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0. Background.

(A) This paper is an expanded version of one read at the Poincaré
Symposium of the American Mathematical Society at Bloomington, Indiana,
in April 1980. The subject belongs to the ‘“higher” theory of Riemann
surfaces, and some readers may not object to being reminded of the main
facts in the “standard” theory.

A Riemann surface S is a connected surface on which one can do complex
function theory which is, locally, not distinguishable from ordinary complex
function theory in a domain of the complex number plane C. More precisely,
it is required that S be a connected Hausdorff space, that certain continuous
complex valued functions on subdomains of S be designated as holomorphic,
and that the following propositions be valid. (i) For every point P of S there
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is an open neighborhood N and a holomorphic function §: N — C which is a
homeomorphism of N onto a domain in C; such a { is called a local parameter
defined in N. (ii) A function f: D — C defined in a domain D C S is
holomorphic if and only if for every local parameter defined in N C D, the
function f ° ¢ ~! is holomorphic (in the ordinary sense) in {(N) c C.

It follows that S is a surface (locally homeomorphic to R?), orientable and,
which is not quite obvious, triangulable.

(B) The simplest examples of Riemann surfaces are the complex z-plane
C (z is a local parameter defined everywhere), the Riemann sphere C =
C U {0} (z is a local parameter in C, { = 1/z, with { = 0 at oo, is a local
parameter in C- {0}) and every domain D C C, in particular, the upper
half-plane U = {z|Im z > 0}. More generally, every subdomain of a Rie-
mann surface is a Riemann surface.

A bijective homeomorphism 4 between two Riemann surfaces S, and S, is
called conformal if f and f~! take (germs of) holomorphic functions into
(germs of) holomorphic functions. Conformal Riemann surfaces are identical
qua Riemann surfaces. Note that on a Riemann surface one can measure
angles (use any local parameter). Conformal maps are angle and orientation
preserving homeomorphisms.

Nonconstant globally defined holomorphic functions exist on any noncom-
pact Riemann surface. On every Riemann surface, compact or not, there exist
globally defined nonconstant meromorphic functions, i.e. functions which are
holomorphic except for isolated poles. (The proofs always involve some
variant of the Dirichlet principle.)

The ring of holomorphic functions on a noncompact Riemann surface S,
and the field of meromorphic functions on any Riemann surface S, each
determine S uniquely, up to a conformal mappmg and a reflection. (A
reflection takes a Riemann surface S into its mirror image S; S and S are
identical surfaces but the local parameters on S are the conjugates of the
local parameters on S.)

(O) In a certain sense the theory of Riemann surfaces goes back to Gauss
who proved in 1822 that a sufficiently small piece on a sufficiently smooth
oriented surface £ in Euclidean space can be mapped conformally, i.e.
preserving angles and orientation, onto a plane domain. Therefore any such =
can be made into a Riemann surface by declaring a nonconstant continuous
complex-valued function g: A —C, defined on a domain A C =, to be
holomorphic if it is locally, except at isolated points, a conformal mapping.

Indeed, the embedding = < RY is irrelevant; all that matters is the ex-
istence of a positive definite Riemannian metric

= E(x,y) dx* + 2F(x, y)dx &y + G(x,y) &*

(which, in case = <> R" can be taken as induced by the metric in R"). A local
parameter on a part of = is a complex-valued function

§ = u(x,y) + iv(x,»)
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such that
d(u, v)
a(x,y)

The real-valued functions u, v are called isothermal parameters.

Gauss proved the existence of isothermal parameters u, v under the
hypothesis that E, F, G are real analytic functions of the local coordinates
(x, y). Later this condition has been considerably weakened; finally Morrey
(1938) showed that it is enough to assume that E, F, G are measurable and
the ratio

>0,  ds®=p(x,y)(dx? + &?).

E+ G
VEG — F?
is bounded.

It is not difficult to verify that every Riemann surface can be defined by
putting a properly chosen Riemannian metric onto an orientable sufficiently
smooth surface. It is surprising that one may require that this metric be
complete (every geodesic can be continued arbitrarily far) and have constant
Gaussian curvature +1, 0, or —1; then the metric is determined uniquely
(except for an arbitrary constant factor in the case of zero curvature). Except
in a few cases the canonical curvature is — 1. Let us recall how one finds this
canonical metric.

(D) A deep theorem (the uniformization theorem of Klein-Poincaré-Koebe,
1882-1907) asserts that every simply connected Riemann surface is confor-
mal to one of three:

(0.1) C,Cand U.

If S is any Riemann surface, then the general theory of covering spaces
(created just for this purpose) shows that S may be identified with §/G
where S is the universal covering space of S, and G the covering group. Now
S is simply connected and can be made into a Riemann surface by lifting
local parameters from S to S. Then S becomes one of the three surfaces (0.1)
and G becomes a discrete and fixed point free group of conformal self-map-
pings of S, hence a discrete group of Mobius transformations

az + b
(0.2) Z'—)E-:'_—d, ad — bc =1

of § onto itself.

One sees easily that if S = C, G can contain only the identity so that
S=C If §= C, then G can contain only Euclidean translations. One
verifies that in that case either G = 1 (the trivial group), or G is generated by
one translation (say by z+—z + 1) or by two (say by z> 2+ 1 and z>
z + 7, Im 7 > 0). In the first case S is conformal to C, in the second to

— {0}, and in the third S'is homeomorphlc to a torus.

In all other cases § = U and G is a discrete group of Mobius transforma-
tions (0.2) subject to the condition that a, b, ¢, d are real. Such groups have
been named Fuchsian by Poincaré.
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Now C carries a complete metric of Gauss1an curvature 1 obtained by
mapping C stereographically onto the sphere x + x + x2 =1, and C has

the canonical complete metric |dz| =Vdx? + dy* of curvature 0. This metric
is inherited by the infinite cylinder (C identified under the group z = z + n,
n € Z) and the torus (C identified under z+>n + mr; n, m € Z, Im v > 0).
Finally, U has a complete metric of curvature (—1), the Poincaré metric
|dz|y =1 which makes it into a model of the non-Euclidean plane, and every
Riemann surface distinct from a sphere, a sphere with one or two punctures
and a torus is of the form S = U/G, G a fixed point free Fuchsian group,
and carries a Poincaré metric inherited from U.

(E) If G is any Fuchsian group, which need not be torsion free, i.e. may
have fixed points in U, then S = U/ G is again, in a natural way, a Riemann
surface. The (globally defined) holomorphic and meromorphic functions on S
can be identified with holomorphic and meromorphic functions on U which
are invariant (automorphic) with respect to G. Similarly, for every integer g
the holomorphic and meromorphic g-differentials on S can be identified with
holomorphic and meromorphic functions ¢ on U with ¢(z) dz? G-invariant,
i.e. satisfying

o(g(2)g'(2)" = 9(z), g€G
(automorphic forms). (A special convention is needed at elliptic and parabolic
fixed points.)

(F) Fuchsian groups are special cases of Kleinian groups (this name is also
due to Poincaré). A Kleinian group G is a discrete group of not necessarily
real Mobius transformations (0.2) with the following property: the limit set A
of G, defined as the set of accumulation points of trajectories { g(z), g € G}
is not all of C. If so, the open dense set Q = C — A is called the region of
discontinuity of G and every component of & is called a component of G. The
group acts properly discontinuously on € and the quotient Q/G is, in a
natural way, a disjoint union of Riemann surfaces.

While the theory of Kleinian groups goes back to Klein, Poincaré and
Koebe (and even earlier, to Schottky) a flowering of this theory occurred
during the past fifteen years. A landmark in this development was Ahlfors’
finiteness theorem: if a Kleinian group G is finitely generated, the quotient
/G has finitely many components, each component is a compact Riemann
surface or obtained from one by removing finitely many points, and the
natural projection € — ©/G is ramified over at most finitely many points.

(G) A compact Riemann surface S is, topologically, a sphere with p > 0
handles, the number p is called the genus of S. The holomorphic function on
S are, of course, constants (by the maximum principle). The meromorphic
functions form a field of algebraic functions of one variable (over C). This
means that any two meromorphic functions, z and w, on S are connected by
an irreducible polynomial equation with complex coefficients

(0.3) P(z,w) = i ﬁ a,z'wh =0,

y=1 p=1






