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These lectures are meant as an informal introduction to some of the 
techniques used in proving existence of solutions of nonlinear problems of the 
form 

F(u) = y. (1) 

Here F is a continuous (and usually smooth) mapping from one topological 
space X to another Y, and the spaces are usually infinite dimensional. The 
model to keep in mind is one in which these spaces are function spaces 
defined in domains on finite-dimensional manifolds, and F is a system of 
nonlinear partial differential operators-or integral operators. 

A number of special topics will be presented-in three parts: 
I. Global methods: homotopy, in particular topological degree theory, and 

extensions. Applications to nonlinear boundary value problems. 
II. Variational methods, in which a solution is a stationary point of some 

functional. Applications. 
III. Local study, perturbation about a solution. 
An important analytic aspect of all these problems is that of finding a 

priori estimates for the solutions. How one does that varies from problem to 
problem and I will barely touch on these technical aspects. I will try, rather, 
to avoid technicalities and stress the topological and variational ideas. 

The lectures are not addressed to the experts in these fields-for them there 
will be little new. They are given with the hope of attracting others to the 
subject. Up to now, the topological and abstract ideas used are rather 
primitive, and I am confident that there will be enormous further develop­
ment-involving more and more sophisticated topology. 

A condensed version of some of this material was presented in [48]. 
Here is a more specific list of the topics treated. 
1.1 Some classical things. Continuity method. Degree theory. 
1.2 Some recent extensions of Leray-Schauder degree theory. 
1.3 Extension of degree theory to Fredholm maps by Elworthy and 

Tromba. 

Received by the editors October 20, 1980. 
1980 Mathematics Subject Classification. Primary 35-02, 35-A15, 35A05, 35B10, 4902, 4602, 

58F05, 58-G16; Secondary 35B32, 35J65, 35L20, 58E15. 
1 Based on four lectures given in March 1980 at the Institute for Advanced Study in the 

Hermann Weyl lecture series. The work was partially supported by National Science Foundation 
Grants MCS-7900813 and INT-77-20878 and by U. S. Army Research Office Grant DAA-29-78-
G-0127. 

© 1981 American Mathematical Society 
0002-9904/81 /0000-0200/$ 10.00 

267 



268 L. NIRENBERG 

1.4 Fredholm maps with positive index. 
1.5 Modifications of degree associated to invariant orbits of ordinary 

differential equations. 
II. 1 The Palais-Smale condition (PS) and an elliptic boundary Value 

problem. 
11.2 The mountain pass lemma. Solution of the boundary value problem. 
11.3 Generalizations and variants of the mountain pass lemma. 
11.4 A theorem of P. Rabinowitz on periodic solutions for a Hamiltonian 

system. 
11.5 Periodic solutions of a nonlinear string equation. 
111.1 Remarks on bifurcation theory for Fredholm operators. 
111.2 The Nash-Moser Implicit Function technique. 
111.3 Klainerman's result on the existence of smooth solutions for all time 

of a nonlinear hyperbolic initial value problem. 

I. Global topological methods 

For convenience we will assume that the spaces X, Y are Banach spaces 
and that F is a smooth mapping. We begin with some very classical things. 

1.1 A standard, but still very useful, method, is to try to show that 
(i) Range of F is open, 
(ii) Range of F is closed. 

For (i), a natural tool is the implicit function theorem. If y = F(t/0), in order 
to show that a neighbourhood of y0 is contained in the image of one of w0, 
one looks at the continuous linear operator A = F'(u0): X-* Y. If A is 
bijective the desired result follows from the implicit function theorem (IFT). 
It suffices, in fact, that A be surjective. 

We shall make use of the following 

DEFINITION. If A = F'(w0) is bijective, the point u0 is called a regular point 
of F. 

To establish (ii) one usually tries to show that the map F is proper, i.e., the 
preimage of every compact set is compact. It is here that a priori estimates for 
solutions of the equation enter in a crucial way. This is usually where the 
hard work comes in. 

A variant of this approach is the 
CONTINUITY METHOD. The operator F is continuously connected by a 

one-parameter family of operators Fr 0 < t < 1, Fx = F, to an operator F0 

for which it is known that a solution of (1) exists. Then one tries to prove 
(i') the set of t for which a solution exists is open. 
(ii') the set of t for which a solution exists is closed. 

Again one leans on the implicit function theory and on a priori estimates. 
A word of caution: For a nonlinear partial differential operator F these 

methods usually fail-unless the operator is elliptic (to be explained later for a 
special case). The reason is that the implicit function theorem may not be 
applicable. There are of course different ways in which it may fail: (a) The 
linear operator A = F'(u0) may be injective, and so invertible on its range, 
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but the range may not be the whole space Y. For example the range may be 
dense but not closed in Y. This may happen in the following way. It may be 
that one can solve (in some sense) Au = y for every y G 7, but the "solution" 
x doesn't lie in the space X, but in some larger space. For example, X and Y 
may be spaces of functions with some given degrees of smoothness-defined 
on some bounded domain in Rn. It may be that we can solve Au = y, 
V>> G Y, but u does not have the desired smoothness, i.e. we "lose 
derivatives". This is typical for nonelliptic differential operators. In such cases 
one tries to use the generalized implicit function theorems, such as the 
Nash-Moser method. This will be taken up in part III. 

(b) The IFT may fail in a simpler way. One may have 

ker F\u0) ^ 0 

but 

Range F'{u^) is a closed subspace of Y. 

In such a situation the local problem is usually called a bifurcation problem 
(splitting of solutions may occur). The cases that have received the most 
intensive study are those in which 

dim ker F'(u^ = d < oo 

and 

codim Range F'{u^) = d' < oo 

i.e. Y may be decomposed as Range F'(u0) 0 Y2, dim Y2 = d'. If F has this 
property at u0 we say that F is a Fredholm operator there, and its index is 
d- d'. 

Using well-known properties of linear Fredholm operators (see for example 
[56]) one finds that F is Fredholm everywhere in a neighbourhood of u0 and 
its index is constant there. 

Turning to topological methods, recall that homotopy theory began with 
attempts to find conditions on maps F to guarantee that (1) has a solution. 
Consider a continuous map F from the closed unit ball B in Rn into Rk for 
which one wishes to solve the equation 

F(u) = 0. 

Let <j> be the restriction of F to dB and assume <j>: dB -> Rk \ {0}. Homotopy 
theory yields a sufficient condition on <j> so that every continuous extension F 
of <j> to the inside of B has, necessarily, a solution of F(u) — 0. Namely, the 
homotopy class of <j>: Sn~l -> Rk \ {0} should be nontrivial. An equivalent 
formulation, for the normalized map 

is that xp: S"~l -» Sk~l should be homo topically nontrivial. In case k = n 
this is equivalent to the assertion that the degree of the map i// = the degree of 
the map F at the origin, is nonzero. For generic^ with F: dB -^ R" \ {y}9 the 
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degree of the map F at y, 

deg(F, B, y) = v, an integer. 

v represents the number of times y is covered, i.e. the number of preimages of 
y with each preimage counted with + or -1 according as, locally, F preserves 
or reverses orientation there. 

The most frequently used topological tool in attacking global nonlinear 
problems is the Leray, Schauder [38] extension of degree theory to infinite 
dimensions. In Banach space X it applies to operators F: X —> X of a special 
form 

F= I - K (2) 
where / = Identity operator and A' is a compact operator (i.e. the closure of 
the image under K of any bounded set is compact). If K is smooth then F is a 
Fredholm map everywhere with index = 0. 

Let us consider equation (1) for such F defined in the closure of a bounded 
domain 12 in X, mapping into X. Assume 

y £ F(312). (3) 

Then the degree of the map F in 12 at the pointy is defined: 

deg(i% 12, y) = v — integer. 

It_is obtained from finite-dimensional degree by approximating K (within e 
on 12) by a map Ke into a finite-dimensional subspace Xe containing y. One 
then defines deg(F, 12, y) as the finite-dimensional degree 

d e g ( ( / - A ; ) , O n *.,>>). 
To verify that this is independent of c, for small e, one uses the fact that 
degree does not change under suspension of a map F9 i.e. by extension of the 
map to a product space with another space by taking the product of F with 
the identity map in the other space. 

We list a few important properties: 
(a) If v = deg(F, Q,y) ^ 0 then F(u) = y has a solution in 12. For F = I, 

v = L 

(b) If 12 = U °li 12,, 12/ open, nonoverlapping and>> £ ^(312,), Vi, then 

deg(F,!2,>0 = 2 deg(F,Q„>0. 
i 

(c) The degree v is invariant under homotopy_of the map Ft = I — Kn 

0 < t < 1, in our class, i.e., provided {Kt(x)\x E: 12, 0 < t < 1} has compact 
closure and 

y « F,(912), Vt. 

(d) Suppose that a solution u of F(u) — u — K(u) = y is a regular point of 
F. (By IFT it is an isolated solution.) Then the local degree (index) of F at u 
is defined as ind(w) = loc deg F at u = deg(F, e-ball about u; y). It is 
independent of e for e small, and equals +1 or -1 according as the sum of the 
algebraic multiplicities of the negative eigenvalues of F\u) is even or odd. 

Presentations of degree theory and derivations on these properties may be 
found in [37], [57], [39], [47], [51] and many other places. 
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Degree theory is often used in the following way: To show that (1) has a 
solution with F as in (2), try to show that all solutions He inside some 
bounded domain 12-that is, obtain a priori estimates for all solutions. Then, 
to prove v = deg(F, 12, y) ^= 0, construct a deformation of F, Ft = I — Kt 

belonging to our class, and such that>> £ Ft(d$l), deforming F = Fx to F0, for 
which one knows deg(ir

0, 12, y) ¥^ 0. For F0 = /, we find v = 1. 
Property (d) is sometimes useful in trying to determine the number of 

solutions of (1). Sometimes one can show that F~l(y) consists of a finite 
number of regular points in 12, all having the same local degrees, say ± 1. If 
deg(F, 12, y) = k it follows that there are exactly |A:| solutions in 12. 

This completes the classical things and we now take up some recent 
extensions. 

1.2 Considering, still, mappings of the form (2) and satisfying (3) we will 
describe two results related to (d). 

The set of regular points 12r in 12, of F9 is open (by IFT). Let 6 be a 
connected component of 12r. For any u E 6, define for small e 

ind(w) = (deg F, e-ball about u, F(u)) = ± 1 . 

It is easy to see that this is a constant in Q and so may be considered as 
ind(G). In [7] Ambrosetti and Mancini showed (in a Hubert space, though it 
works as well in a Banach space), that this index necessarily changes as we 
cross from one component of 12r to another-in a particular generic circum­
stance. They then applied this to prove that certain equations in Hubert space 
have exactly three solutions. Their generic condition is easy to describe: 

Let w0 E 12 be a nonregular point of F and assume that 
(i) ker F'(u0) is spanned by a vector v. Consequently Range F'(u0) is a 

closed linear subspace Xl of X, of codimension one. Consider next the second 
derivative (Hessian) F"(u0) of F. This is a symmetric bilinear map of 
X X X ->X. Assume 

(ii) there is a vector w such that 

F"(w0)(t;,w) is n o t i n g . 

In this case it is easy to see (Theorem 3.7.2 in [47]) that in a neighbourhood of 
w0, the set 12r has two components which are separated by a smooth hyper-
surface. Their result is that under conditions (i), (ii), the indices of these two 
components are different. 

We turn now to a recent generalization of (d). In bifurcation theory one 
sometimes encounters a finite-dimensional manifold of solutions of (1). Let us 
suppose that a connected component of F~l(y) consists of a compact 
finite-dimensional manifold M without boundary. It is natural to try to 
determine ind(M) = the local degree at y of F in a neighbourhood of 
M-assuming F is "regular" on M, i.e., assuming: 

REGULARITY. 

ker F'{u) = TUM, Vw E M. 

Here TUM is the tangent space to M at u. 
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Assuming M is orientable, and F is regular on M, Sylvester [58] proved the 
following 

THEOREM. If dim M is odd then ind M = 0. If dim M is even then 

ind(M) = ±x(E) 

= ± Euler characteristic of a vector bundle E over M, 

where for u G M, the fibre 

Eu = X/ (Range F'(u)). 

In particular, if TUM n Range F\u) = 0, Va G M, then 

ind(M) = ±x(^)-
Furthermore one has + or — according as the sum of algebraic multiplicities of 
negative eigenvalues of F'{u) is even or odd, for u G M. 

So far no application has been made of the result. _ 
Degree theory extends to set-valued maps of the form (2): For u G Q, K(u) 

is assumed to be a compact convex set which is upper semicontinuous in u. 
Furthermore (J M(Eâ K(u) has compact closure. One wishes to solve 

y G u - K(u). (10 

If Vw on 9Œ, u — y & K(u), then deg(i% £2, y) can be defined as before, with 
similar properties. A treatment of this may be found in the book of Lloyd 
[39]. 

Recently this has been used effectively by K. C. Chang [18] to solve several 
problems: (a) plasma problems, (b) an obstacle problem, in which one wishes 
to find solutions of an elliptic partial differential equation satisfying a side 
condition: it is to lie above a given obstacle. 

1.3 Attempts have been made to extend degree theory to mappings F which 
do not have the form (2). Elworthy and Tromba [27], [28] have developed 
degree theory for smooth Fredholm mappings between Banach manifolds. (A 
Banach manifold modeled on a Banach space X is an infinite-dimensional 
manifold for which each point has a distinguished neighbourhood U and a 
chart map <j>: U onto X.) For an overlapping neighbourhood V, with chart 
map \p: F-> X, it is required that on \p(U n V)9 <J> ° i//"1 have the form (2). 
For convenience, we will consider only Fredholm maps between Banach 
spaces, F: X —» Y with F defined on the closure Œ of a bounded domain Q in 
X. F is assumed to be proper. 

Using suitable orientations on X and Y, in terms of the admissible chart 
mappings, they defined for Fredholm maps F of index zero, an oriented 
degree 

deg(F, ü,y) = v, v an integer, 

in casej> £ F(3S2). 
They proved that this has the properties (a)-(d) above except that (c) holds 

in a weaker form. Namely, under a suitably restricted class of deformations, 
the degree v is not necessarily invariant, but \v\\%. 

Their theory makes use of the Sard-Smale lemma. This has been redone in 


