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1. Introduction. We shall describe a structure built from several components
—functional analysis, a few symmetric spaces, a Lie group over a function
field, and Nevanlinna-Pick interpolation theory—all fixed on a framework of
engineering motivation which determines the relationship between them. A
large branch of functional analysis concerns linear spaces of analytic functions
called H” spaces and linear operators on them. Here we describe an analogous
study for some sets of functions which while not linear have a very rigid
structure patterned on that of the Poincaré disk. There are several basic results
in linear H? theory which have good “non-Euclidean” analogs. One is the
classical Szegd theorem which computes the L,(dp) distance of a function f to
H?. Actually our non-Euclidean result is closer to a theorem of Nehari which
computes the supremum norm distance of an f in L* to H*. Another is the
Beurling-Lax-Halmos theorem from which such things as the existence of
Weiner-Hopf factorizations and the F. and M. Riesz theorem immediately
follow.

The rigidity of a geometry on a space is expressed in terms of the group of
isometries on that space. These are thought of as rigid structure preserving
motions and an early notion of geometry championed by Felix Klein was to
specify a space, a group of motions on it, and then to study invariants of these
motions. That viewpoint seems highly appropriate for the physical situations
we shall encounter.

Recall that the Poincaré disk is the unit ball

BC = {z:|z|<1}
of C along with the linear fractional transformations
6,(s) = (as + B)(xs +7)”

of BC onto itself. Each §, in this group of rigid motions has a coefficient
matrix g which satisfies

(1.0) g*((l) _Ol)gz((l) —01);
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2 J. W. HELTON

in other words g is in the Lie group commonly denoted by U(1, 1). The natural
metric on this space

)
1—2zz,

(1.1) p(z,, z,) = arctanh

is invariant under these linear fractional maps and is called the Poincaré
metric. That p is invariant plays a major role; that it is a metric never enters
our proofs.

A function space analog of BC is BL>, the set of all functions defined on
the unit circle IT which have supremum norm less than one. The “rigid
motions” IT are simply the linear fractional maps

(12) 8,(S)(e?) = (a(e?)S(e”) + B(e™))(x(e”)S(e”) + v(e®))”

with functions as coefficients. The coefficient matrix must take values® g(e'®)
which are in U(1, 1) for almost all §. While there are many natural invariant
metrics such as

PAF.G) = [P (P(e). G(e))"at]

which we could place on % L>, we concentrate on

P*(F,G) = St;pp(F(e"’), G(e))

since our electronics problems force us to it.
Not any functions in L® will do for engineering purposes, in fact mostly
rational functions arise (see footnote 6). Consequently the field

A . . . . .
@R = {functions defined on IT which have a rational continuation to C}

plays a special role. Usually we shall work with ® N BL* and the Lie group
U(1, 1) over the field ¢ ; denote these by RBL* and R U(1, 1). Actually much
of this article could be viewed as a study of the Lie group R U(m, n). However,
there is a major point of departure from the route one would expect of a purely
group theoretic study. It occurs because the subset

4 {functions analytic on the unit disk whose

H o
B supremum on the disk is less than one}

of BL> is very important. In particular the only mappings g in R U(1, 1) which
occur physically have the property

(1.3) 8,: BH* - BH™

2Actually to guarantee that Qg maps B L™ into the open ball in L* one must have || Qg(O)II 1o <1
in addition to g(e’®) € U(1, 1). Henceforth we always assume this nondegeneracy condition.
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The inverse of a g with this property usually doesn’t have the property, so we
are not dealing with a group. A constraint® on g which guarantees* (1.3) is

(1.4) g(Z)*((I) ?,)8(Z)< ((I) ?1)

for all | z|< 1. The set of g’s in RU(1, 1) satisfying (1.4) will be designated by
QU™*(1,1) and this will be called the physical subsemigroup of RU(1,1). We
ultimately give RU™ (n, n) much attention and find that it is tightly bound to
classical interpolation theory, modern commutant lifting theory, and kindred
topics.

We could, of course, work with spaces of matrix valued rather than scalar
valued functions. Let M,, , denote the set of m X n matrices and BM,, ,, its
unit ball. Linear fractional transformations of the form (1.2) with matrix?
coefficients a, B, k,y map M, , into M, , generically. Furthermore, if the
coefficient matrix g = (:f ) satisfies the matrix version of (1.0) then Qg is a
biholomorphic map on ®M,, ,. The group U(m, n) of these g constitutes the
“rigid motions” for ®M,, ,. There are infinitely many U(m, n) invariant
metrics on BM,, , and the most natural one for our electronics problems is
ironically the first to have been discovered. It is called the Carathéodory metric
and its definition is a little more complicated than (1.1); we denote it by p(,).
Definitions of the function spaces BL*(M,,,), BH*(M,,,), the group
RU(m, n), the semigroup RU* (m, n), and the metric P* follow the pattern
of the scalar case exactly. Most of this exposition is done in terms of these
objects and matrix valued functions. A list of their precise definitions appears
in the notation guide at the end of this section.

The goal of this paper is to present the prominent features of R U(m, n),
QU™ (m, n) and their action on the set $L*(M,, ) of functions endowed
with the “Poincaré” metric P*. An outline of the main structure is

(a) There is an explicit formula for computing the distance of a rational
function F in HL>(M,) to BH*(M,). This is a “non-Euclidean” analog of the
Szego and the Nehari distance theorems in linear H” theory.

(b) A closed subspace O of H*(C™*") has the form

% — gHZ(Cm+n)

for a matrix function g analytic on the disk with boundary values g(e'®) in
U(m, n) a.e. if and only if QU is invariant under multiplication by z and also
meets some mild nondegeneracy conditions. The space I is cofinite dimensional
if and only if g is rational. This is a direct generalization of the Beurling-Lax-
Halmos theorem (which is after all just the first statement with n = 0). An
equivalent formulation amounts to characterization of sets of the form
S(BH>*(M,)). This formulation might be thought of as a “non-Euclidean”

3By A < B when A and B are selfadjoint matrices on C” we mean (A4x, x) < (Bx, x) for all x in
c”.

“Conversely any rational g which satisfies (1.3) must equal an element g* of RU™ (1, 1) up to
a multiple (from }).

5The appropriate dimensions are « € M,,, ,, BE M, .,k EM, ..y E M, .
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analog of the Beurling-Lax-Halmos theorem. The surprising thing is that this
contains most of classical interpolation theory.
(c) The orbits

O = {6,(S): g € RU(n, n)}

of RU(n, n) have a nice explicit characterization (at least when S is a constant
function.) Note the main difficulty is that %R is not algebraically closed.

(d) Let E be a submanifold of BL®(M,)). The P*® closest point G in E to a
given F in BL*(M,) has the property that a P® geodesic from F to G hits G in a
direction “orthogonal” to the tangent space of E at G. Here orthogonal means in
a standard Banach space sense. This generalizes a simple result in Banach
space theory which is basic in approximation theory.

Typically one section of this paper is devoted to each of these subjects. Their
locations are listed as a

TABLE OF CONTENTS

§2 Is an elementary exposition of the circuit theory which motivated this
enterprise.

§3 Contains the generalized Beurling-Lax-Halmos theory along with a
survey of modern (Nevanlinna-Pick type) interpolation theory. Most of inter-
polation theory is a simple and direct application of this theorem.

§4 Solves the P> distance to B H™ question and several close relatives of it.

§5 (a) Treats orbits of U(n, n).
(b) Concerns the semigroup C of linear fractional maps Qg of M, into
itself and shows that there are many U(n, n) invariants i in addition to p which

are diminished by g in C; that is

i(gg(zl)’ Qg(ZZ)) <i(z,z,)
§6 Applies §§3,4,5 to the circuit problems in §2.
§7 Lists (mostly qualitative) physical conclusions.
§8 Epilogue.

There is a little redundancy in the paper to make various sections indepen-
dent. To skip the circuit theory go from here directly to §§3, 4,5, then maybe
§6. For a self-contained account of modern interpolation go directly from here
to §3. For an exposition of circuits read the rest of §§1 and 2. For circuit
theoretic conclusions read §1 then §7, and maybe part of §6. The approxima-
tion theorem (d) above will not be presented in this article. It holds for many
metrics other than P* and can be found in [Bdr].

For many pages the reader has seen vague allusions to electronics. The time
has come to be a little more specific. An electronic box having two terminals
on its face can be thought of as a function S in @ H®. An energy conserving
box with four terminals corresponds to a matrix function g in RU™ (1, 1). Wire
the two terminals of the first box to two of the four terminals of box two; this
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leaves two free terminals which, of course, amounts to a new two-terminal
circuit (see Figure 1.1). This new circuit must correspond to a new function S’
in @ and miraculously the rule for computing S’ is simply to apply the linear
fractional map §, with coefficient matrix g to S'!

S‘/ \‘5—/ S
/
/ s = G5)

FIGURE 1.1

Thus the orbit O5" of S under RU™ (1, 1) corresponds to all circuits which can
be made from a fixed circuit S by the basic construction in Figure 1.1.

There in a nutshell is why we are forced to study 4 H*® and the action of
QU™ (1,1) on it. Even from this primitive starting point it takes little imagina-
tion to suspect that a thorough mathematical study of these subjects is justified
and that any basic mathematical structure one finds will be physically im-
portant. Probably the best way to give a mathematician an idea of what is
involved in several areas of old-fashioned linear circuit theory is simply to list
the mathematical questions which arise. The word “arise” is probably too weak
since these mathematical subjects actually constitute various areas of circuit
theory. We should emphasize that the most naive considerations in circuit
theory force one to an overwhelming collection of mathematical questions. So
in this article we restrict attention to situations involving power gain and
power transfer (and omit consideration of phase, of voltage or current gain,
and of network sensitivity). Even the narrow topic of power gain leads to a
large enough class of problems that we can only describe some of the most
basic ones. We begin with passive (energy dissipating) circuit theory.

A basic type of problem in classical passive filter design can be summarized
mathematically as:

Given S, and 8, in % H> find a 2 in the orbit O of S, under RU* (1, 1)
with pointwise Poincaré distance p(Z(e’)*, S(e‘a)) equal to a prescribed
function F(e™) for all 4.

Here * denotes the complex conjugate. Subdivisions of the question corre-
spond to various branches of the classical theory of filter design.

(i) What is the supremum norm smallest function F which can be obtained
this way? (The problem of broadband impedance matching.)

(i) Which functions F can be obtained this way? (The problem of gain
equalization.)

(iii) Take S, = 0 and S, = 0 and add the constraint that = be rational of
(prescribed) low order and approximate a given F(e'®) with the functions
p(Z(e®),0) so obtained. (The insertion loss approximation problem; includes
the first step in Butterworth, Tchebychef, elliptic filter design.)

(iv) Do (iii) not with the full semigroup ! U™ (1, 1) but with a subsemigroup
having prescribed generators. Using different subsemigroups corresponds to

8
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allowing different components in construction of the circuits (includes RC,
LC, Fujisawa ladder filter design.)

Amplifiers provide another large class of power transfer problems. Typically
one wants to design a (stable) amplifier with maximum power gain or pre-
scribed power gain. Again optimization of a particular function over an orbit
Oy is the central issue. For example in (the small signal analysis of) a single
transistor amplifier the transistor corresponds to a large S in H*(M,), the
amplifier corresponds to Qg(S ), and its gain (at the worst behaved operating
frequency) is

i‘;f| (gg(S))zl |

where M;; means the jjth entry of the matrix M. Thus finding the amplifier
with greatest gain over all frequencies amounts to maximizing

(1.5) inf| 25|

over 2 in Oy . Practical amplifiers must be “stable” which adds the constraint
that = be chosen from (a slightly smaller class than) H*(M,) N Oy .

Although the discussion has centered on RU(n, n), RU" (n, n) and their
orbits, the semigroups

C(n,n) = {g € GL(2n): g(z) satisfies inequality (1.4) for all | z|= 1}
and
C*(n,n) = {g € RGL(2n): g(z) satisfies (1.4) for all | z|< 1}

of A GL(2n) are also important, because for a passive circuit g lies in
Q@ C* (n, n). Typically a simple amplifier consists of a transistor together with
passive circuitry which compensates for undesirable properties of the transis-
tor. For the situation in the previous paragraph this says we should not work
with the orbit Og of S but the orbit COy" of S under R C* (n, n). This appears
to give rise to a whole new class of problems, but fortunately it does not
because the physically important functions have the same optimum over Oy as
over the larger set COy . Mathematically this is related to the old principle that
the Poincaré metric is contracted by analytic maps of B C into itself and more
is said in §6. At any rate we may restrict our attention to RU™ (n, n) and O5
for analyzing most power transfer problems.

While these engineering problems don’t seem close to the theory we de-
scribed, the discrepancy is not actually so great. We shall ultimately see (§6)
that the power transfer problem (i) reduces to finding the Poincaré distance of
S* to DH™ and so it is completely solved by result (a). Problem (ii) is settled
by an easy generalization of result (a) which is mentioned but not belabored in
this paper. Amplifier problems amount to a strict mathematical generalization
of this P® distance problem. For example, a transistor with S;, = 0 is called
unilateral and a very common gain optimization problem for a unilateral
transistor actually is equivalent to the passive filter problems (i) and (ii) which
(a) solves. The approximation problems (iii) and (iv) are not related to the
main mathematical theme of this paper and were included only for general
information.
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The present state of affairs is that the machinery described herein and some
extensions of it [B-H4] convert about any power gain problem to an interpola-
tion problem. The simplest physical problems correspond to old fashioned
Nevanlinna-Pick interpolation and so are completely solved. More difficult
physical power transfer problems correspond to vast extensions of
Nevanlinna-Pick theory developed in the early 1970’s and so are solved.
Analyzing the full stable amplifier as in (1.5) requires a direct extension of
interpolation theory of the 1970’s and so is far from completion. Thus
considerable progress has been made on power transfer problems, but more is
needed to fully understand some extremely basic situations in electronics.
Possibly profound extensions of today’s interpolation theory will someday
settle all of the problems we have raised. However, it is more likely that
mathematical efforts in this area will take a qualitative turn. Although explicit
solutions have been the main goal so far this will ultimately become too
difficult as it is in most subjects. Fortunately, the theory here seems well suited
to deriving general properties which optimal amplifiers and power transfer
circuits must have.

From the mathematical point of view it is worth mentioning that while we
have focused on U(m, n) it is natural to develop a similar theory for other
classical Lie groups. Such work is in progress. Several of these other Lie groups
have physical significance.

Thanks are certainly due to J. Ball, L. Chua, H. Tan and my students J.
Allen, E. Fletcher and D. Schwartz for their comments on this manuscript.

NOTATION GUIDE

Some common symbols are:

H? (resp. H?) = the functions in L? of the circle IT whose negative (resp.
positive) Fourier coefficients are zero.

H* = the uniformly bounded functions in H2.

H;* = the functions of the form {H* where ¢ is some Blaschke product
having at most / zeroes inside the disk. Loosely speaking these are functions in
H* except for possibly having / poles inside the disk. For matrix valued H°
the function ¢ is naturally a matrix valued Blaschke product.

M,, , = the m X n matrices; they map C" — C™.
M =M,,.

R = funéions on II with a rational continuation to the complex plane.
B (resp. B) = a prefix meaning the open (resp. closed) unit ball.

BL* = (fe L= fll,<1}.

Combinations of these symbols while cumbersome looking are very easy to
interpret. For example, R BH>(M,, ) is just the set of rational functions in
the open unit ball of m X »n matrix valued H*.

The main groups and semigroups which occur involve an m +n X m + n
matrix valued function g and the inequality

(1.4) g(Z)*(é _01)8(2)< (é -01)'
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Let GL(k) denote the invertible k X k matrices and R GL(k) denote the
group of matrix-valued g with entries in ® and values g(e*?) in GL(k) a.e.
Then

RU(m,n) = {g€RGL(m+ n): for which g(e®) satisfies (1.4)
with equality and [|G,(0)Il ;= < 1}.

KU (m,n) = {g&€RU(m,n): satisfying (1.4) for a1l | z |< 1}.

RC(m, n) = {g € RGL(m,n): for which g(e'®) satisfies (1.4)
and [|5,(0)ll . < 1}.

KRCt(m,n) = {g€RC(m,n): satisfying (1.4) for all | z|< 1}.

The notation for the orbit of S

under RU(n, n) is O;

under RAU™ (n, n) is Oy ;

under RC(n, n) and RC* (n, n) is COg and COy .

Also in §2 one finds a group II X SL,(R), isomorphic to U(1, 1) and some
spaces PC and 9* © biholomorphic to B L* and B H*. Since these appear only
in §2 we won’t put these definitions here in our reference list. Always m'
denotes the transpose of the matrix m and m* denotes its conjugate transpose.

A useful convention is that lower case roman letters usually denote scalars or
matrices, while functions are (usually) capital letters. The one prominent
exception is that g typically denotes an element of the group U(m, n) or
RU(m, n).

2. An exposition of classical filter design for mathematicians. This exposition
begins generally, but ultimately emphasizes issues of electronic power transfer.
An even more classical subject is circuit synthesis (building a circuit to meet
given specifications) and this is treated in a fine article by Effimov and
Potapov [E-P]. The basic circuit texts [C-L], [D-K], [K-R], [W] give a variety of
viewpoints. An excellent book on the related subject of linear systems is [K].

a. Connecting boxes. The mathematical study of electric circuits is rife with
linear fractional maps both of the usual and of very general sorts. This is true
for a simple reason. Think for the moment of a box which takes in a vector

1

and then puts out a vector

n

At the moment we are considering boxes in the abstract (and the vectors i and
o do not necessarily have the interpretation of voltages and currents). We shall
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say the box is linear provided it acts as a linear function, namely, there is a
matrix M so that

(2.1) Mi=g.
Such a box with n-inputs and outputs is called an n-port. Suppose that we want
to connect two boxes in order to obtain a new one; to make things simple we

consider the simple case where one box is a two port M = (¢ 5), the other is a
one port m and we connect the boxes as in the figure to obtain a one port g.

s q
— 1 | |
out 0] i
I _ 1_2) [a b] Pt l
| ”,é— c d S ° |
[} ( 02 7 7/
\ /7 )’
I \\\\ ’//’1/ ‘
N ~ - _ - - ’a
I e T---T I
o _____ l
FIGURE 2.0

What is ¢ in terms of M and m? The definitions of M and m say
ai, + bi, = oy, ci, +di, = o,, mi=o
while connecting m to M dictates 0, = i and i, = o. Substitution gives
ai, + bmi = o,, ci, +dmi=1i.

Use the second equation to eliminate i from the first equation and obtain
0, = 9,,(m)i, where %,,(m) is defined to be

(2.2) F,,(m) =a+ bm(1 —dm)'c.

Thus ¢ = %,,(m) and one can think of this type of network connection (called
cascade connection) as the action of a linear fractional map %,, on the number
m; in particular, if inputs and outputs are vectors rather than numbers then
a, b, ¢, d, m become vector space operators and the formulas still hold (subject
to invertibility of 1 — dm); now %,, maps an operator m to another operator.

Naturally there are several conventions one could use in associating a matrix
to an n-port and consequently several equivalent (except for degeneracies)
formalisms for describing boxes and their connections. While the formalism
just presented is the most intuitively appealing there is another one which is
handier for computation and so more commonly used in both engineering and
mathematics. It is usually called the chain formalism and we now present it for
2-ports.
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Suppose that a given 2-port takes inputs (i) to outputs (2%"). Associate to

in, out,

it a matrix N, called its chain matrix, defined by

N in, _ out,
out, in, |°

The computational advantage becomes quickly apparent when we consider the
cascade connection of two two-ports N, and N,. This type of connection is
illustrated in (and essentially defined by) Figure 2.1. Note that in the figure a
2-port is drawn (entirely for convenience) as having one port coming out one
side and the other port coming out the other while in Figure 2.0 both ports
come out to the left. The equations actually defining the connection are

in, = out, and out, =in,

while the chain matrix N for the total cascade circuit satisfies N(g},{d) = (?,:‘I").

Clearly N = N,N, where N,N, indicates ordinary composition of the map-
pings, and this simple composition law for chain matrices is obviously what
motivated this otherwise peculiar way of associating matrices with 2-ports.

— - ——

l :Ln1 out2 in3 outl+ ]
—_r_———- b - — — — > >
N1 N2 .
_— ——— — — — — — “— (-————L——
out1 in2 out:3 :Lnu |
FIGURE 2.1

Another basic (easily checked) fact about the chain formalism is that the
cascade connection (as in Figure 2.0) of a 2-port having chain matrix N = (¢ 5 )
with a one-port corresponding to m (according to (2.1)) gives a 1-port corre-
sponding to

(2.3) 8y(m) = (am + B)(xkm +v)™".

So we see that the chain formalism gives linear fractional maps in the
conventional form.

b. Electric circuits driven by direct current. (i) The impedance matrix. Suppose
we have a (1-port) electric circuit which we think of as a box with two wires
sticking out. If we connect the circuit to a battery after a very very brief
moment of chaos we observe that a current i flows steadily through each wire
and there is a voltage v across the wires (which does not change with time).
Now one could test the characteristics of the circuit by connecting batteries of
various different strengths and thereby obtain a family of current voltage pairs
(i, v). The circuit will be called linear provided v is proportional to i, that is,
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provided there is a real number z, called the impedance of the circuit, such that
v = zi. From the viewpoint of an observer the behavior of a circuit (with
respect to steady current flows) is completely described by z.

A similar procedure can be used to describe most circuits with more than 2
wires. To describe it we will only consider circuits which have an even number
2n of wires sticking out. We think of the wires as occurring in » pairs and each
pair of wires is assumed to have the property that in the course of normal
operation the current flowing in one wire equals the current flowing out the
other. This seems like a very restrictive setup but by the artifice of appending
‘virtual wires’ one can describe most circuits this way (see, for example, the
forthcoming example of a transistor). The situation is best described by Figure
2.2.

FIGURE 2.2

To associate a matrix with the circuit simply tie one battery to each pair of
wires thereby creating some current flow

iy

1=

and a collection of voltages

o=

D’l
For a lincgr circuit there is a matrix Z, called its impedance matrix, which
satisfies Zi = ©. Most classical textbook circuits behave linearly; many practi-
cal circuits do not.

There are obviously many other ways to identify a circuit with a matrix and
practically all of them are used from time to time. For example, if Z is the

A
impedance matrix for a circuit, Y= Z"! is called its admittance and S =
(1 — Z)(I + Z)' is called the scattering matrix for the circuit. One can define
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Y and S directly without ever actually mentioning Z itself and do circuit
design in terms of them. There is yet another identification and we will use it
heavily in this paper. To a 2-port assign 4 by the rule

o) (3)

It is called the chain matrix for the circuit.
(i) Power consumption. The instantaneous power consumed by an n-port
circuit with current i flowing in and voltage ¢ across its wires is
S A
P=(0,1)pn=0yi; + 0yi, + -+ +0,i

n'n*

So the instantaneous power consumed by a circuit whose impedance matrix is
Zis
P=(Zi,i)g.

Thus a circuit driven by direct current conserves energy, dissipates energy or
creates energy according to whether or not Z and its transpose Z7 satisfy:

lossless (P =0)eZ=-Z";
passivec (P>0)eZ+ Z7=>0;
strictly active (P<0)=Z+2Z7<0.

Note an active circuit must be plugged into the wall (or have batteries) but for
our purposes we completely ignore this external connection in our account of
what happens at wires coming into the box.

(iii) Circuit connections. Simply take the convention that the currents are
inputs and voltages are outputs. Then circuit connections are described
mathematically in §2(a). For example, let » = 2 in Figure 2.2 and connect the
second pair of wires to the two leads emanating from a one port with
impedance z; the result is a circuit with two wires coming out. Its impedance
(by the calculation surrounding Figure 2.0) is ¥,(z). One can check (but
probably shouldn’t) that if the two port Z is lossless (passive), then the linear
fractional map %, takes the right half plane R.H.P. onto (into) itself. Passive
1-ports correspond to the positive real axis [0, o0) and this clearly maps into
itself.

To describe connections in the chain formalism one simply adopts the
seemingly arbitrary convention that

in, = v,, out, = v, out, = —i,, in; =i,.

This immediately makes the general chain matrix N of §2(a) the same as Y, the
specific circuit theoretic one. Also the circuit theoretic cascade connection is a
special case of the general one. For example, let z be the impedance of a one
port zi = v; cascade it with the two port described by 4: that says i = —i, and
v = v,. This is the same as z(out,) = in, as required for the general cascade
rule.

(iv) Power transfer. Suppose we have a source of electricity and a one port
with impedance m which the source powers. How much power does the circuit
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m receive? The first step is to give the conventional description of a power
source. An ideal voltage source (voltage v) is a box with two wires sticking out;
a voltage meter across the wires reads v volts no matter what you connect the
wires to. To see that this model is deficient suppose that a mischievous soul
connects our source to a heavy copper bar of resistance r ~ 0. The power
consumed by the bar is 7i> = v? /r. Now r is roughly 0 so if we insist that our
source maintains a voltage v of moderate size the power consumed by the bar
is roughly co. That makes the electric bill too high even for nature so what
happens in practice is that as the demand on a power source increases the
voltage falls. Thus a voltage source is usually described as an ideal voltage
source in series with a resistor of resistance r called the internal impedance of
the source (see Figure 2.3). In this section we will analyze what happens when
a source of this type is connected (as in Figure 2.4) to a one-port with
impedance z which is passive (z > 0).

r i
 AMAM_____ | 1
v id;eal source 21 z
[ ________ S—
source load

FIGURE 2.3
To compute the power P consumed by the load note
ideal voltage = v = ri + zi = (r + z)i

SO

P=(zi)i=z(r_?_z)2= (r-':z)zvz'

As we ultimately shall see what is interesting in most design situations is not
the absolute power delivered to the load, but the ratio

power received byloadz 4 P,

~

hhul

power available from source

The power available from the source P, is always taken to mean

max P, = max —z—-—21>2

z z (r+2z)
which by calculus is P, = rv?/(2r)* = v?/4r. Thus
P, 4z _(r—z)2

L = = =1
Ps (r+z)2 r+z

which we note is independent of v (the strength of the ideal source). The
business part of the power ratio is 8(r, z) =|(r — z)/(r + z)| and we call it
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the power mismatch between source rand load z, since if it is small (big) the
power transfer ratio is high (low). Note that arctanh§(r, z) is the classical
R.H.P. Poincaré distance between the real numbers 7 and z. Thus computing
the power mismatch between r and z is equivalent to computing the Poincaré
distance between r and z.

(v) Summary. Passive one ports correspond to positive numbers. Power
mismatch corresponds to R.H.P. Poincaré distance restricted to (0, o0). The
cascade connection of a lossless 2-port with a passive one port corresponds to a
linear fractional transformation (L.F.T.) of the R.H.P. which maps (0, ) —
(0, c0).

c. Electric circuits driven by a sinusoidally varying current. (i) General theory.
In the previous subsection we studied circuits which were powered by a source
whose output does not vary with time. Now we consider a power source which
varies sinusoidally with time; say the current it produces is i, sin wz. Connect it
to a (linear) one-port. You will observe that after a very brief moment of chaos
the voltage across the wires entering the 1-port is

v(27) = vysin(wt + ).

The voltage function has the same frequency but a different phase. Now we all
recognize that the easiest way to compute with waves like this is in complex
notation. Let j = y—1. One could think (loosely) of a complex current i(¢) in
the wires and corresponding complex voltage v(t) = e/%v,i(t) /i, across them.
For a linear circuit the ratio v, /i, and § are independent of i, and one defines
the impedance of the circuit at frequency w to be the complex number

vy
z(w) = i—ze/”.

For example, if w = 0 there is no phase shift and we get z(0) = v, /i,; precisely
the situation in §2(b). As before an n-port still has an n X n impedance matrix
Z(w) associated with it, only now the entries may be complex numbers.

Now §2(b) extends in a straightforward way to sinusoidally varying currents.
We now list the generalization and mention that someone with a serious
interest in the physical issues should ultimately consult a standard text since
what we have said is abbreviated beyond the point of being a physically solid
explanation. Let Z* denote the conjugate transpose of the matrix Z. The power
consumed by an n-port is

P =Re(T,i)cr

An n-port is
lossless if and only if Re Z(w) = Z(w) + Z(w)* = 0,
passive if and only if Re Z(w) = 0,
strictly active if and only if Re Z(w) <0,

or for 2-ports the chain matrix 4 = (& #) is
lossless if and only if 3A with | A |= 1 such that
Aa, —iAB, i\y, and Ak are real and det A9 = 1.

Cascade connection of a 2-port whose impedance Z (resp. chain matrix is 9)
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with a 1 port having impedance z gives a 1-port with impedance %,(z) (resp.
G4(2)). If 4 is lossless, then §4(z): R.H.P. °Z’R.H.P. For one ports the power
transfer ratio called the transducer power gain (T.P.G.) for a source with
impedance z, and load with impedance z, is 1 — 8(z,, z,)* where the power
mismatch 8 is
(2.4)

IR

8(213 ZZ) =

z;+ 1z,

That is, the mismatch is essentially the Poincaré distance between z, and z,.

Thus the basic setup looks like it comes from the beginning of an introduc-
tory complex variables course. In fancier language the study of circuits
operating at one fixed frequency and built by cascades of lossless 2-port
circuits is just a study of the Lie group IT X SL,(R) where SL,(R) is the usual

SL,(R) = {x = (,ll r]r;) I, m, n, preal and det k = 1},
and II is the circle group. This is obscured slightly by the fact that engineers
use different conventions; in particular they work not on the U.H.P. but on the
R.H.P. Soon we shall summarize the structure just described in terms of
IT X SL,(R), the U.H.P., and other familiar mathematical objects. Then we
give numerous examples. First we mention that instead of working with
L.F.T.’s on the U.H.P. or R.H.P. we could work with L.F.T.’s on the unit disk.
This is accomplished with the usual mapping z —» (1 — z)(1 + z)™! = s of the
R.H.P. onto the disk. As already mentioned engineers call s the scattering
parameter for the circuit with impedance z. Naturally the transformation
group IT X SL,(R) on the U.H.P. is converted to a transformation group on
the disk by composing with the mapping im — z — s; one finds that this Lie
group is U(1, 1). We shall now summarize the engineering, the SL,(R), and the
U(1, 1) (scattering) conventions. The conversion rule is

ENG. MATH.
IT x SL,(R) U, 1)
Impedance N . s a—1
= = + —
matrix z m=iz s=(1 +im)(1 —im)
Chain _fa b (1 0 10 _(a ib) =1<—1 1) (—1 1)
matrix q_<c d g‘(o —-i>q<0 i)“ -ic d &=3\1 1)\ 1
V-1 j i i

The key structure is

CIRCUIT IT x SL,(R) U, 1)
passive 1-port min U. H. P. s in disk
lossless 2-port ginII x SL,(R) gin UQ1, 1)

cascade of 2 and 1-port gg(m) Ge(9)
cascade of a 2-port and £=8,8 £=8,8

a 2-port
power mismatch source
m, and load m,

p(-m,, m,)-Poincaré
distance

on UH.P.

p(s,, s,)-Poincaré
distance
disk
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(ii) Examples and common procedures. We begin by listing the impedances
m(w) of common l-ports operating at frequency w. We always use our
mathematics SL, convention and not the usual engineering one.

— S —_
b C —g L
r ]
B T k
resistor capacitor inductor
=L =-
m(w) =1ir m(w) = oC m(w) wL

5

aQ
¢
ee
e

B

tank circuit

wL

m(w) =3-71c

FIGURE 2.4

The two most common two ports are simply made from a 1-port m. They and
their chain matrices are

]

series parallel

«m=(g 7)
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There are others:

r
RE
S ST b 4
S &
k n
transformer gyrator
k/n 0 15
0 n/k - 0
e
r——

— . X

uniform transmission line crossed wires
coshT(w)  zisinh I'(w) (_1 0 )
_ismhI'(w) cosh T(w) 0 -1
Zo
FIGURE 2.5

Note that the chain matrices of everything but the gyrator are actually in
SL,(R) when the circuits are lossless.

Though a transistor has three wires coming out it is (almost) always regarded
as a 2-port (see Figure 2.6). Unfortunately it is nonlinear and so for use in an
amplifier it is embedded in a circuit which has the effect of linearizing its
nonlinear chain function near a certain point. The resulting linear chain matrix
can be a fairly general element of GL,(C). This is what is used in studying the
effect of the amplifier on small signals (like the ones you want to amplify).

FIGURE 2.6 A transistor as a 2-port.
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Now we work some trivial exercises to insure that the reader has the basic
ideas locked in.

(A) Let’s compute the chain matrix for the ‘series’ two port in Figure 2.5.
One connects a voltage generator to each pair of wires thereby forcing voltages
v, and v, across them as in the figure

i m i
L T1 2

Expanded Figure 2.5 “series’.

This sets up a flow of current in the circuit. The relationship between the
current and voltage is easily seen to be

i) = —i,, v, = v, + mi,.

(7= (%)

So the chain matrix Y is the one indicated.

(B) Exercise in Lie groups. At a given frequency w is it possible to build a
lossless two port whose chain matrix is any g in SL,(R) using only

(1) a ladder of inductors and capacitors (Figure 2.7)

— —eee Ta,e_
B N
s

Q)
[

That is,

il

FIGURE 2.7

(2) a capacitor or inductor in series with a transformer and a shunt capacitor
or inductor (Figure 2.8).

eee

- S

un:l:
NS
S8 T
8 R

FIGURE 2.8
SoLuTION. (1) Yes, by elementary algebra SL, = MNMN. This actually is a
standard SL, lemma.
(2) The Bruhat decomposition says MAN is dense in SL, so one gets most of
them this way; to get them all you also need M({ ~)AN. For the less scholarly
simple algebra will do.
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Many manipulations engineers commonly do in this context are surprisingly
like what one would expect on purely mathematical grounds. A compelling
illustration is the special collection of electrical engineering programs which
Hewlitt Packard puts on magnetic cards and sells for use with its HP67-97
hand calculators. So instead of inflicting a few pages of something theoretical
like a junior level engineering text on the reader I will summarize the
instruction manual for H.P.’s market tested collection of programs (called
E.E.Pacl). This gives an interesting perspective.

Several programs amount to automating the solution of some typical home-
work exercise in an introductory complex variables course.

PROGRAM 1. You select any number of elements of SL,(C) of the form e(a;)
or h(b,) with a; and b, real or positive imaginary numbers. The program will
multiply them together for you in any order which you choose. This allows you
to evaluate how a ladder circuit will behave at a fixed frequency. For cultural
interest the instruction manual’s description is reproduced in Figure 2.9.

v ies tank o——""" 1o
NETWORKX TRANSFER FUNCTIONS Series tanl T T Tieo ul‘ (%0
— Q- l l-wiC

f Bkl el ot J (] 120
_ o————o0
Shont LC o——-y——-0

e p— e 1eo o

{ ’ ’ J :_{- q‘-[ <€ _ % uo]
e 6—- L—-wo

3
This program ompules vanvus transfer fumtions of 3 latder network com-

1-@Le -
posed of any number of stanard elements. The Ixlder 13 bt up one clement
3t 8 hme by selecting shum o scries elements from the fuliowing monu.

MENU OF CIRCUIT ELEMENTS
Name Circuit Chain-Parameter Matrix®

The chain-parameter mami is oef-2ed by the follosing skerch nd mamy
equanos.

h — L

SJ ([ -

Series mivior - O——AMv— 1o RLO
q- 10 v, T ef[v:
o—< =
1 R Y |-k
Shunt rv1tor O - — -0 1Lo [ The epcration of ihe prognm s I re on the 1t dut the chan-parcmeter
§. ge|t . many of fan cacakd cicuns 18 qual 0 the prodint of therr imdi wual
o—-eSte—0 4 Lo chain-paranctSr manes.
As the circunt is Built up frem nght 1o Jeft. the overall cham.parmeter
. ° mariv o opdated weh the sudition of eah elenvt When the onuit
Setes it 0 7 Lo wleeo Somrpion n comphac, the sevend cand i & ad 10 amd s of (e follvming
L & Y 1.0 trancler fumtnmns may be computed from the vverall chure pararwicr nsne.
o——— 0
Shont ity D — e ‘oo o Input rmpedance Power Gain
. =l % 1o Zo e duZt % P }l_. Re (7.}
o e——0 o - JnZ* N = . Reizi
SuZ + Sn P |.l Re (7.}
Serien capaciior O—— Jpe—-—0 ‘oo IE L% Vokage ransfer ratio Fors ard ramdler adouttance
q-
v o o o 1eo e n T
v, W+ Sy Vi WZ o+ v,
Shust copatior Or——T——" 1eo 0 Currene ramler rao Foreard tamier impeiance
==e U=luceo 100
L & - Vs 2
® ¥ i the Cynllxc kerer “cha™ [ SnZ + Ny [ (YA

FIGURE 2.9

PrROGRAM 2. Given m, and m, in the U.H.P. the program computes a g in
SL,(%R) so that §,(m,) = m,. This tells one how to build an energy conserving
circuit g which transfers maximum power from source with internal impedance
m, to load m,.

PrROGRAM 16. Computes the set of all points at a given Poincaré distance
from a given point. This is set in the unit disk rather than the half plane. This
is used in computing the gain of a transistor amplifier. See Figure 2.10.
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FIGURE 2.10

A couple of programs do parameter conversions. For example,
PROGRAM 6. Computes the Cayley transform 7" of a 2 X 2 matrix 7, that is

T=I+T)I-T)"

Now we get to programs which aren’t mathematical exercises of this flavor.

PROGRAMS 13, 14, 15. Compute the g in SL,(R) (or some entries in it) for a
transmission line at high frequency. The line is given in several different ways,
e.g. spacing for lines, dielectric constant for (miniaturized) microwave wave-
guides.

Four programs remain. Two are described in the next section, one does
Fourier series and the other analyzes a ladder of resistors.

d. Circuits driven by a mixture of sine waves: Problems. The theoretical
design problems described in the preceding section were trivial. That is because
the objective was to design a circuit which behaved in a desired way at one
fixed frequency. An example of such circuitry is the power transmission system
to your house. It operates and is designed to operate at 60 cycles/sec. If the
frequency suddenly shifted to 120 cycles, the power company’s circuitry would
behave peculiarly, since the characteristics of some of its components would
change and the design doesn’t allow for that.

Many circuits don’t have the luxury of operating at one fixed frequency. For
example, a telephone must faithfully process various mixtures of frequencies
ranging between 300 and 3500 cycles /sec. Obviously, this circuitry is designed
to meet specifications which are given at every w between 300 and 3500
cycles/sec. Many mathematical problems in the design of such ‘broadband’
circuits are extremely hard. In this subsection we describe the setup and basic
power transfer problems.
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Note that all circuits listed in §2(c) except for the transmission line have
impedance and chain functions which are rational in w. In this article we
restrict attention to rational functions; thus we cannot include transmission lines
in our study. This restriction is more technical than real, because there is a very
general class of functions called pseudomeromorphic which are appropriate for
transmission lines and which behave mathematically about like the rational
functions for the purposes in this article (see footnote 6, §3). Their use is well
understood in the context of theoretical engineering (see [A, deW, D-H, F, H6))
and attention to them here would be a distraction with little benefit.

We are now interested in impedances and chain matrices as functions (of w).
The impedance function m of a physically interesting 1-port has the striking
property that it has no poles in the U.H.P. The reason is that if m has a pole at
Xo + iy, in the U.H.P. then when one feeds signal e™”°"sin x,¢ into the circuit
the circuit puts out an infinite signal; in practice the circuit burns out. Such a
circuit is called unstable and unstable circuits are anathema. The classical
passive circuits are all stable.

Passivity forces m to lie in the function space analog of the upper half plane

PC = {frational: Im f(w) = 0 for w real}

and stability forces m to lie in a subset

PC*T = { f € PC: f continues analytically to the U.H.P.
and Im f(p) = 0 for p € U.H.P}

of PC. Lossless two ports obviously correspond to a certain subset £ of
IT X SL, over the field of rational functions with real values on the real axis.
The physically obvious property that cascading a two-port in £ with any
passive one port yields a passive one-port corresponds to the mathematical
statement

(2.5) §,maps PC* into PC* .

This property determines £ projectively, but rather than completing the precise
mathematical description of £ we change coordinates and describe a transform
of it.

Instead of continuing the discussion with this SL, formalism we shall switch
now to the scattering formalism. While the SL, ‘impedance formalism’ is more
appealing to the physical intuition and so might be more appropriate here, the
reader should be able to mentally convert back and forth and switching now to
the conventions used through the rest of the paper improves the transition to
entirely mathematical considerations. We shall make two transforms. The first
has been described. It is the map m — (1 — im)(1 + im)~! = s which takes the
R.H.P. to A. The second is on the variable w; itisiw —» (1 — iw) /(1 + iw) = e
which takes the R.H.P. to the disk. We refer to § somewhat loosely as the
frequency variable even though it is a transform of the true frequency variable
w. For example a function m(w) in PC transforms to s(e’),

s(e®) = (14 im(w))(1 = im(w))™,
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a function in RBL™ and vice versa. Also PC* becomes RBH™ under the
transformation and the key property (2.4) of lossless two ports becomes

G RBH® > RBH™.

Now a g in the semigroup RU™ (1, 1) of RU(1, 1) defined in the introduction
has this property (and g with the property must equal @A for some ¢ in R and
kin QU (1,1)). In fact RU™ (1, 1) equals the (scattering) chain matrices of
the lossless 2-port networks. The proof is a straightforward algebra exercise.

The extension of all this to n-ports is easy and we list the outcome since it
sets the conventions we use through the rest of the paper.

passive n-port < S € ABH*(M,),
lossless 2-port cascade on § < ,(S) withg € RU™ (n, n),
passive 2-port cascade < §,(S) withg € RC* (n, n).

In this article we are interested primarily in power transfer problems and
now we list some basic ones. Suppose we are given an n-port passive circuit
with scattering matrix function S(e’®) and a k-port Q(e®). The problem is to
find a lossless (k + n)-port with matrix g(e™) so that the circuit in Figure 2.11
delivers a certain amount of power to the load S at each frequency e*.

i

G.(8)—
Q g@f g S
l
lossless
FIGURE 2.11

The discussion so far has prepared us to state the problem mathematically
when k =n =1 and this case fully demonstrates the problem. So g is in
KU, 1).

The cascade of g with S has scattering matrix Qg(e.o)(S(eio)) and the power
consumed by this circuit at a frequency e’’ equals the power consumed by S at
e’, since g is lossless. The mismatch between the source Q and §(S) at
frequency e’ is

8( 0(e”) 8,00, S(e™)).

Thus as we sweep through all g the possible power mismatches sweep through
all

8(0(e"), =(e))
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where 2 € Oy , the orbit of S under the semigroup U™ (1, 1). Two problems
are

(i) (BROADBAND IMPEDANCE MATCHING). What is the largest power transfer-
able uniformly over all frequencies? Which g attains it? That is minimize

miimie 20 3(e)

(ii) Which power transfer ratios G(e'®) are obtainable from this kind of circuit?
There are several variations on (ii) which are fundamental problems of classical
filter design called insertion loss problems:

Restrict Q(e?) = S(e?) = 0.

(iii) Restrict g to have rational entries of prescribed (low) order. In other
words there is a crude upper bound on the complexity of the lossless coupling
circuit. Given a frequency interval a < @ < b and a function I' on it find a g
which gives power transfer ratio as close to I' as possible.

(iv) Suppose you can only build g by cascading circuits from a (small) subset
9N C RU* (1,1). For example, the technology or cost restricts the parts you
can use. Thus g must equal a product g,g, - - - g, of g;’s from N; let S denote
the semigroup generated by 9. Which T" are obtainable with a g in 54? Given
an obtainable I' write the corresponding g as a product of generators.

The mathematical problems stated in the introduction for passive circuits
derive directly from these physical problems. Actually, the mathematical
version of part (iii) of the insertion loss problem which engineers attack is a
compromise of what we have stated.

There is another broad class of power transfer problems. One is, given an
amplifying device (e.g. a transistor) use it to build an amplifier with prescribed
gain. The amplifier consists of the given device together with any passive
circuitry the designer chooses to build. The problem is to design the best
amplifier. There are several different types of amplifying devices and several
basic configurations for the total amplifiers. A general model for the most
common (e.g. a transistor) amplifier is

source g transistor
S
b passive,
13
<
load
FIGURE 2.12

One is given 2 X 2 scattering matrix S, and wishes to find the 4 X 4 chain
matrix g of the passive circuit which maximizes the gain. By gain one means
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the power transferred from source to load. At ‘frequency 6’ the gain for the
amplifier in Figure 2.12 is

18,(8)a(e®)] -

A worst case analysis requires one to make the inf of this expression over all
frequencies @ as big as possible. If we are permitted to use any lossless g this is
precisely problem (1.5) of the introduction. One must use an extension of §5(b)
to show that one gets the same answer for passive g as lossless g. A further
consideration is that typically one wants the gain to be constant over the
frequency range where you operate the circuit.

A more restricted but common form of transistor amplifier looks like the
one in Figure 2.12 except that the equalizer circuit g is decoupled (see Figure
2.15). That is, g does not mix input and output channels; the source feeds
through g directly into the transistor and the transistor output feeds solely to
the amplifier output. The gain of such an amplifier (see Figure 100 [HP2] for
complete derivation) is

l_|F||2 1_|I‘2lz
ll_SllFllz “_Szzrﬂ2

(2.6) G=|8,

whenever the transistor’s S-matrix has S;, = 0 (i.e,, is unilateral). Here I, and
T, are functions determined by g and range through % H>. The gain optimiza-
tion problem is to maximize (2.6) over all I'; and T}, in BH™.

source
AAN ]
<§ circulator
g S
1 s
load

FIGURE 2.13

Another type of amplifier is the reflection type. One is given a one port S
and wishes to find a passive g so that there is a large flat gain from source to
load in Figure 2.13. The gain of this amplifier at frequency 8 is |Qg(S )e™) |2
At the worst frequency it has gain

2.7) inf | §,(S)(e") P.






