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FIXED POINT ALGEBRAS

BY C. SMORYNSKI

Although self-reference in arithmetic was used to impressive effect by Godel
in 1930 (published in 1931) when he noted the sentence asserting its own
unprovability to be unprovable, and although this use immediately appealed to
philosophers and philosophical logicians, it has largely been ignored by
mathematical logicians. Indeed, it is only in the 1970s that arithmetic self-
reference has begun to be systematically studied and applied. One aspect of
this study is algebraic.

In simplest terms one can distinguish two types of self-reference— extensional
and nonextensional. Extensional self-reference lends itself quite readily to
algebraic description and modelling, with some types of extensional self-
reference even being amenable to algebraic study. The purpose of the present
paper is to expound upon this algebraic modelling, touching briefly on its
successes and delineating roughly the limits to this success. The central notion
of this exposition is that of a fixed point algebra. This notion is a new one—it
is untested and, hence, of only provisional interest. But it does appear useful:
It makes the present discussion cohere reasonably well; it provides a conve-
nient framework in which to find and formulate questions about extensional
self-reference; and it has allowed me to prove a theorem on the limitations of
the use of finite algebras in studying such self-reference. Moreover, the algebra
is fairly pleasant and provides a philosophically neutral framework in which to
discuss arithmetic self-reference.

While the basic context from which the notion of a fixed point algebra arises
is logical, the concept itself is algebraic and the following treatment is almost
entirely algebraic. 1 have included logical material, including references to
some rather arcane results of mathematical logic, in the discussion; but I have
tried to keep this at a minimum. As a consequence, I declare most of the
present paper accessible to the general mathematician who possesses only a
small knowledge of boolean algebras. Only the logical asides (on background,
motivation, and occasional applications) and the section on infinite fixed point
algebras (for which I possess no nontrivial nonlogical examples) should be
meaningless to the nonspecialist. [On the other hand, I must admit that, as I
introduced fixed point algebras to serve as a vehicle for briefly surveying some
of the algebraic aspects of self-reference in arithmetic, there isn’t much left to
the paper when the logic has been excised.]
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In the immediately following section I discuss the logical background to this
paper and present a formal definition of fixed point algebras. The ensuing
sections (§§2-5) devote themselves mainly to the study of finite fixed point
algebras. This study begins with a review of diagonalisable algebras and their
use in giving a successful analysis of arithmetic provability and ends with the
Fundamental Theorem of Finite Fixed Point Algebras, which asserts vaguely
that one cannot do much better. In the final section I make a few remarks
about infinite fixed point algebras.

I have benefited both in the research behind and the exposition of the
present paper by several discussions with D. H. J. de Jongh and D. Myers.

1. Fixed point algebras. One of the central concerns of logic is the use of
language in mathematics. Now, languages are given by alphabets, words
constructed over the alphabets, formulae or sentences constructed from these
words, etc. In short, languages are largely matters of finite strings of symbols
and these strings can be put in one-one correspondence with the natural
numbers—to each formula ¢ of a given language there corresponds a natural
number T @7 . It happens that this correspondence can usually be accomplished
in such a way that natural syntactic properties of ¢, ¢, etc., transform to
natural arithmetic properties of "', "¢, etc. Thus, as Godel observed, if the
language contains arithmetic, it is capable of discussing itself.

As mathematics concerns itself with proofs, mathematical logic concerns
itself with formal representations of proofs in formal languages. Formal
theories in languages containing arithmetic which are strong enough to prove
some basic arithmetic propositions will be strong enough to discuss and
provably discuss their own syntax. This is what Godel [9] observed: If T is a
formal theory containing a sufficient amount of arithmetic (e.g. the logicians’
favourites: PA (Peano arithmetic), ZF (Zermelo-Fraenkel set theory), GB
(Godel-Bernays class theory), and KM (Kelley-Morse class theory)), there is a
representation Pr,(-) of provability in 7, i.e. a formula Pr(v) with only the
variable v free such that, for all sentences ¢ of the language of T,

(1) Tro=T+Pr("9"),

where the turnstile, - , denotes provability.

One further observation yields incompleteness. A basic syntactic operation is
the substitution of terms for variables. This means that the function taking one
from "o’ and "¢ to "¢f’ can be simulated in the theory T. In particular,
one can toy with the diagonal function "@v' » "@("@0v")" and obtain the

1.1. DIAGONALISATION LEMMA. Let Yv have only v free. There is a sentence ¢
such that Tro < Y("@").

ProOOF. Let A be the diagonal function and, for 6v = Y(Av), let n =" 60"
and ¢ = On. Then

Tro < 0("00") o y(A(700")) > (" 0("00")") > y(T0n") > y(Te").
Q.E.D.
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1.2. COROLLARY (FIRST INCOMPLETENESS THEOREM). If T is consistent, there
is a true sentence ¢ which is not provable in T. In particular, if T is a true theory,
—@ is also not provable; i.e. @ is formally undecidable in T.

PrOOF. Choose ¢ as in the proof of the Diagonalisation Lemma so that
T+ < —Pr ("¢"). Since @ asserts its own unprovability, it suffices to show ¢
to be unprovable. To see this, note

Tro=TrPr("@"), by(l),
= T+—@, by definition of ¢,
= T is inconsistent,

contrary to assumption. Q.E.D.
Assuming the representation Pr of provability in T to be especially nice,
one gets two further interesting corollaries.

1.3. COROLLARY (SECOND INCOMPLETENESS THEOREM). If T is consistent,
then T¥Conr, where Cony is the assertion, —Pr; ("0 = 1), that T is consistent.

1.4. COROLLARY (FIXED POINT CALCULATION). Let Tt+o¢ & —Pry("@").
Then T+ ¢ < Cony.

The particular niceties necessary beyond assumption (1) above are the
assumptions (2) and (3).

(2) TrPr ("9 ) APr("@ = y") = Prp("y"),
(3) T+Prr("9") — PTT(FPYT(r°P1)1)'

[Condition (2) is trivially built into a representation; (3), the formalisation of
(1), requires some strength to establish.]
Proor oF 1.3. It suffices to show T+ Con, — ¢ for any sentence ¢ such that

T+ < —Pr ("¢"). To this end, note that a few applications of (1) and (2)
yield

(4) Tt—¢ < Prp("¢") = THPr (" =¢") o Pry("Pry("9")")
and
(5) TroA—9—->0=1=TtPr;("9") APrp("=¢") > Pr(T0=1").
But, by (3),

TrPrr("9") - PrT( "Prr("9") )»
which with (4) yields

TrPrr("9") = Prr("—g"),
whence T+ Prr("@") = Pry("9") A Pry("—¢"). But then (5) yields
T+Prr("@") - Pry(T0=1"),

the contraposition of which yields the Corollary. Q.E.D.
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PRrROOF OF 1.4. Again (1) and (2) yield
Tr0=1-¢=>T+Pr ("0=1") > Pr("9")

for any sentence ¢. Thus, T+ —Pr;("¢") - Cony. If one now assumes T+ ¢ <
—Pr (" ¢"), the proof of 1.3 yields the Corollary. Q.E.D.

The thing to notice about these proofs is that, modulo the derivations of the
Diagonalisation Lemma and the Derivability Conditions (1)-(3), they are
fairly algebraic. I don’t mean this in a merely heuristic sense—a few simple
definitions transform these questions and proofs into purely algebraic matters.

1.5. DEFINITION. Let T be a formal theory. The Lindenbaum algebra of T is
the algebra 4, of equivalence classes of sentences (i.e. formulae with no free
variables) under the relation of provable equivalence. More precisely, the
elements of A, are the classes

[@] = {sentences ¢ in the language of T: T+ ¢ < ¢/}
and the boolean operations are the induced ones, e.g.
[elnlvl=leny], O0=[pA-9l, 1=[pV-g]

(Note that T is consistent iff 0 1 in A;.)
Using the first two derivability conditions, (1) and (2), we see that Pr,(-)
preserves equivalence, i.e.

Tre oy =TrPrr("¢") & Prr("y"),
and so induces an operation 7: A, —» A defined by
rlo] =[Prr("¢")].

The derivability conditions themselves assume an algebraic flavour:

(1) =1,
2) ™ AT(x—>y)<r7y,
(3) Tx < TTX.

Finally, the Diagonalisation Lemma becomes an assertion about the existence
of fixed points to special polynomials in 7:

1.6. LEMMA. Every polynomial a(x) over Ay in T in which the variable x occurs
only within the scope of a T possesses a fixed point a € Ay: aa = a.

The notion of polynomial used here is simply that from universal algebra:
Polynomials are functions arising from constant functions and the identity
function (represented by the variable x) by means of the boolean operations
and 7. Replacing the identity function as a generator by all polynomials of the
form 7(Bx), where B8 is a polynomial, one obtains from the above the subclass
of all polynomials mentioned in the Lemma.

The validity of Lemma 1.6 follows from that of the Diagonalisation Lemma
because occurrences of x inside the scopes of 7’s correspond to occurrences of
@ in contexts of the form Pr (" -+ ¢ --- "), i.e. of the form Pr ( f("¢")). One
simply pulls the equation x = ax back to an equivalence ¢ < (" ¢").
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Finally, I note the algebraic formulations of Corollaries 1.2-1.4.

1.2'. COROLLARY. Let a = —7a.
(1) If0+* 1in Ay, then a # 1.
(ii) If, for all b € Ay, b = 1 implies b = 1, then —a # 1.

PROOF. (i). Assume a = 1. By (1), 7a=1. But thena=—ra=—-1=0, a
contradiction.
(ii) Note

—a=l=ma=1=a=1,
again a contradiction. Q.E.D.

1.3’. COROLLARY. If 0 # 1 in Ay, 70 # 0.

PrOOF. Let a = —7a. Then —a = ra and 1(—a) = 7ra. But ma = a - 0 and
Ta < 17a = 7(—a) = 1(a - 0), whence 7a = ta /\ 7(a — 0). But ra A\ 7(a - 0)
<70, i.e. Ta <70. If 70 = 0, then a = —7a = 1, which fails by 1.2". Q.E.D.

1.4’. COROLLARY. In A, if a = —7a, then a = —70.

The reader can supply the details. He might also wish to try his hand with
the following result from [17].

1.7. ExerCISE (LOB’S THEOREM). Show that, for all a € A, 7(1a — a) < Ta.

[HINT. Let b = 7(b — a). Alternatively, use b = 7b — a to show: If 7a < a,
thena = 1]

I do not expect the reader to applaud this as a great algebraic success.
Indeed, it is not very impressive. But it does raise a few questions—most
significantly: How far can such simple elementary methods go? Put differently:
Is there a genuine algebraic aspect to arithmetic self-reference? What types of
self-reference fall into the algebraic sphere? And, what can or cannot an
algebraic analysis tell us about self-reference? These are the types of questions
I would like to address here. At the moment, however, the most fruitful
question to ask is: What kind of algebra arises from the study of self-reference?
Or even: What kinds of algebras arise from this study?

One such type of algebra is a diagonalised algebra:

1.8. DEFINITION. A structure (A4; 7), where A is a boolean algebra (whose
boolean operations we have notationally suppressed), is a diagonalised algebra
if it satisfies

(@l =1,

(i) forallx,y €A, mx N 7(x = y) <7y,

(iii) for all x € 4, 7x < 77x, and

(iv) every polynomial a(x) in which the variable x occurs only inside the
scopes of 7’s possesses a fixed pointa € 4: aa = a.

Diagonalised algebras, introduced by Magari and his followers, largely
capture the essence of Pry. It turns out that the diagonalised algebras form an
equational variety for which both the class of finite algebras and the Linden-
baum algebra (Ap,; 7) are equationally generic. Thus, arithmetic provability is
amenable to study by finite algebras.






