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THE MEANING OF MASLOV’S ASYMPTOTIC METHOD:
THE NEED OF PLANCK’S CONSTANT IN MATHEMATICS

BY JEAN LERAY

ABSTRACT. H. Poincare defined asymptotic expansions. Their use by the W.
K. B. method introduced a new kind of solution of linear differential
equations. Maslov showed their singularities to be merely apparent. The
clarification of those results leads to the introduction of “Lagrangian func-
tions”, of their scalar product and of “Lagrangian operators”, which con-
stitutes a new structure: the “Lagrangian analysis”. The last step of its
definition requires the choice of a constant. That constant has to be Planck’s
constant, when the equation is the Schrodinger or the Dirac equation
describing the hydrogen atom-the study of atoms with several electrons is
very incomplete.

1. Henri Poincaré’s main field, more precisely the one where the number of
his publications is the highest, happens to be celestial mechanics. For in-
stance, he tried to establish the convergence of the series by means of which
the motion of the solar system is computed; it was a failure. He proved indeed
the opposite: the divergence of those series, whose numerical values furnished
the most impressive, precise and famous predictions in science during the last
century! Henri Poincaré explained that paradox: those series give a very good
approximation of the wanted result, provided only their first terms, namely, a
reasonable number of them, are taken into account. Of course, demanding
mathematicians to be reasonable is dubious but Henri Poincaré [4] made it
clear by defining the asymptotic expansion 7 .qa,x" of a function of x at the
origin: it is a formal series such that for each natural number N there exists a
positive number cy, such that

N
lj(x) - 2 anx’I
n=0

Thus an asymptotic expansion of f is a formal series able to give a very good
approximation of f(x), when x is small, but unable to supply the exact value

of f(x).

2. The W.K.B. method constructs asymptotic solutions of a linear differential
equation

< cy|x|¥*! for x near 0. (1.1)

H(x, %-é?;)u(v, x)=0 (xeX=Rivei [o, oo[), 2.1)

whose unknown is the function ¥ and whose parameter » tends to ioo.
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Assume that (2.1) describes the evolution of a mechanical system; if that
system were a finite set of particles, i.e., if (2.1) were an ordinary differential
system, then Cauchy’s problem should be studied. But let us assume it is a
continuous mechanical system; therefore the physicists cannot impose its
initial position and velocity: they have no more interest in Cauchy’s problem.

What they are interested in are the waves

U(», x) = a(v, x)e**™, (2.2)

solutions of the equation (2.1); in (2.2), the phase ¢ is a real-valued function, »
is near ico; therefore e*® rapidly oscillates, whereas the anplitude o is a
complex-valued function which slowly varies.

Therefore ¢ has to satisfy the first order nonlinear differential equation

H(x, ) =0 (9, = 34/dx). 23)
Assume H to be a real-valued function of
(x,p) € X & X*, X* being the dual of X;
X*

A

b3
I =X ex* ,;VOV

> X
FIGURE 1
Denote by W the hypersurface of X @ X* where H vanishes:
W: H(x, p) = 0; assume (H,, H,) # 0 on W; 2.4)
denote the graph of ¢, by
V={(x¢)} CX DX (2.5)

Then V is any /-dimensional subvariety of W on whose universal covering
space V there exists a function ¢ such that

do = (p,dx> ({p,x):valueof p € X* atx € X); (2.6)
i.e., V is any /-dimensional subvariety of W on which
1
21 dpj AN dxj =0 2.7
j-
[(x)), (p)): dual coordinates of x € X and p € X*].

Let Z(/) be the 2/-dimensional vector space X © X* provided with the
symplectic structure -, -] defined as follows

if z = (x,p) and 2’ = (x', p’), then [z, 2] =p, x') — (P, x). (2.8)
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By definition, the Lagrangian subspaces of Z(l) are its /-dimensional sub-
spaces on which [-, -] identically vanishes; the Lagrangian varieties of Z(/)
are its /-dimensional varieties whose tangent planes are Lagrangian. The
definition (2.7) of ¥ means

V is any Lagrangian variety contained in the hypersurface W. 29)

The solution of the first order nonlinear differential equation (2.3) rests on
the following fundamental property of V: the variety V is generated by
characteristic curves of W, i.e., by curves of W satisfying the Hamiltonian
system

& _ _ dp
H,(x,p) H, (x,p)

[/, k€ {1,...,1}; His a first integral of that system].

(2.10)

Without discussing more completely the construction of ¥, assume V' and
hence ¢ chosen: then (2.2) satisfies (2.1) mod 1/».
Now U(», x) satisfies

19 N
H(x, S ) U, x) =0 mod 1/» @.11)

[for any natural number N]
if and only if a(», x) is a formal series in 1/»

0
a0, %) = T —-alx), @12)
r=07
the derivatives of ag, ..., a,, ... along the characteristics generating V

having a known value, . . ., a value depending on (ag, . .., a,_;), . ... Then
U(», x), defined by (2.2), is a formal (with respect to 1/») function of x
satisfying (2.11): it is said to be an asymptotic solution of (2.1); its above
construction is called: W.K.B. method.

By that method wave mechanics is related to particle mechanics: indeed, the
Hamiltonian system (2.10) could describe the motion of particles and the
computation of «, defines a density of those particles such that the conserva-
tion of their mass holds. Now the physicists hesitated between a corpuscular
(Descartes and Newton, 17th century) and a wave (Huygens and Fresnel,
17th—19th centuries) structure of the light, before they concluded that light
(Einstein, 1905: photons and quanta) and matter (de Broglie, 1924) have both
structures. Henri Poincaré died' in 1912 some years before it became clear
that the quanta require a new physics, which has not yet been attained even
today. So let us continue to study the asymptotic solutions of differential
equations and thus apply to problems which arose before Henri Poincaré’s
death some of the concepts owing to him: algebraic topology, first homotopy
group, covering spaces and groups.

(") He was only 58 years old; it was 3 years before “General Relativity” finally made
“Relativity” acceptable by the astronomers.
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An asymptotic solution U happens to be defined not on X but on ¥, where it
has singularities on the apparent contour 2, of V, which is the set of the points
of V where dx, A\ - - - Adx, =0, ie, where x cannot be used as local
coordinate on V; the a, become infinite on 3,; the order of their singularity
increases with r.

For instance, let us use geometrical optics, i.e., use asymptotic solutions of
the wave equation of light, for describing the propagation of the light issued
from a monochromatic source through a steady optical system: the projec-
tions on X of the characteristic curves generating V are the rays of light,
whose envelope, the “caustic”, is the projection of 2, on X; that caustic plays
the role of image of the source; on it the asymptotic solution is no more
defined; therefore geometrical optics should have no meaning beyond the
caustic; however, it still holds. That paradox has been solved by V. P. Maslov
[3] as follows.

The singularities of an asymptotic solution U on the apparent contour Z,,
are merely apparent singularities: indeed they are suppressed by a convenient
Fourier transform; Maslov’s proof needs to be clarified by V. I. Arnold’s
topological results [1] and by V. C. Buslaev’s use [2] of I. E. Segal’s
metaplectic group [5], which contains the Fourier transforms used by Maslov.
Those improvements finally do not give some deeper knowledge of the
asymptotic behaviour of the functions; but they lead to a new structure,
defining, for instance, quite a new type of solutions of differential equations;
§3 describes that structure, called Lagrangian analysis; §4 discusses its appli-
cations.

3. Lagrangian analysis.

The symplectic geometry. Denote by Z the symplectic space of dimension
2I: ie., R¥ provided by a bilinear antisymmetric real-valued form [-, -] of
maximal rank. A frame? is any isomorphism

R:Z>Z()=X ® X*

consistent with the symplectic structures of Z and Z(/) [see §2].
If R’ is another frame, then the change of frame RR’™' is any automorphism
of Z(I), that is, any element s of the symplectic group Sp(/):

RR'! € Sp()).

Each real-valued quadratic form 4 of (x,x’) € X @ X', such that
det(4 % x) # 0, defines an element s, of Sp(/) as follows:

(x’ P) = SA(xla PI) if and only if
p=A4A,(x,x), p =-4,x x); (3.1)

2 R is the initial of the French translation Repere of Frame. Let us recall that an orthonormed
frame of the Euclidean space E> is nothing else but an isomorphism E3>—»R @ R ® R, that
direct sum being provided by the Euclidean structure implied by the structure of R. That
isomorphism has to be consistent with the Euclidean structures.
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) = X ex*

FIGURE 2
whence by Euler’s formula
A(x, x") =<p, x) = {p', x'); (32)
s is the generic element s of Sp(/)-but not any s € Sp(/).

Lagrangian varieties V are defined in Z as they were in Z(/) [see §2]; that
definition can be expressed as follows:

d[z, dz] =0 onV;

i.e., on the universal covering space ¥ of V¥ there exists a real-valued function
Y, the Lagrangian phase, such that

& =%[z,dz]. (3.3)
The image RV of ¥V by R is a Lagrangian variety of Z(/); denote its phase
[§2] by ¢z ° R!; then, by a convenient choice of constants of integration
¢R(z) = \I/(i) + %(P» x>’ (3'4)
where z € V is the projection of 7 € V and (x, p) = Rz.
Hence, from (3.2), if RR"! = s,:
¢R(Z) = ¢R'(z) + A(.X, x,)a (3.5)
where
(x,p) =Rz, (x,p) =Rz (3.6)
z € V being the projection of Z € V.

The apparent contour 35 of V relative to R is the subset of V projecting on
Sg = R7'Zgy, which is the apparent contour of V, relative to R. In a
sufficiently small neighborhood of each point of V' \ 2 U 2z, the maps
£ z, 2> x, z > x’ are diffeomorphisms. Now, since RV is the graph of the
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gradient of its phase [see §2]
p = 0pg/0x, p’ = dpgp./Ox;
thus, by (3.1),, the diffeomorphism x > x’ can be defined by
[4(x, x) + ¢g], =0, assuming (3.6). 3.7

The group Sp,(!). Define a formal function on v\ ER, by the choice of a
frame R’ and by an expression

Up(?, ) = ag(v, #)e”#=(?), (3.8)
where ag. is a formal series
5 < |
agdv, ) = 2 —”—,a;(z'),
r=0

the «/ being infinitely derivable functions: ¥ \ 2, — C.

From now on, let A be the datum of

(i) a real-valued quadratic form 4 of (x, x') € X & X;

(ii) a choice of A(4) = * [det(4,;)]'/*; we assume: A(4) # 0.

Let R = s,R’; i.e., RR"™ = 5, € Sp(/); define a linear map S,: Ug > Uy
by

(SA Ur)(v, Z) = UR(V’ )

- (2%'1,)]/2[\(,4) fr 10Ul D) a5, (39)
where
z € V is the projection of Z € V; (x, p) = Rz;
z’ € V is the projection of € V; (x',p’) = R’z

Obviously that map S, can be decomposed into:

(i) the product by e™©®);

(ii) a map of type (3.9), where 4 is a bilinear, real-valued function of
(x, x’) € X @ X, so that it is essentially a Fourier transform, which is unitary
thanks to the numerical factor in (3.9);

(iii) the product by e*4¢:0,

) = X @ x*

(A
>






