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These notes represent a mildly expanded version of lectures delivered at the 
C.I.M.E. summer session on harmonic analysis and group representations in 
Cortona, Italy, June—July 1980. The author would like to express his thanks 
and appreciation to the organizers of the conference, Michael Cowling, Sandro 
Figà-Talamanca, and Massimo Picardello, for inviting him to deliver these 
lectures and for their most warm and generous hospitality during his stay in 
Italy. We would also like to thank the other participants of the conference for 
their interest in these lectures. Finally, we would like to thank Terese S. 
Zimmer for (among innumerable other things that we need not go into here) 
helping with the translation of [29]. 

ADDED IN PROOF. Complete and detailed proofs of all the results discussed 
in these lectures (except those in section 4), as well as further developments, 
will appear in a forthcoming monograph of the author. 

1. Basic notions. In these lectures we discuss some topics concerning the 
relationship of ergodic theory, representation theory, and the structure of Lie 
groups and their discrete subgroups. 

In studying the representation theory of groups, the assumption of compact­
ness on the group essentially allows one to reduce to a finite dimensional 
situation, in which case one often can obtain complete information. For 
noncompact groups, of course, no such reduction is possible and the situation 
is much more complex. When studying general actions of groups, a somewhat 
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similar situation arises. In the compact case every orbit will be closed, the 
space of orbits will have a reasonable structure, and one can often find nice 
(with respect to the action) neighborhoods of orbits. A large amount of 
information about actions of finite and compact groups has been obtained by 
topological methods. However, once again, if the compactness assumption on 
the group is dropped, one faces many additional problems. In particular, one 
can have orbits which are dense (for example, the irrational flow on the torus) 
and the orbit space may be so badly behaved as to have no continuous 
functions but constants. Furthermore, moving from a point to a nearby point 
may produce an orbit which does not follow closely to the original orbit. If one 
wishes to deal with actions in the noncompact case, this phenomenon of 
complicated orbit structure must be faced. For many actions, e.g., differentia-
ble actions on manifolds, there are natural measures that behave well with 
respect to the action. A significant part of ergodic theory is the study of group 
actions on measure spaces. In particular, ergodic theory aims to understand the 
phenomenon of bad orbit structure in the presence of a measure. 

Throughout these lectures, G will be a locally compact, second countable 
group. Let (S, ju) be a standard measure space, and assume we have an action 
S X G -> S which is a Borel function. Then JX (which is always assumed to be 
a-finite) is invariant if fi{Ag) = \x{A) for all A C S and g E G, and quasi-
invariant if ii(Ag) — 0 if and only if \i(A) = 0. 

DEFINITION 1.1. The action is called ergodic if 4̂ C S is G-invariant implies 
li(A) = 0or ii(S -A) = 0. 

Clearly any transitive action is ergodic, or, more generally, any essentially 
transitive action (i.e., transitive on the complement of a null set). We can then 
write S — G/G0 where G0 C G is a closed subgroup. An ergodic action that is 
not essentially transitive will be called properly ergodic. 

EXAMPLE 1.2. Let S = {z G C 11 z | = 1} and T: S -> S be T(z) = eiaz where 
a/27r is irrational. Then T generates a Z-action. If A C S is invariant, let 
XA(Z) = 2 Ö „ Z " be the L2-Fourier expansion of its characteristic function. 
Then by invariance XA(Z)

 =
 XA^^2)

 = lLane
inazn. Thus ane

ina = an and so 
an — 0 for n ^ 0. This implies %A ls constant, so the action is properly ergodic. 

REMARK. If S is a (second countable) topological space and JU is positive on 
open sets, then proper ergodicity implies almost every orbit is a dense null set. 
This is one sense in which proper ergodicity is a reflection of complicated 
orbits. Another is the following. 

PROPOSITION 1.3 [12]. Let G act continuously on S where S is metrizable by a 
complete separable metric. Then the following are equivalent. {We say the action 
is "smooth" if they hold.) 

(i) Every G-orbit is locally closed. 
(ii) S/G is T0 in the quotient topology. 
(iii) The quotient Borel structure on S/G is countably separated and generated 

{i.e., there is a countable family {At} separating points and generating the Borel 
structure). 

(iv) Every quasi-invariant ergodic measure is supported on an orbit. 
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PROOF, (i) => (ii) => (iii) are elementary. To see (iii) => (iv), let/?: S -> S/G be 
the projection, and ju an ergodic probability measure on S. Then v — p*(\x) is a 
measure on S/G with the property that for any Borel set B C S/G, v(B) = 0 
or 1. Since S/G is countably separated and generated, v is supported on a 
point, so ix is supported on an orbit. The implication (iv) => (i) is difficult (and 
we will not be using it). 

We will be making constant use of the implication (i) => (iv). For example, 

COROLLARY 1.4. Every ergodic action of a compact group is essentially 
transitive. 

If the action is on a metric space, this follows immediately. However, a 
theorem of Varadarajan [45] implies that any action can be so realized. 

COROLLARY 1.5. Every ergodic algebraic action of a real (or p-adic) algebraic 
group (more precisely, the real or p-adic points) on an algebraic variety is 
essentially transitive. 

This follows from the theorem of Borel and Borel-Serre that orbits are 
locally closed [3, 6]. 

While the decomposition of a general action into orbits may not be satisfac­
tory there is always a good decomposition into ergodic components. 

PROPOSITION 1.6. Let (S, /x) be a G-space. Then there is a standard measure 
space (E,v), a conull G-invariant set S0 C S, and a G-invariant Borel map <p: 
S -» E with <p*(/x) = v such that, writing \x — ƒ e \xy dv(y) where \xy is supported 
on <p~\y), we have ixy is quasi-invariant and ergodic under G f or almost all y. 

(E, v) is called the space of ergodic components of the action (and is 
essentially uniquely determined by the above conditions). 

We now discuss some notions of "isomorphism". 
DEFINITION 1.7. Let (S, fx), (S', /A') be ergodic (/-spaces. Call them conjugate 

if modulo null sets there is cp: S -» S' with 
(i) <p a bijective Borel isomorphism. 
(ii) <p*(ii) ~ \x' (i.e., same null sets). 
(iii) <p(sg) = (p(s)g. 
If A G Aut(G) and S is a G-space, we have a new G-action on S by defining 

s o g = s • A(g). 
DEFINITION 1.8. Call two actions automorphically conjugate if they become 

conjugate when modified by some automorphism. 
An a priori much weaker notion is simply to ask for the orbit pictures to be 

the same. Here, we can compare actions of different groups. 
DEFINITION 1.9. Suppose (S, /x) is a G-space, (S', \x') a G'-space. Call the 

actions orbit equivalent if (modulo null sets) there exists <p: S -» S' with 
(i) <p a bijective Borel isomorphism. 
(ii) <P*(M) - M'. 
(iii) <p(G-orbit) = G'-orbit. 
If <p: (X, ju) -> (Y, v) is a measure class preserving G-map of G-spaces we 

call X an extension of Y or Y a factor of X. Observe that we automatically 
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have v(Y — <p(X)) — 0. If H C G is a subgroup, and Jf is an ergodic G-space, 
we can restrict to obtain an action of H, which of course no longer need be 
ergodic. In the other direction, we can induce. Namely, suppose S is an ergodic 
if-space and H C G is a closed subgroup. Then we obtain a naturally associ­
ated G-space as follows. Let H act on S X G by (s, g)h — (sh, gh) and let 
X=(SX G)/H. Then G acts o n ^ X G b y (s, g)g = (s, g~lg), and this 
action commutes with the ^-action. Hence there is an induced action of G on 
X which will be ergodic with its natural measure class. 

DEFINITION 1.10. X is called the ergodic G-space induced from the G-action, 
and we denote it by i n d ^ S ) . 

For example, if H = Z, G = R, then X can be identified with (S X [0, l ] ) / ~ 
where ~ identifies (s,1) with (75,0). Under the induced R-action a point 
simply flows up along the line it is in with unit speed. 

Given an ergodic G-space X, it is useful to know when it is induced from an 
action of a subgroup. The following is helpful in this regard. 

PROPOSITION 1.11 [52]. If X is an ergodic G-space and H C G is a closed 
subgroup, then X = ind^(S) for some H-space S if and only if G/H is a factor 
of X, i.e., there is a measure class preserving G-map X -> G/H. 

If X is a G-space, is there a unique (up to conjugacy) smallest closed 
subgroup from which it is induced? The answer in general is no, but we have 
the following 

PROPOSITION 1.12 [54]. Suppose G is {the real points, or k-points, k a p-adic 
field) of an algebraic group and X an ergodic G-space. Then there is a unique 
conjugacy class of algebraic subgroups such that X — ind^(S') for H algebraic 
(and some S), if and only if H contains a member of this conjugacy class. 

DEFINITION 1.13 [54]. If H is in this class, call H the algebraic hull of the 
action. If this is all of G, call the action Zariski dense. 

If X = G/G0, then the algebraic hull is just usual algebraic hull of the group 
G0. 

PROOF OF 1.12. There exist minimal such groups from the descending chain 
condition on algebraic subgroups. Suppose Hx, H2 C G are two such minimal 
algebraic groups. We have <pt: X -> G/Ht. Let <p — (<Pi,<p2)

: X ~* G/Hx X 
G/H2. Then (^(jii) is an ergodic quasi-invariant measure on G/Hx X G/H2. 
But the G-action on this product is algebraic, so <p*(ju,) is supported on an 
orbit. But as a G-space, an orbit is G/(gxHxg\x O g2#2g21)- By minimality 
assumptions, Hx and H2 are conjugate. 

THEOREM 1.14 (BOREL DENSITY THEOREM [4]). If G is a connected semisimple 
real algebraic group with no compact f actors, and S an ergodic G-space with finite 
invariant measure, then S is Zariski dense in G. 

As an example of an ergodic action of such a group, we point out the 
following example. (One can show there are uncountably many inequivalent 
actions of such groups [with finite invariant measure].) 
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EXAMPLE 1.15. Let SL(«,Z) act on W/Zn by automorphisms. This is 
ergodic. The induced SL(«,R) action will be properly ergodic, essentially free 
(i.e. almost all stabilizers trivial), and have finite invariant measure. 

2. Ergodicity theorems. A natural class of actions that arises in a variety of 
situations are actions on homogeneous spaces. Thus, if Hl9 H2 C G are sub­
groups with H2 closed, Hx acts on G/H2 and the question arises as to when this 
is ergodic. This is a special case of the following question. Suppose S is an 
ergodic G-space and H C G is a subgroup. When will the restriction to H still 
be ergodic? In the special case in which S has a finite invariant measure, results 
about unitary representations can be directly applied. Namely, let (Ugf)(s) = 
f(sg)9 where ƒ G L2(S). This defines a unitary representation of G on L2(S) 
and G is ergodic on S (assuming finite invariant measure) if and only if there 
are no nonzero invariant vectors in L2(S) © C. Thus, to settle the question 
about ergodicity of restrictions in this case, we have a representation U of G 
with no invariant vectors and we ask whether or not U \ H has invariant 
vectors. Let us consider some of the classical examples, when G is transitive on 
S. 

EXAMPLE 2.1. Suppose G is compact, S = G. Then H C G is ergodic on S if 
and only if H is dense. This includes Example 1.2. 

Now let iVbea simply connected nilpotent Lie group, r c i V a lattice (i.e., T 
is discrete and N/T has finite invariant measure). For example, 

f /1 x z\ 1 

l \ 0 0 1/ J 
and T = NZ9 the subgroup with x9 y, z G Z. Then [N, N]= {A G N\ x — y 
= 0}, and N/[N9 N]T is a torus. The map N/T -*N/[N9N]T exhibits the 
3-manifold N/T as a circle bundle over the torus. In general N/T -* 
N/[N9 N]T will be a bundle over the torus with fiber [N9 N]/[N9 N] n I\ 

THEOREM 2.2 (L. GREEN [1]). H C N is ergodic on N/T if and only if it is 
ergodic on N/[N, N]T. 

As the latter is a torus, ergodicity can be determined as in Example 2.1. The 
proof of this depends on writing down the representation of TV which appear in 
L2(N/T) and examining them with respect to restriction to subgroups. See [1] 
for details. 

Results for 1-parameter subgroups acting on compact homogeneous spaces 
of solvable Lie groups have been obtained by Auslander [2] and Brezin and 
Moore [7]. 

If G = SL(2, R), T C G is a lattice in G and H C G is the group of positive 
diagonal matrices, then G/T is in a natural way the unit tangent bundle of the 
finite volume negatively curved manifold D/T where D = SO(2, R) \ G is the 
Poincaré disk, and H is the geodesic flow. Thus, a classical result of Hedlund 
[20] and Hopf [21] says that H is ergodic on G/T. C. C. Moore generalized this 
to allow G to be a very general semisimple Lie group, and H to be an aribtrary 
subgroup. 


