BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 4, Number 3, May 1981

VARIATIONAL AND TOPOLOGICAL METHODS
IN NONLINEAR PROBLEMS!

BY L. NIRENBERG

These lectures are meant as an informal introduction to some of the
techniques used in proving existence of solutions of nonlinear problems of the
form

F(u) = y. M
Here F is a continuous (and usually smooth) mapping from one topological
space X to another Y, and the spaces are usually infinite dimensional. The
model to keep in mind is one in which these spaces are function spaces
defined in domains on finite-dimensional manifolds, and F is a system of
nonlinear partial differential operators—or integral operators.

A number of special topics will be presented—in three parts:

I. Global methods: homotopy, in particular topological degree theory, and
extensions. Applications to nonlinear boundary value problems.

II. Variational methods, in which a solution is a stationary point of some
functional. Applications.

III. Local study, perturbation about a solution.

An important analytic aspect of all these problems is that of finding a
priori estimates for the solutions. How one does that varies from problem to
problem and I will barely touch on these technical aspects. I will try, rather,
to avoid technicalities and stress the topological and variational ideas.

The lectures are not addressed to the experts in these fields—for them there
will be little new. They are given with the hope of attracting others to the
subject. Up to now, the topological and abstract ideas used are rather
primitive, and I am confident that there will be enormous further develop-
ment—involving more and more sophisticated topology.

A condensed version of some of this material was presented in [48].

Here is a more specific list of the topics treated.

I.1 Some classical things. Continuity method. Degree theory.

1.2 Some recent extensions of Leray-Schauder degree theory.

1.3 Extension of degree theory to Fredholm maps by Elworthy and
Tromba.
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I.4 Fredholm maps with positive index.

1.5 Modifications of degree associated to invariant orbits of ordinary
differential equations.

II.1 The Palais-Smale condition (PS) and an elliptic boundary Value
problem.

I1.2 The mountain pass lemma. Solution of the boundary value problem.

I1.3 Generalizations and variants of the mountain pass lemma.

I1.4 A theorem of P. Rabinowitz on periodic solutions for a Hamiltonian
system.

I1.5 Periodic solutions of a nonlinear string equation.

III.1 Remarks on bifurcation theory for Fredholm operators.

I11.2 The Nash-Moser Implicit Function technique.

II1.3 Klainerman’s result on the existence of smooth solutions for all time
of a nonlinear hyperbolic initial value problem.

L. Global topological methods

For convenience we will assume that the spaces X, Y are Banach spaces
and that F is a smooth mapping. We begin with some very classical things.

I.1 A standard, but still very useful, method, is to try to show that

(i) Range of F is open,

(ii) Range of F is closed.
For (i), a natural tool is the implicit function theorem. If y = F(u,), in order
to show that a neighbourhood of y, is contained in the image of one of u,
one looks at the continuous linear operator 4 = F'(up): X—> Y. If 4 is
bijective the desired result follows from the implicit function theorem (IFT).
It suffices, in fact, that 4 be surjective.

We shall make use of the following

DEeFINITION. If 4 = F’(u,) is bijective, the point u, is called a regular point
of F.

To establish (ii) one usually tries to show that the map F is proper, i.c., the
preimage of every compact set is compact. It is here that a priori estimates for
solutions of the equation enter in a crucial way. This is usually where the
hard work comes in.

A variant of this approach is the

ConNTtiNnuITY METHOD. The operator F is continuously connected by a
one-parameter family of operators F,, 0 <t < 1, F; = F, to an operator F,
for which it is known that a solution of (1) exists. Then one tries to prove

(i) the set of ¢ for which a solution exists is open.

(i1") the set of 7 for which a solution exists is closed.

Again one leans on the implicit function theory and on a priori estimates.

A word of caution: For a nonlinear partial differential operator F these
methods usually fail-unless the operator is elliptic (to be explained later for a
special case). The reason is that the implicit function theorem may not be
applicable. There are of course different ways in which it may fail: (a) The
linear operator 4 = F’(u;) may be injective, and so invertible on its range,
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but the range may not be the whole space Y. For example the range may be
dense but not closed in Y. This may happen in the following way. It may be
that one can solve (in some sense) Au = y for every y € Y, but the “solution”
x doesn’t lie in the space X, but in some larger space. For example, X and Y
may be spaces of functions with some given degrees of smoothness—defined
on some bounded domain in R”". It may be that we can solve Au =y,
Vy € Y, but u does not have the desired smoothness, ie. we “lose
derivatives”. This is typical for nonelliptic differential operators. In such cases
one tries to use the generalized implicit function theorems, such as the
Nash-Moser method. This will be taken up in part III.
(b) The IFT may fail in a simpler way. One may have

ker F'(uy) # 0
but
Range F’(u,) is a closed subspace of Y.

In such a situation the local problem is usually called a bifurcation problem
(splitting of solutions may occur). The cases that have received the most
intensive study are those in which

dim ker F'(u5) = d < o0
and
codim Range F'(u,) = d’ < o0

i.e. Y may be decomposed as Range F'(uy) @ Y,, dim Y, = 4’. If F has this
property at u, we say that F is a Fredholm operator there, and its index is
d—d'.

Using well-known properties of linear Fredholm operators (see for example
[S6]) one finds that F is Fredholm everywhere in a neighbourhood of u, and
its index is constant there.

Turning to topological methods, recall that homotopy theory began with
attempts to find conditions on maps F to guarantee that (1) has a solution.
Consider a continuous map F from the closed unit ball B in R" into R* for
which one wishes to solve the equation

F(u) = 0.

Let ¢ be the restriction of F to 3B and assume ¢: 9B — R* \ {0}. Homotopy
theory yields a sufficient condition on ¢ so that every continuous extension F
of ¢ to the inside of B has, necessarily, a solution of F(u) = 0. Namely, the
homotopy class of ¢: $"~!' — R¥\ {0} should be nontrivial. An equivalent
formulation, for the normalized map

o(u)
| ()|
is that ¥: $"~'— S*~! should be homotopically nontrivial. In case k = n

this is equivalent to the assertion that the degree of the map y = the degree of
the map F at the origin, is nonzero. For generic y with F: 0B — R" \ { y}, the

Y(u) =
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degree of the map F aty,
deg(F, B,y) = », an integer.

v represents the number of times y is covered, i.e. the number of preimages of
y with each preimage counted with + or —1 according as, locally, F preserves
or reverses orientation there.

The most frequently used topological tool in attacking global nonlinear
problems is the Leray, Schauder [38] extension of degree theory to infinite
dimensions. In Banach space X it applies to operators F: X — X of a special
form

F=I-K )
where I = Identity operator and K is a compact operator (i.e. the closure of
the image under K of any bounded set is compact). If K is smooth then F is a
Fredholm map everywhere with index = 0.

Let us consider equation (1) for such F defined in the closure of a bounded
domain £ in X, mapping into X. Assume

y & F(39Q). 3)
Then the degree of the map F in @ at the point y is defined:
deg(F, Q,y) = v = integer.
It is obtained from finite-dimensional degree by approximating K (within &

on Q) by a map K, into a finite-dimensional subspace X, containing y. One
then defines deg(F, £, y) as the finite-dimensional degree

deg((1 - K,), 2N X,, y).

To verify that this is independent of ¢, for small ¢, one uses the fact that
degree does not change under suspension of a map F, i.e. by extension of the
map to a product space with another space by taking the product of F with
the identity map in the other space.

We list a few important properties:

(a) If v = deg(F, Q, y) # 0 then F(u) = y has a solution in . For F = I,
v=1

®GIQ= U ol ﬁi, Q; open, nonoverlapping and y & F(0,), Vi, then

deg(Fa Q’ y) = 2 deg(F’ Qi’y)'

(c) The degree » is invariant under homotopy of the map F, =1 — K|,
0 <t < 1, in our class, i.e., provided {K(x)|x € @, 0 < ¢ < 1} has compact
closure and

y & F(0Q), Vi

(d) Suppose that a solution u of F(u) = u — K(u) = y is a regular point of
F. (By IFT it is an isolated solution.) Then the local degree (index) of F at u
is defined as ind(u) = loc deg F at u = deg(F, e-ball about u; y). It is
independent of ¢ for ¢ small, and equals + 1 or —1 according as the sum of the
algebraic multiplicities of the negative eigenvalues of F’(u) is even or odd.

Presentations of degree theory and derivations on these properties may be
found in [37], [57], [39], [47], [51] and many other places.
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Degree theory is often used in the following way: To show that (1) has a
solution with F as in (2), try to show that all solutions lie inside some
bounded domain Q-that is, obtain a priori estimates for all solutions. Then,
to prove v = deg(F, Q,y) # 0, construct a deformation of F, F, =1 — K,
belonging to our class, and such thaty & F,(9), deforming F = F, to F,, for
which one knows deg(Fy, @, y) # 0. For Fy = I, we find » = 1.

Property (d) is sometimes useful in trying to determine the number of
solutions of (1). Sometimes one can show that F~!(y) consists of a finite
number of regular points in £, all having the same local degrees, say =+ 1. If
deg(F, Q,y) = k it follows that there are exactly |k| solutions in Q.

This completes the classical things and we now take up some recent
extensions.

1.2 Considering, still, mappings of the form (2) and satisfying (3) we will
describe two results related to (d).

The set of regular points " in &, of F, is open (by IFT). Let C be a
connected component of €. For any u € ©, define for small ¢

ind(u) = (deg F, e-ball about u, F(u)) = +1.

It is easy to see that this is a constant in € and so may be considered as
ind(C). In [7] Ambrosetti and Mancini showed (in a Hilbert space, though it
works as well in a Banach space), that this index necessarily changes as we
cross from one component of £ to another—in a particular generic circum-
stance. They then applied this to prove that certain equations in Hilbert space
have exactly three solutions. Their generic condition is easy to describe:

Let 4, € Q be a nonregular point of F and assume that

(i) ker F'(u,) is spanned by a vector v. Consequently Range F'(u,) is a
closed linear subspace X, of X, of codimension one. Consider next the second
derivative (Hessian) F”(u;) of F. This is a symmetric bilinear map of
X X X - X. Assume

(ii) there is a vector w such that

F”(up)(v, w) is not in X .

In this case it is easy to see (Theorem 3.7.2 in [47]) that in a neighbourhood of
ug, the set " has two components which are separated by a smooth hyper-
surface. Their result is that under conditions (i), (ii), the indices of these two
components are different.

We turn now to a recent generalization of (d). In bifurcation theory one
sometimes encounters a finite-dimensional manifold of solutions of (1). Let us
suppose that a connected component of F~!(y) consists of a compact
finite-dimensional manifold M without boundary. It is natural to try to
determine ind(M) = the local degree at y of F in a neighbourhood of
M-assuming F is “regular” on M, i.e., assuming:

REGULARITY.

ker F'(u) = T M, Yu € M.
Here T, M is the tangent space to M at u.






