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Recently three closely guarded secrets of modern mathematics and science
have been revealed. They are

(i) the understanding of genuine nonlinear phenomena lies at the heart of
many important problems in diverse areas of knowledge;

(ii) these nonlinear phenomena can often be adequately described by
studying systems of nonlinear differential equations;

(iii) there are simple systematic mathematical ideas and techniques that are
adequate to treat broad classes of these nonlinear systems. Moreover, when
such ideas do not exist, they are being keenly pursued world-wide by many
researchers, young and old.

Thus, each day seems to bring additional insights and significant mathe-
matical results connecting the three facts mentioned above. These results are
attained not only by professional mathematicians, but also by mathematically
trained scientists and engineers whose work forces them to solve these
problems.

All those who love mathematics have cause to rejoice since many modern
mathematical areas developed until now for their own sake (e.g. homotopy
groups of spheres and simple Lie groups, abelian functions, singularity
theory, and the differential geometry of connections) are absolutely essential
for the understanding of key nonlinear problems of science. These problems
in turn spawn new fruitful directions of depth and subtlety for mathematics
and science. Hidden links between diverse mathematical areas are being
revealed. In short, we are witnessing the making of a new mathematical and
scientific revolution.

The book under review explains some known (functional analysis) methods
for certain classes of boundary value problems for certain nonlinear differen-
tial equations. The authors limit themselves to nonlinear elliptic equations
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and are thus able to treat ordinary and partial differential equations from a
unified point of view. Before discussing the text, I believe it is prudent to
discuss the background and contemporary developments of the subject.

I. Background. As mentioned previously, the present exciting state of affairs
in nonlinear differential equations is due to the slow, discontinuous but
combined efforts of many skillful investigators in many different lands. Its
slow evolution in the twentieth century can be traced to many factors. First
there is the hypnotic effect of the immensely successful linear (and lineariz-
able) theories of Maxwell (electromagnetism and optics), Bohr-Schrodinger
(quantum mechanics), Hodge-Kodaira (harmonic integrals), Dirac-Feymann
(quantum electrodynamics), Schwartz (distributions), Hormander (linear par-
tial differential equations), Oka-Cartan-Kohn (several complex variables) and
Atiyah-Singer (index theory and elliptic topology) to mention only a few. As
a rebellious student I once asked an emminent and eloquent spokesman of
linear analysis if he were interested in nonlinear problems. “No, linear
problems are hard enough,” was the reply.

Secondly, books and survey articles were, and continue to be, written with
a linear bias. With notable exceptions, most otherwise excellent books on
functional analysis and partial differential equations not only stress exclu-
sively linear problems but also neglect to mention the nonlinear aspects of
their subject. The principle of superposition reigned supreme in physics, and
where it didn’t, that former great fountain of deep mathematical problems
seemed to degenerate into jargonese. Only in the field of ordinary differential
equations did books and articles contain systematic and deep nonlinear
results. However, apart from celestial mechanics, these discussions were
generally limited to problems involving phase plane techniques.

The cruel events of modern history also played a role in retarding the
systematic study of nonlinear problems of analysis. For example, beginning in
and continuing through the 1930’s, the great Polish school of functional
analysis led by Banach, Mazur, and Schauder carried out important research
on nonlinear operators and nonlinear partial differential equations which was
to culminate in a research monograph. What an influential sequel to Banach’s
Théorie des Opérations Linéaires this might have been! However, the book
never appeared due to the destruction loosed by the Second World War. On a
recent trip to Warsaw I inquired after the book but, sad to say, to no avail.

What then brought about this recent “nonlinear revolution”, given all the
forces working against it? The search for a greater, less restrictive vision of
truth? Possibly. The search for a new unity and simplicity? Certainly. Rather
than elaborate these basic abstract facts, I would also like to point to the
recent solution of outstanding fundamental problems that have been not only
spectacular and significant but also have opened promising developments for
future research directions.

II. Contemporary developments. Samples of such interrelated developmnts
connecting modern science and nonlinear differential equations include:

(A) The determination of Einstein metrics on compact Kdahler manifolds.
Nonlinear elliptic partial differential equations can be used quite effectively
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to deform given geometric structures on smooth compact manifolds, M”, to
simpler structures provided M” is not too positively curved. One simply
writes down a nonlinear partial differential equation (or system of equations)
for the given deformation, taking care to introduce all the relevant geometry
needed to simplify and restrict the problem. Then one attempts to find by
analytic means a globally defined smooth solution for this equation, which in
turn yields the desired deformation. Thus if N = 2, we can always conform-
ally deform a given Riemannian metric, g, on M 2 to a Riemannian metric of
constant Gaussian curvature, k, by solving a modified form of the nonlinear
elliptic Liouville equation (if M? is simply connected, k > 0 and the partial
differential equation problem is (I believe) still open). This leads to a new
proof of the uniformization theorem for Riemann surfaces that is indepen-
dent of certain covering space arguments. Progress in solving the higher-
dimensional problem has not been easy due to the analytic difficulty of
determining a priori estimates. However in recent years the combined efforts
of E. Calabi, T. Aubin, and S. T. Yau have shown that for Kidhler manifolds
(M, g) that are sufficiently negatively curved (so that their first Chern class
is nonpositive) success can be achieved by solving nonlinear elliptic complex
Monge-Ampére equations. In this work, the linear Laplace-Beltrami operator
of the Liouville equation is simply replaced by the nonlinear complex
Monge-Ampére operator. In fact if the first Chern class of M vanishes, the
deformation preserves the cohomology class of g and yields an Einstein
metric whose Ricci curvature vanishes identically. Similarly if the first Chern
class of M is negative, the deformation yields an Einstein metric with scalar
curvature —1. Yau went on to find new important applications of this work in
algebraic geometry (the uniformization of certain algebraic surfaces and the
result that every compact surface that is homotopic to CP? is biholomorphic
to CP?). Results on positive curvature cases pose a difficult problem since
nonuniqueness and bifurcation phenomena must be overcome.

Science enters the picture because Einstein metrics are crucial for general
relativity. Physicists generally attempt to find cleverly devised coordinate
systems so that explicit solutions of Einstein equations can be written down
(e.g., Schwartzschild and Kerr metrics). Modern science appears through
quantum gravity and Euclidean gravity in which the nonlinear hyperbolic
Einstein equations are analytically continued in the time variable to their
elliptic analogues.

Thus we have the exciting convergence of two strands of knowledge.
Without doubt this link promises an exciting and fruitful future.

For recent surveys and references for this research direction we refer
readers to the articles of S. T. Yau and R. Penrose both appearing in Volume
1 of Proc. Internat. Congr. Math. (Helsinki, 1978), Acad. Sci. Fenn, Helsinki,
1980.

(B) The complete integrability of nonlinear differential equations. It is always
important to find and solve special nonlinear differential equations as ex-
plicitly as possible using methods that are capable of generalization. One such
approach is the classic method of Liouville (and its generalization due to V.
Arnold) for Hamiltonian systems of finite dimension, 2N, which involves






