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THE DETERMINATION OF GAUSS SUMS 

BY BRUCE C. BERNDT1 AND RONALD J. EVANS2 

1. Introduction. Almost every student with a modicum of knowledge about 
geometric series can show that 

P-\ 

2 e2™/p - 0, 

where/? is any integer exceeding one. Suppose that we replace n by nk in the 
sum, where k is an integer greater than one. The task of determining the sum 
then becomes considerably more difficult. In fact, for k = 2, it took Gauss 
several years to accomplish this. Define the Gauss sums § (k, p) = § (k) by 

S(*)-2«2"*,V'> 
n 

where k is a positive integer, p is a prime with p = 1 (mod k\ and 2W 

indicates that the sum on n is over an arbitrary complete residue system 
(mod/?). Closely connected with § (k) is the sum 

G(x)-2x(*)«2"*,/', 
n 

where x is a character (mod/?) of order k. Both S (A:) and G(x) are called 
Gauss sums of order k and are intimately linked by the equalities 

g(k) = 2^ V / , {i + xOO + • • • +x*"1(i)} - s'cGcO- (l.i) 

The first equality in (1.1) is a simple consequence of the fact that the 
sequence {nk}9 1 < n < p — 1, runs through the set of kth power residues 
(mod/?) exactly k times. 

The primary purpose of this paper is to survey the present knowledge on 
the values of the Gauss sums §(k) and G(x), and to convey some of the 
principal ideas used in their determinations. We also briefly discuss more 
general Gauss sums. 

We begin by making some elementary remarks about the values of Gauss 
sums. It is easily verified by direct multiplication that, for nonprincipal x> 

G(x)G(x) - x(-i)/>; (1.2) 
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see, e.g. [80, p. 91]. It follows that for such x, 

| G ( x ) | = V 7 - (1.3) 
Hence, (1.1) implies that 

| 8 ( * ) | < ( * - 1 ) V 7 . (1.4) 
1.1. Quadratic Gauss sums. Let us now look at the case k = 2 considered by 

Gauss. By (1.1), 

Ö(2) = | ( j ) e 2 ^ = G ( x ) , (1.5) 

where here x(n) — (n/p) denotes the Legendre symbol. Replacing n by -n in 
(1.5), we see that §(2) is real or purely imaginary according as p = 1 or 3 
(mod 4). Therefore, from (1.3) and (1.5), 

g ( 2 ) = ( ± V ^ if/> = l (mod4), ( 1 6 ) 

[ ±iVp , if/? = 3 (mod 4). 

In late May of 1801, Gauss conjectured that, in fact, 

8 ( 2 ) - f ^ ' */>sBl(mod4), ( 1 7 ) 

1 iVp , if p = 3 (mod 4). 

On August 30, 1805, Gauss wrote in his diary [63, pp. 37, 57], "Demonstrate 
theorematis venustissimi supra 1801 Mai commemorati, quam per 4 annos et 
ultra omni contentione quaesiveramus, tandem perfecimus." (At length we 
achieved a demonstration of the very elegant theorem mentioned before in 
May, 1801, which we had sought for more than four years with all efforts.) 
Gauss's proof, which is elementary, was published in 1811 [64], [66, pp. 9-45, 
155-158]. In §2, we discuss this proof and a variety of other proofs of (1.7). 

1.2. Jacobi sums. Jacobi sums play a central role in the determination of 
§(k) and G(x) for k > 2. For characters x and \p (mod/?), the Jacobi sum 
/(x, \p) is defined by 

' ( * * ) - 2 x 0 0 * 0 - « ) • (1-8) 
n 

For brevity, set J(x) = Ax> x)- Jacobi sums are related to Gauss sums by the 
basic formula [80, p. 92] 

J(x^) = G(x)G(xP)/G()0P)9 (1.9) 
where x^ is nonprincipal. By the definition (1.8), J(x) lies in Q(e2"i/k). Not 
surprisingly then, it is considerably easier, in general, to determine the 
algebraic shape of J(x) than of G(x). From (1.3) and (1.9), |/(x)|2 — P for 
characters x of order k > 2. This leads to a representation of p as a quadratic 
form. For example, if p = 1 (mod 4) and x n a s order 4, then by (1.8), 
J(x) = a + bi, where a and b are certain rational integers; thus, p = 
\a + bi\2 = a1 + b2, a well-known result of Fermât. As we shall see later, the 

determinations of § (k) and G(x) for k > 2 are effected in terms of parame­
ters of quadratic forms corresponding to Jacobi sums J(\p) for characters \p 
whose orders divide k. 
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13. The central problem. It follows directly from (1.2) and (1.9) that 

G(x)k = <o(X), (1.10) 
where 

k-2 

"(x) = X(~1)P I I /(x, XJ) e Q(e2^k). 

The central problem in evaluating G(x) is to find a simple criterion for 
determining which kth root of <o(x) equals G(x). We have noted that it took 
Gauss over four years to find such a criterion (1.7) in the case k = 2. 
(Observe that (1.6) and (1.10) are equivalent when k = 2.) The problem is 
considerably deeper for k > 2, and it is unsolved for k > 4. The evaluations 
of G(x) and § (k) that are known are generally ambiguous in the sense that 
they involve undetermined kth roots of unity. In some cases, e.g., k = 5, the 
irreducible polynomial P(z) of § (k) over Q can be explicitly given, but no 
procedure is known to identify the root of P(z) = 0 that is equal to % (k). 
(The equation P(z) = 0 is called the period equation, and its k distinct roots, 
called periods, are given by 2w^27r/gw //?, 0 < r < k — 1, where g is any 
primitive root (mod/?).) 

The interesting and important Gauss sums of orders 3 and 4 are investi­
gated in §§3 and 4, respectively. The sums of orders 5, 6, 8, 12, 16, and 24 are 
briefly discussed in §§5-9. At present, little is known about the evaluations of 
Gauss sums of other orders. However, a famous conjecture on the uniform 
distribution of the arguments of Gauss sums (of any order) has now been 
settled; see §10. 

2. Quadratic Gauss sums. 
2.1. Proof of (1.7). We begin by presenting, in essence, Gauss's proof of 

(1.7). For each integer n > 0, define 

(<?)„ = (1 - <?)(! - q1) • • • O " q"), 

where if n = 0, the empty product is understood to equal 1. For 0 < m < n, 
the Gaussian coefficient [n

m] is defined by 

(q)n 
[ 1 ] - (<Ùm{q)n-n 

The Gaussian coefficient [n
m] approaches the binomial coefficient (n

m) as q 
tends to 1. It can be easily shown that [n

m] is a polynomial in q, with the use of 
the following analogue of Pascal's formula 

[:]-
n — 
m -

1 " 
1 . 

+ qm ' n- 1" 
m 

See, for example, Andrews' book [2, §3.3]. 
Gauss defined the polynomials 

ƒ„(<?) = E (-iy 
y-o 

1 < m < n. (2.1) 

n > 0, (2.2) 
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which are related to % (2) by the formula 

g (2) = (-\)(p-l)(p-3)/s^2-l^fp_l(/3)9 (2.3) 

where ft = exp(27ri/p). To prove (2.3), first note that, from the definition of 

Setting a = (p — l)/2, we find that 

J J 

./' 7 

= ^-(^-0/8/ ^W(2), 

where the last equality follows easily from (1.5). Since (a/p) = (~2/p) = 
(_!)(/> - I X P - 3 ) / ^ f o r m u i a (2.3) follows. 

Using (2.1), Gauss established the recursion formula fn(q) = 
(1 - qn~l)fn-2(<l)> n > 2, which immediately implies the product formula 

ƒ*(*)- n o - * * - 1 ) . (2.4) 

Putting n = (p - l ) /2 and # = fi in (2.4), we find that 
O - 0 / 2 (/>-l)/2 

^-i(is)- n (\-^-i)= n o-r2-), 
where y was replaced by (p + l ) /2 - r. Thus, 

( />-l) /2 

/P_i(^)= n p-r(Pr-p-r) 

= pO-**)/*(2i)<'-l>'2 I I rin(2«-//i). 
r - l 

Combining (2.3) and (2.5), we deduce that 
0 - i ) / 2 

§(2) = ( - i ) ^ - 1 ^ - 3 ) / ^ / ) ^ " 0 7 2 I I sin(2w/p). (2.6) 

Since the product of sine functions in (2.6) is positive, (1.7) follows from (1.6). 
2.2. Extensions of (1.7) to composite moduli. By further use of (2.4), Gauss 

proved the following generalization of (1.7) 

M-\ 
^ e2mn2/M _ J 

« = 0 

VM , if M = 1 (mod 4), 
0, if M = 2 (mod 4), 

i VÂf , if M = 3 (mod 4), 

(1 + 0 ^ ? > if M = 0 (mod 4), 

(2.7) 
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where M is any natural number. For complete details of his proof, consult the 
book of Nagell [133]. 

The left side of (2.7) can be viewed as the trace of an M X M finite 
Fourier transform matrix. An interesting discussion of the equivalence of 
(2.7) with the solution of the problem on multiplicity of eigenvalues of finite 
Fourier transforms is given by Auslander and Tolimieri [4, p. 856]. 

Let x be a real, primitive character (mod M). Then 

i -o I A / M , if x(—1) = — 1, 

which is another generalization of (1.7). A proof of this result may be found, 
for example, in the books of Ayoub [5, pp. 317-319], Hasse [73, p. 471], 
Narkiewicz [134, pp. 256-260], and Borevich and Shafarevich [16, pp. 349-
353]. 

Since Gauss's initial determination of § (2), many others have been found. 
We shall now briefly indicate some of these, beginning with the more analytic 
ones. 

23. Analytic proofs of (1.7) and generalizations. The first proof given after 
that of Gauss was discovered in 1835 by Dirichlet [43]-[45], [46, pp. 239-256, 
259-270, 473-496], [47, pp. 287-292]. Dirichlet employed a version of the 
Poisson summation formula, 

2 ' An) = f bf(x) dx + 2 f f bf(x) cos(27rnx) dx, 
a<n<b <* n~\Ja 

where ƒ is continuous and of bounded variation on [a, b], and where the 
prime on the summation sign at the left indicates that if a or b is an integer, 
then only \ f(a) or \ f(b), respectively, is counted. As one would suspect, 
Dirichlet applied this formula with a = 0, b = /?, and f(x) = exp(2mx2/p). 
Dirichlet's method was also later discussed by Kronecker [70]. The books of 
Lang [99, pp. 88-90], Landau [98, pp. 197-199], and Davenport [37, pp. 
14-17] contain nice presentations of Dirichlet's proof. 

In a series of three papers [146]-[148] circa 1850, Schaar used the Poisson 
summation formula to prove and generalize Gauss's result (1.7). In [146], 
Schaar proved (1.7). In [147], he established a reciprocity formula for 
quadratic Gauss sums which generalizes (2.7). This reciprocity formula is now 
known as "Schaar's identity" and is the case b = 0 in (2.8). In [148], another 
generalization of (2.7) is given, but the formulation appears to be incorrect. In 
1852, Genocchi [69] claimed to have given a proof and generalization of 
Schaar's identity, but in Lindelöf's book [112, p. 75], it is pointed out that 
Genocchi's proof is not rigorous. 

Prior to Dirichlet's papers, an alleged proof of Gauss's result (1.7) was 
published by Libri [109]. However, it was pointed out by Liouville [112] that 
Libri's arguments were deficient. This evidently led to a bitter dispute which 
the two men waged in a series of letters [113], [110]. (See Smith's Report 
[165, article 20].) 
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In 1840, Cauchy [28], [29], [30, pp. 152-156] gave a proof based on the 
transformation formula 0(\/z) = Vz 9(z) for the classical theta-f unction 

00 

9{z) = 2 ^nl\ Re z > 0, 
n = -oo 

which can be thought of as an "infinite analogue" of the quadratic Gauss sum 
§ (2). Later proofs and generalizations which use the same idea can be found 
in Kronecker's paper [85] and the books of Krazer [83, pp. 183-193], Bellman 
[10, pp. 38-39], and Eichler [48, pp. 46-48]. In 1919, Hecke [75], [76], 
[77, Chapter 8] generalized Cauchy's method by using multi-variable theta-
functions to establish a reciprocity formula for quadratic Gauss sums over an 
arbitrary algebraic number field. Consult a paper of Barner [8] for references 
to further proofs and generalizations of Hecke's formula. 

Another analytic tool used to determine S (2) is contour integration. The 
first proof by this technique is due to Kronecker [86] and can be found in the 
books of Landau [98, pp. 203-206] and Ayoub [5, pp. 315-317], An especially 
elegant and simple use of the residue theorem to evaluate § (2) has been given 
by Mordell [127], [128]. A similar approach has been given by Siegel [160], 
[163, vol. Ill, pp. 334-349], and is presented in the books of Apostol [3, pp. 
195-200] and Chandrasekharan [34, pp. 34-39]. In fact, these books contain 
special cases of the following reciprocity formula [160] for generalized 
quadratic Gauss sums 

kl-i M-i 
Y e*i(an2 + bn)/c _. | c / all/2em(\ac\-b2)/(4ac) ^ e~m(cn2 + bn)/a QS) 

where a, b, and c are integers with ac =£ 0 and ac + b even. Observe that 
(2.8) yields (2.7) when a = 2, b = 0, and c = M. As we previously indicated, 
the case b = 0 of (2.8) is Schaar's formula. 

The last analytic proofs that we mention are those of Genocchi [68] and 
Weber [176] which utilize the Abel-Plana summation formula ,79, p. 274] 

2 A.) - ±M * ƒ "/M * + ,}"*»-*•-*> •, 
„=o 2 Jo A) elmy - 1 

where ƒ is suitably restricted. An account of Weber's proof appears in 
Lindelof s book [111, pp. 73-75]. 

2.4. Trigonometric proofs of (1.7). We turn to a class of determinations of 
§ (2) that depends upon properties of trigonometric functions and sums. Most 
of the proofs are fairly elementary in nature. The principal idea in these 
proofs is to deduce (1.7) from (1.6) by using trigonometric inequalities to 
show that the real and imaginary parts of S (2) exceed -V/? in, respectively, 
the cases/? = 1 and 3 (mod 4). The first proof of this type was given in 1896 
by Mertens [125] and can be found in Landau's book [98, pp. 213-218]. 
Landau himself [97] gave a very short, but less elementary proof based upon 
trigonometric sums. By approximating S (2) by an integral, van der Corput 
[36] offered a fairly elementary determination. Bambah and Chowla [7] 
simplified van der Corput's work. An elegant proof by trigonometric methods 


