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§1. Introductory remarks

Determining unramified coverings over various base spaces is a classical
activity, which can take place in many contexts: topological, complex analytic,
algebraic, and arithmetic. The abelian coverings are simpler to handle than
the non-abelian ones, and in these lectures, we shall concentrate on abelian
cases. Furthermore, the base space will have mostly dimension 1.

It turns out that the study of the arithmetic case is inextricably inter-
twined with that of the other cases, in many ways. Thus even though I (for
example) start being motivated by the arithmetic case, I come eventually to
a consideration of the other cases.
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“Motivation”, by the way, is a very relative term. What is motivation for
one is an irrelevancy for another. I hope that somewhere in the combination
of different problems which I shall list, most people will find some motivation
for themselves.

One source of motivation for many is that the problems which are con-
sidered have their roots in 19th century mathematics. I personally don’t make
a fetish of this particular item, but it is indeed the case for the arithmetic prob-
lems which we shall encounter here. The solutions (as far as they have gone
today) however, lie in contemporary mathematics, including the vast panoply
of algebraic geometry-commutative algebra developed by Grothendieck and
his school, ranging over several thousand pages.

For the topologist, unramified coverings of a space are classified by the
fundamental group, and the abelian ones are classified by the first homology
group. Although I restrict these lectures to number theory and algebraic
geometry, I cannot refrain from mentioning an application of cyclotomic
theory to free actions of finite groups on spheres in §2.

Before passing to the arithmetic, which by definition will be our prime
source of interest, I would like to mention briefly the general setting for the
considerations of algebraic geometry and complex analytic geometry of curves
which will play an important role. This may provide motivation for some
analysts or geometers.

Let X be a (compact, oriented) Riemann surface, and let D = D(X) be
the free abelian group generated by the points on X . This is called the group
of divisors. A divisor

a=>Y np(P)
P

is called linearly equivalent to 0 if it is the divisor of a (meromorphic) function
on X . This means that there exists a function f on X such that np = ordp f
is the order of the zero (pole) of f at P. Since the number of zeros of a function
is equal to the number of poles, the divisor of a function is contained in the
group of divisors of degree 0, that is divisors such that Y np = 0. The factor
group

Dy /D, = Pic(X)

of divisors of degree 0 by divisors linearly equivalent to 0 is called the Picard
group of X, or also the group of divisor classes of degree 0. If f is a function,
we let (f) denote its associated divisor.

Over the complex numbers, it is known (theorem of Abel-Jacobi) that
Pic(X) is isomorphic to a complex torus of dimension g, where g is the genus
of X, that is

Pic(X) ~ C9/A,

where A is a lattice in C9. In particular, the structure of its torsion subgroup
is clear. For each positive integer N, let Picn(X) denote the subgroup of
elements of order N. Then

Pien(X) ~ (Z/NZ)%.
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This group is directly related to unramified coverings as follows. Let a be
a representative divisor for an element of Picy, so there exists a function f
such that
Na = (f).

Let K = C(X) be the function field of X, i.e. the field of all meromorphic
functions on X. Then

K(fY7)

is the function field of an unramified covering. Taking roots in this manner for
all elements of Pic yields a maximal unramified abelian covering of exponent
N (meaning that if T is an element of the group of covering transformations,
then TV = id). Furthermore, if Y/X is this maximal covering, and G is its
Galois group (group of covering transformations), then it can easily be shown
that as finite abelian groups, G and Pic)y are canonically dual to each other
(Kummer theory), and in particular are isomorphic (non-canonically), so have
the same order. Thus the abelian coverings of X are determined in terms
of divisor classes, and conversely, divisor classes are interpreted in terms of
abelian coverings. The description of the Kummer theory is so simple that I
give it.

Let ¢ € Picy and let T be a covering transformation. Let a be a divisor
representing ¢ with Na = (f) as above. Let ¢ be a meromorphic function
on the covering such that N = f (so loosely speaking, ¢ = f1/N, but two
N-th roots of f differ by an N-th root of unity). Let un denote the group of
all N-th roots of unity. Then the association

(T,e)» Tp/p € pn

defines a pairing between the group G and Picy, which is easily shown to give
the above mentioned duality.

The Riemann surface X may be associated with an algebraic curve defined
over the rational numbers. In that case, we would reserve the letter X to
denote the curve, and the complex analytic manifold of its complex points
would then be denoted by X or X(C). The curve itself may be defined in
projective space, or an affine open set may be defined by a single polynomial
equation

®(z,y) =0,

where @ is a polynomial in the two affine coordinates z,y. If the coefficients
of & lie in a field k, we say that the curve is defined over k. Important
curves for us later will be defined over Q or over other interesting algebraic
number fields, namely finite extensions of the rational numbers. Among these
curves will be the so-called modular curves, discussed at greater length in §3.
Certain subgroups of the divisor class group for these curves at first present a
striking analogy with ideal class groups in algebraic number theory, and recent
discoveries have actually established precise connections which will provide
much of the substance of these lectures.

Let X be a curve defined over a number field K. Associated with this
curve is what is known as its Jacobian variety J = J(X), which gives an
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algebraic representation of the Picard group Pic(X). Indeed, the analytic
manifold Pic(X)¢c = C9/A (complex torus of dimension g) admits a projective
embedding so that the group law on the torus corresponds to an algebraic
group law. The image of C9/A in projective space is called the Jacobian
variety. Of course, there exist many such projective embeddings, and all such
are algebraically isomorphic. Let us suppose that X has a rational point O
in K (that is, X is coordinatized, defined over K, and there is a point all of
whose coordinates lie in K'). Then there is a projective model for J which is
defined over K, and an embedding

X —J

such that O (in X) goes to the origin in J. The embedding of X in J is in
fact given by the map

P+ class of (P) — (O) in Pie(X) =~ J;

furthermore X, identified with its image in J, generates J.

Having coordinatized J in that fashion, we may then speak of rational
points of J in some extension L of K. They are the points whose affine
coordinates lie in L. Such points form a group, denoted by J;. The group
of complex points J¢ is complex analytically isomorphic to C9/A. If L is a
number field, the theorem of Mordell-Weil asserts that J, is finitely generated.
We are interested here in the subgroup of torsion points Jior.

For a given positive integer N, the group of points of order N in J will
be denoted by Jy or J[N]. This is a finite subgroup, consisting of points
which are algebraic over K (all their coordinates are algebraic over K). Let
us denote by

K(Jn)

the field generated by the coordinates of all points in Jy over K. Then
K(Jn) is a Galois extension of K, and the effect of any automorphism
o € Gal(K(Jn)/K) is determined by its effect on the points in Jy. Since
we have an isomorphism Jy =~ (Z/NZ)%, where g is the genus of X, we
obtain a representation of this Galois group in GL2¢(Z/NZ). To determine
the image of this representation in general is a fundamental problem relating
number theory and algebraic geometry. When g = 1, so X = J, fundamental
results have been obtained by Serre [Se], but here we want to concentrate on
other cases which affect the theory of cyclotomic fields, and give rise to abelian
unramified extensions.

In fact, it is necessary to consider certain special subgroups g of J. We
denote by K(g) the extension obtained by adjoining to K all coordinates of all
points of g. For special choice of curve X and group g, we get interesting ex-
tensions. This is part of the general framework of giving explicit irrationalities
via algebraic geometric objects for the generators of extensions predicted from
purely internal structures of algebraic number theory, like ideal class groups.
In other words, we want to construct (parametrize) explicitly the algebraic
extensions of a given number field. For our purposes, we limit ourselves to
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abelian extensions, and even to special number fields like cyclotomic fields,
for instance fields generated by roots of unity over the rational numbers, since
the general problems are already very substantial in those cases.

In §2, §3, §4, §5, and §7 you will see examples of a situation with a group
g of order p, in a Jacobian variety or in the multiplicative group, admitting
a group of automorphisms of order p — 1. This situation is represented in
different (but related) contexts, with a Galois group having a representation
by 2 X 2 matrices

(‘(‘) Z) with a, d € (Z/pZ)*, b € Z/p.

Thus the study of abelian coverings leads to non-abelian coverings.

One particular way of obtaining interesting subgroups g as mentioned above
is the following, which ties up divisor class groups with units in the context
of Riemann surfaces.

Let X be a Riemann surface again. Let S be a finite non-empty set of
points. Let R be the ring of functions on X which have no poles outside S,
that is functions whose poles lie in S. Then the points of S may be viewed as
points at infinity, and we may say that the elements of R are the functions
with poles only at infinity. Let R* denote the group of units in R (invertible
elements). Then R* is the group of functions whose zeros and poles are at
infinity. Consider the map

fe ()= (ordp f)(P).

Pes

Let s = | 9| be the cardinality of S. The above map is a homomorphism of
R* into a free group of rank s generated by the points in S. Its kernel is
precisely the group of constant functions (a function without zeros and poles
on a compact Riemann surface is constant); and its image is contained in the
group of divisors of degree 0, so its image has rank at most s — 1. “Usually”
this image will have much smaller rank. We shall meet later a special situation
when for suitable choice of X and S, this rank is precisely s — 1. Let
DS = DS(X) be the group of divisors with support in S. Then the group

DS /D} = Pic®(X) C Pie(X)

is the subgroup of the divisor classes with support in S, or at infinity. When
the above rank is s — 1, then this subgroup is finite, and provides a very
interesting object. For the modular curves considered in §2, they provide
geometric counterparts for the ideal class groups in algebraic number theory.
The interplay of the algebraic number theory and the theory of divisor classes
for certain special number fields and special curves is precisely the topic of
these lectures. These modular curves will be obtained as a quotient of the
upper half plane by a subgroup of SLy(Z), of finite index. Such a quotient
turns out to be the “affine part” of the complex points on a curve, and the
points at infinity, classically called the cusps, furnish the set S. In this way,






