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GRAEME SEGAL’S BURNSIDE RING CONJECTURE

BY J. FRANK ADAMS

1. Introduction. My theme will be that algebraic topology still offers problems
which reveal the present state of our art as inadequate. Such problems make us
feel that there could be something good going on; but if there is, we have yet to
understand it.

I shall devote §2 to explaining Segal’s original conjecture. In §3-§6 1 shall
review what is proved about it so far. Broadly, for those few groups we have
been able to handle the conjecture is found to be true, and there is no group
for which the conjecture is known to be false. In §7-§9 I shall explain further
conjectures related to the original one; the fact that these also are not yet
disproved contributes to the impression that there could be something good
going on. In §10 I shall comment briefly on our chances of going further.

2. Statement of the conjecture. In this section I shall explain Segal’s original
conjecture. I must begin by explaining cohomotopy.

Let X,Y be a good pair of spaces, for example, a finite-dimensional
CW-pair. Then we have

7"(X,Y) = ,f,‘i’f.l [SmXx/Y, Sm*"].

Here maps and homotopies preserve the base-point; and if Y =¢, I use
Atiyah’s convention that X/¢ means X with a disjoint base-point. We can
rewrite the right-hand side as

Lim [ X/Y, @ms™*n]
m-— 00
or as

[X/Y, Lim Q’"S’”*"].
m-— 00

The last expression gives us a definition of #"( X, Y) valid whether the pair

X, Y is finite dimensional or not.

Cohomotopy is a generalised cohomology theory, namely the one
corresponding to the sphere spectrum; and its coefficient groups are the stable
homotopy groups of spheres. So it is like stable homotopy; if you could
compute it, it would give you a lot of information, but unfortunately it is hard
to compute.

However, there is one case in which we have a conjecture, and it is due to
Graeme Segal. He asks for the analogue of a well-known theorem of Atiyah [3].
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Atiyah wished to compute the K-theory of BG, the classifying space of G,
where G was originally a finite group. So Atiyah took the representation ring
R(G) and constructed a map

a: R(G) - K(BG).

He then completed R(G) for the topology defined by the powers of the
augmentation ideal. He extended a by continuity to get a map

«: R(G) - K(BG).

And finally he proved that this map o is an isomorphism.

Segal proposed that we should replace K-theory by cohomotopy; so on the
right we put 7°(BG). On the left he proposed to replace the representation ring
R(G) by the Burnside ring A(G) of G. To define this, instead of taking actions
of G on vector spaces, we take actions of G on finite sets. (That is, assuming G
is finite, of course.) We divide these actions into isomorphism classes, and
make these classes into a semigroup under disjoint union. We take the
corresponding Grothendieck group, and that is A(G). We make it a ring so
that the product of two finite G-sets is their Cartesian product. I emphasise
that A(G) should be regarded as something computable and known.

We have again a map

a: A(G) - 7°(BG).

I will not stop to define it here; the reader may consult §9 for a more general
construction. We complete A(G) for the topology defined by the powers of the
augmentation ideal; and again « extends by continuity to give a map

o: A(G) - 7°(BG).

Segal’s conjecture is that this map « is an isomorphism.

For the trivial group G = 1 the conjecture is trivially true; both sides are Z
and the map is an isomorphism. This seems to be the only group for which
matters are trivial.

3. Results of Lin; the case G = Z,. The group G = Z, already presents a
problem. On the left, 4(Z,) comes to Z ® Z,, the direct sum of the integers
and the 2-adic integers. On the right we can take real projective space RP* as
our model for BZ,, and so the problem is to compute 7°( RP*); but for ten
years nobody could get hold of it. This case was finally solved by W. H. Lin
[11,12], using a method which I once heard Graeme Segal call “that damn
spectral sequence of yours”. Lin found that the conjecture is true for G = Z,.

Lin also found that #"(RP*) = 0 for n > 0. It seems fair to add to our list
of conjectures the conjecture

7"(BG) =0 for G finite, n > 0.

Let me emphasise that this is not a statement which is true for trivial reasons,
in the way that the homotopy groups of a space or spectrum vanish below the
Hurewicz dimension. If you try to get hold of #"(BG) by obstruction-theory,
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or by an Atiyah-Hirzebruch spectral sequence, you find an infinity of nonzero
groups

H(BG; n/(pt))  (i+j=n).

What happens is that these groups all conspire to cancel each other out for
n > 0; for G = Z, this phenomenon was noticed long ago by Mahowald, and
later by me [1], although neither of us had a proof.

Various sorts of further argument seem likely to need information about the
groups 7"(RP*®) also in the range n <0, where they are nontrivial. Lin
obtained such information; but to describe the result will require some
preliminary explanation.

4. Functional duals. In this section I will explain about functional duals, and
so reach the results on #"(RP*) for n < 0.

Let us work in a suitable category of spectra where we can do stable
homotopy theory. Consider [W A X, S°], where X is fixed and W varies. This
is a contravariant functor of W, and satisfies the hypotheses of Brown’s
Representability Theorem, so we get a natural (1-1) correspondence

[w A X,8°] »[w, DX],

where the representing object DX is by definition the “functional dual” of X.
In particular,

7"(X)=[$"A X, §°] »[S", DX] = = (DX).

So if we know DX, we get information about the cohomotopy of X.
Let’s use the same symbol for a space with base-point and for its suspension
spectrum. Then we want to know D(RP* /¢), and we have

RP® /¢ =~ S°V (RP* /pt),
SO
D(RP* /) ~(DS°) V D(RP* /pt) ~ S° V D(RP> /pt).

Thus it is sufficient to know D(RP* /pt). i
Let MZ, be a Moore spectrum for the 2-adic integers Z, (in dimension 0).

Let
MZ,N (RP* /pt) - S°

be any (stable) map for which the functional Sq? is nonzero; since the
left-hand side is equivalent to RP* /pt, such maps exist. Let

(RP® /pt) A (RP*/pt) = S°

be any map for which the functional Sq* is nonzero; again, such maps exist.
Then by adjointness we get a map

(MZy) V (RP> /pt) » D(RP* /pt).
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PROPOSITION. Any map
(MZ,) v (RP* /pt) ~ D(RP* /pt)
constructed in this way is an equivalence.

This is a result of Lin and myself which is not yet written up for publication;
I sketch the proof. We have an induced map of homotopy

m((MZ,) vV (RP® /pt)) = n,( D(RP® /pt)) = n~"(RP* /pt).

In fact we can obtain an induced map between the Adams spectral sequences
which should converge to these groups; we have one spectral sequence
converging to

[s°,(MZ,) v (RP=/p1)],
and one converging to
[(RP>/pt), 5°],.

It is necessary to insist, however, that this map of spectral sequences carries
E*' to EST*1; that is, it raises the filtration degree by 1. By quoting the
algebraic result of [12], it is shown that this comparison map of spectral
sequences is an isomorphism.

The reader will notice that the result about the functional dual implicitly
contains the result that #"(RP*) = 0 for n > 0 and the result that 7°(RP*) is
Z ® Z,, as well as information about the groups #”(RP®) for n < 0. Of
course, it is still necessary to take the isomorphism 7%(RP®) = Z & Z; given
by the proposition and reconcile it with the map o . Similar remarks will apply
whenever we describe a functional dual D( BG).

This completes my account of the results for G = Z,.

5. Results of Gunawardena and Ravenel; the case G = Z,. The next case
should be the case G = Z,, where p is an odd prime. Here Gunawardena has
shown that with suitable care Lin’s results go over [9].

The next case should be the case G = Z,., p prime, ¢ > 1. In this case
D. C. Ravenel finds

D(BZ,./pt) = ( \Y Mz;,) Y ( \Y BZp.-/pt).
1 i=1

This is in agreement with the conjecture. An announcement of Ravenel’s work
is in course of publication [14]. The proof sketched lacks only a treatment of
the convergence of a spectral sequence constructed for the purposes of the
proof; it is plausible that this should not present an essential obstacle. The
proof is by induction over e, and it relies on the previous work of Lin and
Gunawardena to deal with the case e = 1 and start the induction.

The case of a general cyclic group Z, follows immediately. After all, for a
cyclic group Z, we have a stable equivalence

BZ,/pt =\ BS,/pt,
p
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where S, is the Sylow p-subgroup of Z,. This gives
D(BZ,/pt) =V D(B(S,/pt)),
P

where the right-hand side is known by the work of Ravenel.

6. Other results. One should expect that suitable statements for a finite
group G will follow from the corresponding statements about the Sylow
subgroups S, of G. For the conjecture “a mono” this was proved by Laitinen
[10]. For the conjectures “a iso” and “#"(BG) = 0 for n > 0” it has been
proved by May and McClure; but I do not have details about publication. In
particular, the conjectures should be true for any finite group G all of whose
Sylow subgroups are cyclic.

Results which show that « is mono are perhaps less impressive than ones
which show that a is iso. However, Laitinen [10] has proved that o is mono
when G is an elementary abelian p-group. This result was later extended to all
finite abelian groups by Segal and Stretch. They use BP-theory; again I do not
know details about publication.

At this point I more or less run out of positive results to report. Noncyclic
groups present a substantial problem. To do calculations (corresponding to
those which Lin did for G = Z,) for so small a group as G = Z, X Z, seems to
be something contemplated only by a select few.

7. Could the functional duals be doing something good? At this point it is
natural to step back and see if we can guess some larger pattern into which the
pieces might fit. In this section I will do so for the functional duals.

Let G be a finite group, and let H be a subgroup of G. Then the coset space
G/H is a finite G-set. We can also consider the set of G-maps G/H - G/H,
and this turns out to be W, = N;(H)/H, where N;(H) is the normaliser of H
in G. So we have Wy X G acting on the finite set G/H. Thus we get
a finite covering associated to the universal bundle over B(Wy X G)
=~ BWy X BG, say

G/H - E > BW, X BG.

Take the unit element 1 € 7°(E) and apply the transfer [2,5,7, 8]; we get an
element

p,1 € 7°(BWy X BG) =[(BW}; X BG) /¢, S°|
=[(BWy/8) A (BG/$), 5°).
This corresponds to a map
BWy/$ - D(BG/$).
Conjugate subgroups H lead to the same outcome. So I get a map

V (BWy)/¢ - D(BG/$)
m






