf M(f(8))s/M(S)R ( > \/Kf) 

where the infimum is taken over all simple nondegenerate curves 8 on R. The 
inequality is known to be true generally and the ratio Af(ƒ(§))/M(8) = Kfx 

if and only if <p = <p[y] for some y and S = y. 
Choose any sequence of simple curves {yn} on R with lim M(f(yn))/M(yn) 

= K~l. Normalize the differentials <p and {<p{y„}} to have unit area 
SSR\ - \ dx dy — \. The following statement involves results of Thurston [22], 
Kerckhoff [12], Masur [18], and the author's joint work with Strebel [15]. 

FACT. Lim <p[yj = <p, K = Kj> and the minimizing sequence {y„} is 
uniquely determined "asymptotically". 

We can picture this as follows. Consider the map fn constructed as the 
solution of 

Thenar R -> Rn is an affine stretch of magnitude VK along the trajectories 
of <p[yn] resulting in the surface R„. The complement of the critical trajectories 
of <p[yn] in R is an annular region which is swept out by closed trajectories of 
<p[yn] which are in the free homotopy class of yn. As n increases, in general, 
the annular region becomes longer and thinner, while all the time filling the 
surface R. The simple closed curves sweeping out the annular regions con­
verge to the noncritical trajectories of the limit differential <p. In general, 
however, these are not closed curves but rather determine a "measured 
foliation" of R in the sense of Thurston. Meanwhile, the image surfaces R„ 
converge to S. We summarize in the following diagram: 

(ƒ; <p; k) . c 

(fn;<p[yny>k) K« 

Using an idea of Thurston, the sequence {yn} can be characterized geomet­
rically as follows. 

inf f llmV^ <fe|= lim IzhlsL for alla on/^ 


