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INTRODUCTION

The basic idea of this inverse function theorem was discovered by John Nash
[14], who used it to prove his famous theorem on isometric embeddings of
Riemannian manifolds. Jirgen Moser [13] fashioned it into an abstract theo-
rem in functional analysis of wide applicability. Sergeraert [20] stated the
theorem in terms of a category of maps between Fréchet spaces. Generaliza-
tions to implicit function theorems have been given by Kuranishi [9], Zehnder
[25], and the author [4]. Applications have been made by Nash [14] and
Jacobowitz [8] to isometric embeddings, by Kuranishi [9] to deformation of CR
structures, by Moser and Zehnder [24] to small divisor problems, by Hormander
[6] to problems in gravitation, by Beale [2] to water waves, by Schaeffer [18, 19]
to free boundary problems in electromagnetics, by Sergeraert [22] to catastrophe
theory, and by the author [5] to foliations. These and many other examples
show the power and versatility of the theorem.

We define a category of “tame” Fréchet spaces and “tame” nonlinear maps,
which is essentially that of Sergeraert. The spaces carry an extra structure of a
“grading”, a sequence of norms || ||, defining the topology. The tame condi-
tion on the Fréchet spaces guarantees that the norms satisfy some interpolation
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properties. The maps are required to satisfy linear growth estimates || Pf ||, <
Clifll,4, for a fixed r and all n. It is a surprising fact that this condition is
satisfied by all nonlinear partial differential operators and by most of their
inverses, including inverses of elliptic, parabolic, hyperbolic, and subelliptic
operators. The Nash-Moser inverse function theorem says that if the deriva-
tives DP( f )h = k of an operator P in the category have solutions VP( f)k = h
in the category, then the operator P has a local inverse in the category.

We have spent a long time saying just what this means, hoping to guide the
reader by many examples. We have tried to include enough material on the
simple cases so that one may appeal directly to the theorem without the need
to crank out extra estimates. But if these are needed, the examples included
here may serve as a guide. There are by now many ways to prove the theorem,
and we have chosen an algorithm that pleases us for the simplicity of its
estimates and its similarity to Nash’s original. Our applications in this paper
are not chosen to be the most novel or the most famous, but to be instructive.
Many can be proven without the Nash-Moser theorem; we hope they are easier
with it.

Finally we draw the reader’s attention to the counterexamples we have
included, particularly a brilliant one of Lojaciewicz and Zehnder [12], of which
we give our own version. They show that all the extra hypotheses which are not
needed in the simple Banach space case are really necessary in Fréchet spaces.
Indeed if we weaken our hypothesis so little as to include maps satisfying
IPfll,<Clifll,, we obtain a counterexample. Thus the Nash-Moser Theo-
rem deftly picks out from among the wide variety of maps on Fréchet space a
very useful class which we can invert.

PART 1. CALCULUS ON FRECHET SPACES

I.1. Fréchet spaces.

1.1. Definition of a Fréchet space. A seminorm on a vector space F is a
real-valued function || ||: F — R such that

@) Il £l = 0 for all vectors f;

@) Il f+ gl < Il fIl + llgll for all vectors f and g;

(i) llef Il =|c| - Il £l for all scalars ¢ and vectors f.

A collection of seminorms {|| ||,,: » € N} defines a unique topology such that
a sequence or net f; > fif and only if || f; — f1l, > 0 foralln € N.

A locally convex topological vector space is a vector space with a topology
which arises from some collection of seminorms. The topology is Hausdorff if
and only if f = 0 when all || f ||, = 0. The topology is metrizable if and only if
it may be defined by a countable collection of seminorms {|| ||,,}. In this case
we may always use sequences instead of nets. A sequence f; is Cauchy if
Il £, = fill, — 0 asj and k — oo for all n. The space F is (sequentially) complete
if every Cauchy sequence converges.

1.1.1. DEFINITION. A Fréchet space is a complete Hausdorff metrizable
locally convex topological vector space.

1.1.2. ExampLE. Every Banach space is a Fréchet space. The collection of
norms contains only one.
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1.1.3. EXAMPLE. Let R be the vector space of all sequences {a;} of real
numbers. Put

{a;}l,= X |a;| forn=0,1,2,....
j=0

Then R is a Fréchet space.
1.1.4. ExaMPLE. Let C®[a, b] be the vector space of smooth functions on
a<x<b). Put
n
Ifll,= 3 sup|D/f(x)].
j=0 x
Then C*|[aq, b] is a Fréchet space.

1.1.5. ExaMPLE. More generally, let X be a compact manifold and ¥V a vector
bundle over X. Let C®(X, V) be the vector space of smooth sections of the
bundle over X. Choose Riemannian metrics and connections on the bundles
TX and V and let D/f denote the jth covariant derivative of a section f of V.
Put

n
I, = 2 sup|D/f(x)].
j=0 x
Then C*( X, V) is a Fréchet space.
1.1.6. ExaMpPLE. Let G(R) denote the vector space of all continuous func-
tions on the real line. Put

£, =sup{|f(x)|: -n<x<n}.

Then C(R) is a Fréchet space.
1.1.7. ExaMPLE. Let JC denote the vector space of entire holomorphic
functions. Put

I, = sup{|f(z)]:|z|<n}.
Then J(is a Fréchet space.

1.1.8. COUNTEREXAMPLE. Let Cy(R) denote the vector space of continuous
functions on the real line with compact support. For any positive function p let

I f1l, = supp(x)|f(x)].

Then Cy(R) is a complete locally convex Hausdorff topological vector space,
but it is not a Fréchet space because it is not metrizable. For given any
countable sequence of p; we can find p so that

p/p; — oo as x — +oo for all .

1.2. Properties of Fréchet spaces. A seminorm is a norm if f = 0 whenever
I fIl =0. Some Fréchet spaces admit continuous norms and others admit
none. If a Fréchet space admits one norm then all the seminorms in a
collection defining the topology may be taken to be norms (by adding the one
norm to them all).

1.2.1. EXAMPLES. A Banach space, C*[a, b], C*°( X, V) for X compact and IC
all admit norms, while R® and G(R) do not.
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A closed subspace of a Fréchet space is also a Fréchet space, as is a quotient
of a Fréchet space by a closed subspace. The direct sum of two Fréchet spaces
is a Fréchet space. A space G is a (topological) direct summand of F if there
exists a third space H such that F is isomorphic to the direct sum G ® H. If a
Fréchet space admits a norm then so does any closed subspace, but a quotient
by a closed subspace may not.

1.2.2. EXxAMPLE. Let C*[0, 2] be the space of smooth functions on 0 < x <
27, and let C5°, be the space of smooth functions on —co < x < oo which are
periodic with period 2#. We can regard C, as a closed subspace of C*[0,27],
where the inclusion map i is given by restricting the function to the interval. A
function on the interval comes from a periodic function if and only if all the
derivatives match up at 0 and 2. Define the projection map p from C*[0, 2]
to R™ by letting

a;= D’f(2m) — D’f(0).
Then there is a short exact sequence
0- 02 5e®[0,27] 2R® - 0

since a smooth function may have an arbitrary Taylor series. Thus R® is a
quotient of C*[0,27] by a closed subspace. Since R® does not admit a norm,
it cannot be a direct summand. Hence the sequence does not split, and C5;, is a
closed subspace of @*[0,2x] which is not a direct summand either.

The dual of a Banach space is again a Banach space. However, the dual of a
Fréchet space which is not itself a Banach space is never a Fréchet space.
Hence in general the space of linear maps of one Fréchet space to another will
not form a third Fréchet space. For this reason we shall always avoid taking
the space of linear maps. This causes some differences from the Banach space
theory as it is usually presented.

1.2.3. ExampLEs. The dual of the space R* of all sequences is the space Ry
of sequences with only a finite number of nonzero terms. The dual of the space
of continuous functions on R, C(R), is the space DM (R) of measures with
compact support. The dual of the space C*(X) of smooth functions on a
compact manifold is the space 9_( X) of distributions. These are all complete
locally convex topological vector spaces but none of these duals are Fréchet
spaces.

The Hahn-Banach theorem holds for Fréchet spaces. Thus if F is a Fréchet
space and f is a nonzero vector in F we can find a continuous linear functional
I: F-> R (or C) such that I(f) = 1. Hence if /( f) = I(g) for all continuous
linear functionals then f = g. This is a very useful tool for reducing theorems
to the real-valued case. Also the open mapping theorem holds. Thus if F and G
are Freéchet spaces and if L: F — G is continuous, linear and invertible then
L™': G - Fis also continuous.

1.3. Families of linear maps. Let F, G, and H denote Fréchet spaces. A linear
map L: F - G is naturally defined on all of F, while a nonlinear map P:
U C F - G is naturally defined only on an open subset of F. Frequently it
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happens that we have a map L(f, g) which is nonlinear in f but linear
separately in g. Thus

L(f g +8&)=L(f, &)+ L(f g)

We call this a family of linear maps. It will naturally be defined for some f € F
and all g € G with values in a third space H, so we write

L:(UCF)X G- H.

Since it is natural to think of L(f) as a linear operator taking G into H, we
shall usually write L( f)g for L( f, g), but it is important to emphasize that we
want to consider L as a function from an open set of the product F X G into
H, and not as a map

L:UCF-L(G, H)

into the space of linear maps L(G, H), which in general is not a Fréchet space.

Even in the Banach space case there is a large difference in what it means for
L: (UC F) X G - H to be continuous, as opposed to L: U C F - L(G, H).

1.3.1. ExaMPLE. Let C,, be the space of continuous functions on —oo < x <
oo which are periodic with period 2. Define a family of linear maps L(¢)f by
translation, so that

{L()f}(x) = f(x +1).

Thus L(¢) is the linear operator “translation by ¢”. Then L: R X C,, —» C,, is
continuous (jointly in the product topology) but L: R » L(C,,, C,,) is not
continuous (in the topology of the Banach space of linear maps). It is easy to
see why this should be so. For a given continuous periodic function we know
by its uniform continuity that a small translation will produce a small variation
in the function. But since the collection of all continuous functions is not
equicontinuous, an arbitrarily small translation will produce an arbitrarily
large variation in a function with a steep enough gradient.

Let C}, denote the Banach space of continuously differentiable periodic
functions with period 27, and let L be defined as before. Then the map L:
R - L(C},,C,,) is continuous, but L: R - L(C},, C}.) is not. This simple
example is the source of many difficulties in applying the Banach space theory
to diffeomorphism groups and free boundary value problems.

We shall also have to consider families of bilinear maps B( f, g, h) which are
nonlinear in f and linear separately in g and 4. We shall write this usually as
B(f){g, h} to indicate the bilinearity, and regard B as being continuous if it is
continuous as a function on the product

B:(UCF)XGXH-K
and not as a map into the space of bilinear maps
B:UCF- L*GXH,K).

L.2. The Riemann integral.

2.1. The definite integral. Let f(¢) be a continuous function on a < ¢ < b with
values in the Fréchet space F. We wish to define the definite integral [° f(¢) dt
as an element of F.
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2.1.1. THEOREM. There exists a unique element [? f(t) dt € F such that
(i) for every continuous linear functional I: F — R

1([0”,‘(:)(1:) =fabl(f(t)) ar.

In addition
(ii) for every continuous seminorm || ||: F — R,

[y ad < [ 520 ar

(iii) 2 f(2) dt + [5 f(¢) dt = [; f(2) dt.

() [PLf(e) + g(D)] de = [ f(r) dt + [ g(2) dt.

™) [ ef()dt = cf} f(r) at.

PRrOOF. Let C([a, b], F) be the Fréchet space of all continuous functions on
a <t < b with values in F with the seminorms

I f1l; = supll f()Il,.

We say a function f(#) is linear if f(z) = tf, + f, for some f, and f, € F, and we
say f(t) is piecewise linear if it is continuous and there exists a partition
a=1ty<t <--- <t = b such that f(¢) is linear on each piece t,_; <t <y,
for 1 <i < k. The vector space PL([a, b], F) of piecewise linear functions on
[a, b] with values in F is a dense linear subspace of C([a, b], F). For a
piecewise linear function we may define the integral by the trapezoidal rule

b k
[10 = T 3000 + )0 = o).

We may easily verify properties (i)—(v) for piecewise linear functions directly
from the formula. Since the integral defines a continuous linear functional on
the dense subspace PL([q, b], R), it extends by continuity to a continuous
linear functional on all of C({a, b], R), where it will still satisfy (i)—(v). The
uniqueness assertion follows from the Hahn-Banach theorem.

2.1.2. EXAMPLE. Let F = R? and write a vector

_ [
r=(%)
Then a path
_ [ A(D)
/0= (fz(t))’
and

fb(n(z)) O

t = b .

a \ £i(1) 12 £(2) ar

Hence the integral of a vector function may be obtained by ordinary integra-
tion component by component.
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2.1.3. ExaMPLE. Let F = C,, be the Banach space of continuous functions
periodic with period 2#. Then a continuous path f(t) € C,, ona<t<bisa
continuous function f(z, x) on [a, b] X (-0, 00) periodic in x, setting f(z)(x)
= f(¢, x). The integral of the path is given by

b b
([ a}x) = ["160, %) .
We have the usual formula for a change of variables.

2.1.4 THEOREM. Let u = y(t) be a C' monotone increasing function on
a<t<b and let f(u) be a C' parametrized curve on y(a) < u < y(b) with
values in a Fréchet space. Then

fy :Z)f(u) du= [ *#(v(2)) - y'(2) .

PROOF. Apply an arbitrary linear functional to each side. Equality holds by
the usual result for real-valued functions. Then appeal to the Hahn-Banach
theorem.

2.1.5. THEOREM. Let X be a topological space and F a Fréchet space. Let f:
X X [a, b] = R be a continuous map. Define a map g: X - R by

gn=£%&gm.

Then g is also continuous.

Proor. Pick x, € X. Since x, X [a, b] is compact, given any continuous
seminorm || || on F and any & > 0 we can find a neighborhood U of x, in X
such that, for all x € U and all ¢ in [a, b), || f(x, t) — f(x,, t)ll <e. Then

|MQ)—A%W<Lmﬂnd—ﬂ%ﬁwm<db—ﬂ,

This shows g is continuous.

2.2. Parametrized curves. Let f(t) be a continuous path in a Fréchet space.
We can define its derivative in the usual way.

2.2.1. DErFINITION. For a parametrized curve

7(6) = lim [ f(t + h) = ()] /h.

If f(¢) is the position at time ¢ then f'(¢) is the velocity. If the limit exists and is
continuous we say f is continuously differentiable or C'. We can now state the
two fundamental theorems of calculus.

2.2.2. THEOREM. If f(2) is a C' curve on a <t < b with values in a Fréchet
space then

1(6) = fla) = [ ") dt.

2.2.3. THEOREM. If f(t) is a C° curve on a <t <b and if g(t) = [! f(8) d6
then g(t) is C' and g'(t) = f(2).
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PROOF. If / is a continuous linear functional and fis C! then /o fis C' and
(lo fY = 1o (f). By the standard result for F = R

1(A6) = (@) =1 10y ar).

Then Theorem 2.2.2 follows from the Hahn-Banach theorem. To prove the
other result we need a lemma.

2.2.4 LEMMA.
f’“’f(a) do = hfo'f(z + hu) du.

PrOOF. If f(6) is real-valued this follows from the substitution 8 = ¢ + hu.
The general case comes by applying a linear functional and using the Hahn-
Banach theorem.

Using the lemma, we see that

gt h) - gle) = [+ hu) d.

Then if f is continuous we may appeal to Theorem 2.1.5 to take the limit as
h — 0 on the right by setting # = 0, so that g is differentiable and g'(¢) = f(¢).
Since fis C° we see g is C'.

2.2.5. COROLLARY. If f(a) = g(a) and if f and g are C' with f'(t) = g'(¢) for
a <t <bthen f(b) = g(b).

2.2.6. COROLLARY. If fis C' ona<t<b and if || (1)l <K then || f(b) —
flall < K(b — a).

We say that the path f(¢) is C® if all of its derivatives f(")(¢) exist and are
continuous.

2.2.7. EXAMPLE. A smooth path f(z) in C57 for a<t<b is a smooth
function f(¢, x) periodic in x, setting f(¢)(x) = f(¢, x). We have f'(¢)(x) =
D, f(1, x).

1.3. The directional derivative.

3.1. Definition of the directional derivative. Let F and G be Fréchet spaces, U
an open subset of F, and P: U C F — G a continuous nonlinear map.

3.1.1. DEerFINITION. The derivative of P at the point f € U in the direction
h € F is defined by

pp( = i PUT I =P,

We say P is differentiable at f in the direction 4 if the limit exists. We say P is
continuously differentiable (or C') on U if the limit exists for all f € U and all
h € F and if DP: (U C F) X F - G is continuous (jointly as a function on a
subset of the product).

Note well that this definition of a C! map does not agree with the usual
definition for a Banach space. The derivative will of course be the same map,
but our continuity requirement is weaker.
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3.1.2. EXAMPLE. Let f: (a, b) C R — F be a parametrized curve. The simple
vector space R contains the distinguished vector 1 which spans the space, and
f'(t) = Df(¢)1. Thus our two motions of differentiability coincide.

3.1.3. ExaMPLE. Let L be a continuous linear map. Then L is C' and
DL(f)h = Lh.

PROOF. By linearity L( f + th) = L(f) + tL(h). Then by the definition

DL(f)h=1lm[L(f+ th) = L(f)]/t=L(k).

3.1.4. ExaMPLE. Let P: U C R? - R? and write

(2)=2(3)-

x\(u\y _ [0z/0x 09z/9y \ u
or(3)(3) = (aw/ax dw,/dy (%)
and the directional derivative is given by the matrix of partial derivatives.
3.1.5. ExampLES. Consider the following maps P: C*([a, b]) —» C*([a, b))
and their derivatives:

Then

(@ P(f)=1> DP(f)h=2fn,
(b) P(f)=1° DP(f)h=3fh,
() P(f)=¢, DP(f)h=e’h,
(d P(f)=1 DP(f)h=fn' + f'h,

() P(f)=f1"+f2 DP(f)h=f"+2fH +fh,
O P(H)=V1+72, DP()h=1w/1+17.

3.1.6. EXaMPLE. Let U be a relatively open subset of [a, b] X R and let
p(x, y) be a smooth function on U. Let U be the open subset of the Fréchet
space C*([a, b]) consisting of all functions of whose graph y = f(x) lies in U.
Define a nonlinear map P: U C C*[a, b] - C*|[a, b] by setting

P(f)(x) = p(x, f(x)).
Then the map P is C' (and indeed C*) and

[DP(f)h](x) = D,p(x, f(x))h(x).

3.1.7. EXAMPLE. Let X be a compact manifold and let ¥ and W be vector
bundles over X. We form the Fréchet spaces C*(X, V) and C*(X, W) of
smooth sections of ¥ and W over X. Let U be an open subset of ¥ and let U be
the open subset of all sections in C*(X, V') whose image lies in U. Let p:
U C V - W be a smooth map which takes points in the fibre of ¥ over a point
x into points in the fibre of W over the same point x (so that if «, and ,, are
the bundle projection maps then 7, = p o x,). Define a nonlinear operator P:
UC C®X,V)— C>(X,W)by

P(f)=p-°f.
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We call such a map P a vector bundle operator. Choose local coordinates x on
X and Y in the fibre of V and z in the fibre of W. Then p is given locally by
z = p(x, y). A section f of the bundle V is given locally by y = f(x). The
operator P is given locally by

[P(£)](x) = p(x, f(x)).

Except for a fancier setting the situation is the same as before. The derivative is
given locally by

[DP(f)h](x) = D,p(x, f(x))h(x)

where D, p is interpreted as the matrix of partial derivatives with respect to the
y vanable and is applied to the vector A. It is easy to see that P is C°. For a
proof that P is C!, see Example 3.3.3, and for a proof that P is C*,
Example 3.6.6.

3.1.8. ExaMpLE. If V is a vector bundle over a compact manifold X, the r-jet
bundle jV may be defined intrinsically; but if we introduce connections and
covariant derivatives then

j’f=(f, Df, D*f,....D’f).

Let p be a smooth map of an open set U in j 'V into another bundle W taking
fibres into fibres over the same point, and let U be the open set of all
f € C*®(X,V) with the image of j’f in U. A nonlinear differential operator P
from V into W of degree r is a map P: U C C®(X,V) - C*®(X, W) given by
Pf = p o j'f. The operator P is the composition of the continuous linear map j"
with a vector bundle operator of the type before, and hence is also smooth.

3.1.9. ExaMpLE. Two circular rings of radius r are held parallel in space and
a soap bubble is blown connecting one to the other. It will form in a surface of
revolution having the least possible area. If the rings are positioned at x = =/
perpendicular to the x-axis and if the surface is obtained by revolving the
graph of y = f(x) around the x-axis, the surface will have area

A(f) =f’ 20f1 + 7 dx.
~1
We can regard 4 as a nonlinear map

A: c>([-1,1]) - R

on the Fréchet space of smooth functions with real values. It is differentiable,
and its derivative is given by

DA(f)h =f_11277{ \/sz w41 +f’2h} dx

using the familiar rules for the variation of a product and a square root and a
square. If 4 vanishes at the endpoints x = =/, we may integrate by parts to get

12 __ £
DA(f)h = f {%IT’Z){%}ML
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If the surface area A is to be a minimum over all f with f(=/) = r, then the
derivative DA( f) = 0 for all variations 4 with A(=J) = 0. Clearly this happens
if and only if f satisfies the differential equation
ffu — f12 +1
whose symmetrical solutions are given by
f(x) = (cosh sx) /s

for various values of the constant s. To satisfy the boundary conditions s must
be chosen so that cosh s/ = sr. Since the problem is invariant under a change

of scale, the solution depends only on the ratio r/I. Fixing attention on the
case [ = 1, we must solve

r = (coshs)/s.

The minimum value m of this function occurs where the secant line from the
origin to the graph of cosh s becomes tangent, which happens when s tanh s = 1.
This equation has a solution s ~ 1.2 which gives m ~ 1.5 for the critical value.
If r/1 > m there are two solutions, while if 7// < m there are none. We shall
see later that only one of the two solutions is stable in Example 3.5.12.

3.2. Properties of the derivative. We begin with an integral version of the
fundamental theorem of calculus.

3.2.1. LEMMA. If P is C' and f and h are given then P(f + th)is a C' path in t
and

P(f+th) = DP(f+ th)h.
PROOF. We have
P(f+th) = lin(x)[P(f+ th+ uh) — P(f+ th)] /u = DP(f+ th)h.

3.2.2. THEOREM. If P: U C F — G is a C' map between Fréchet spaces and if
the path from t to t + h lies in U then

P(f+h) — P(f) =f0'DP(f+ th)h dt.

PROOF. By the previous lemma, P(f + th) = DP(f + th)h. We need only
apply Theorem 2.2.2.

Next we wish to show that if P is C' then DP( f)h is always linear in z. We
begin with scalar multiplication.

3.2.3. LEMMA. If c is a scalar and P is C" then
DP(f)ch = cDP(f)h.

PrOOF. We apply the definition and then substitute u = ch.
DP(f)ch = lim [P+ cth) = P(f)] /1
1=

= clim [P(f + cth) = P(1)] /e
= clim [P(f + uh) = P(/)]u= cDP(/)h.
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324.LEMMA. IfP: UC F > GisC\,f € Uand h € F, and t is small, then
[P(f+ th) — P(f)] /1 =f0'DP(f+ uth)h du.
PRrOOF. We apply Theorem 3.2.2 replacing 4 by th and ¢ by u, so that
P(f+ th) — P(f) =/O'Dp(f+ uth)th du.
Then we use Lemma 3.2.3 to factor ¢ out of the derivative and Theorem
2.1.1(v) to factor it out of the integral.
3.2.5. THEOREM. IfP: UC F > Gis C',f € Uand h,, h, € F then
DP(f)(h, + hy) = DP(f)h, + DP(f)h,.
PRrOOF. First write
P(f+t(hy + hy)) — P(f)
=[P(f+ thy + thy) — P(f+ th\)] +[P(f + th)) — P(f)].

Using the previous lemma

[P(f+ th) = B(1)] /1= ['DE(f + uthy )b d,
[P(f+ thy + thy) — P(f + th))] /1 =f0'DP(f+ thy + uth,)h, du;

therefore
[P(f+t(h) + hy)) — P(£)]/1
=/0'Dp(f+ uth, )h, du + fO'DP(f+ thy + uth,)h, du.
We let ¢ —» 0 on the left. We can just put ¢ = 0 on the right by Theorem 2.1.5.
Then
DP(f)(h, + hy) = DP(f)h, + DP(f)h,

as desired.
3.3. The chain rule. We begin with a useful characterization of C! functions.

3.3.1. LeMMA. Let P: UC F - G be a continuous map and suppose for
simplicity that U is convex. Then P is continuously differentiable if and only if
there exists a continuous map L: (U C F) X (U C F) X F - G with L(fy, fi)h
linear in the last variable h such that for all f, and f, in U

P(f,) — P(fy) = L(fy, L) fi — o)

In this case we always have

DP(f)h= L(f, f)h.

PrOOF. Let £, = (1 — t)fy + tf, = f, + t(fi — f,)- Then by Theorem 3.2.5 if
Pis C! we can put

L(fon fh= [ 'DP(f, ) dt
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and this gives us the desired map L. Clearly L is continuous and linear in 4,
and P(f,) — P(fo) = L(fo, [y — fo)-
Conversely, if such a map L exists, then
[P(f+th) — P(f)]/t=L(f, f+ th)h
using the linearity in 4 to pull out the scalar ¢. It follows letting # — 0 that P is

differentiable and DP(f)h = L(f, f)h. Since Lis C° Pis C..
3.3.2. EXAMPLE. Let P: R - R be defined by P(f) = f2. Then

P(f) - P(ﬁ)) =f12 _fo2 =(A+)A 1)

so we must take

L(ﬁ)’ fl)h = (f] +f0)h-
If P(f) = f3 then

P(£) = P(R) =K =R+ i+ ) fi—h)

so we must take

L(fy, f)h = (f2+ fifo + £2)h.

In one dimension L is unique, but in higher dimensions it is not.

3.3.3. EXAMPLE. Let P: U C C®(X,V)— C®°(X,W) be a vector bundle
operator as described in Example 3.1.7. We can use Lemma 3.3.1 to prove that
P is C'. Suppose P is induced locally by the function p(x, y). Since p is
smooth, we can find a function /(x, y,, y;)z linear in the vector z so that

p(x, »1) = p(x, yo) = 1%, yo, y1)(31 = ¥)-

We can patch these together using a partition of unity in x since X is compact.
We do not need a partition of unity in y if we restrict our attention to a small
enough neighborhood U of the graph of a given section. This gives us an
operator

L:UXUXC®(X,V) - C(X,W)
given locally by

L( fo» f)h = 1(x, fo(x), fi(x))h(x)

such that

P(fl) - P(fo) = L(an fl)(fl _fo)-
Since L is clearly continuous and linear in 4, it follows that P is C'.
Now we can prove the chain rule.
3.3.4. THEOREM. If P and Q are C! so is their composition Q o P and

D[Q > P](f)h=DQ(P(f))DP(f)h.

PRrOOF. Since the theorem is a local result we can always take P and Q to be
defined on convex neighborhoods of given points and apply the previous
lemma. Then we can find continuous functions L( f,, f,)h and M(g,, g,)k
linear in 4 and k such that

P(f)) — P(f) = L(fo» H)(/L — fo)> 0(g1) — Q(g0) = M(go, 8)(&1 — &)-
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Define a function N( f,, f;)h by

N(fo, f)h = M(P(f), P(f))L(fo, fi)h.

Then N is continuous and linear in 4, and letting g, = P( f,) and g, = P(f,)
we have

0(P(1) = Q(P(%)) = N(fo, )(fy = fo)-

Then by the converse side of the previous lemma, Q o P is C'. Since L(f, f)h
= DP(f)h and M(g, g)k = DQ(g)k, we have

D[Q o P](f)h=N(f, f)h=M(P(f), P(f))L(f, f)h
= DQ(P(f))DP(f)n
as claimed.

3.3.5. COROLLARY. If f(¢) is a parametrized C' curve and P is a C' map then
P(f(?)) is also a parametrized C' curve and

P(f(1)y = DP(f(2))f(¢).

From this we see that a curve passing through the point f with velocity 4 is
mapped by P into a curve passing through the point P(f) with velocity
DP(f)h. This provides a good intuitive interpretation of the directional
derivative.

3.4. Partial derivatives. Given a function P( f, g) of two or more variables
we can take a partial derivative with respect to just one or the other.

3.4.1. DEFINITION.

DfP(f9 g)h = }E%[P(f_*_ th, g) - P(f’ g)]/t’

D,P(f, g)k =1lim[P(f, g+ tk) = P(f, 8)]/1-
By repeating the proof of Lemma 3.3.1 we can easily establish the following
result.

3.4.2. LEMMA. The partial derivative D;P( f, g)h exists and is continuous if
and only if there exists a continuous function L( f,, f,, 8)h linear in h with

P(f1,8) — P(fy, 8) = L(fy, f1» 8)( /L — fo)-
In this case D,P(f, g)h = L(f, f, g)h.

3.4.3. THEOREM. The partial derivatives D;P and D, P exist and are continuous
if and only if the total derivative DP exists and is continuous. In that case

DP(f’ g)(hs k) = DfP(f’ g)h + DgP(fa g)k
PRrOOF. By definition
DP(f’ g)(h’k) = }1_1)13[P(f+ th, g + tk) - P(f’ g)]/t‘

If DP exists and is continuous, then putting kK =0 so does D,P(f, g)h =
DP({, g)(h,0), and putting h = 0 so does D, P(f, g)k = DP(f, g)(h, k), and
by linearity the formula is valid.
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Conversely if DfP and DgP both exist and are continuous, we can find
continuous functions L( f;, f}, g)h and M( f, g,, g,)k linear in 4 and k with

P(f,8) — P(fo, 8) = L(f, f1, 8)(fi = fo)s
P(f,8)— P(f. 8)=M(f, g, 8) (8 — &)
Then
P(f1,8) — P(fo, 8) = L(fo, f1, 8)(fr — fo) + M( o, 8> 8)(&1 — 80)-
Put

N(fo, 80> f1s g)(h, k) = L(f, £, g8)h + M(fy, 8. 81)k.
Then N is continuous and linear in (4, k) and

P( £, &) — P(f» 8) = N(fo» o> f1> 8)(fr — fo» &1 — &0)

so by Lemma 3.3.1 we have P(f, g)is C'.
If a function L( f, g) is linear in g then it is only necessary to differentiate it
in f, as the following theorem shows.

3.4.4. COROLLARY. If L(f, g) is jointly continuous, C' separately in f and
linear separately in g, then it is C' jointly in f and g, and

PRrROOF. pr exists anq is contim.lous ‘by hypothesis, while D,L( f, g)k =
L(f, k) exists and is continuous by linearity.

For this reason we adopt the following convention. If L( f)A is linear in A,

we regard its derivative as the partial derivative with respect to f. If we
differentiate with respect to f in the direction k, we obtain

DL(f){h, k} = lim [L(f+ tk)h — L(f)H] /1.

3.4.5. THEOREM. If L( f)h is C' and linear in h then DL( f ){h, k} is bilinear,
i.e. linear separately in h and k.

PROOF. Since the total derivative is linear, so is the partial derivative with
respect to f. Thus

DL(f){h, k, + k,} = DL(f){h, k\} + DL(f){h, k,}.
To see the linearity in &, we appeal to the definition of the derivative.
DL(f){h + hy, k} = }i_{%[L(f+ tk)(hy + hy) = L(f)(hy + hy)] /1

= lm [L(f+ tk)h, = L(f)m]/t + lim [L(f + )k, = L(f)ho] /1

= DL(f){hy, k} + DL(f){h;, k}.

3.5. Second derivatives. The second derivative is the derivative of the first
derivative. Following the previous convention, we differentiate DP( f)h with
respect to f only, in the direction k. This gives the following definition.

3.5.1. DEFINITION.

D*P(f){h,k} = }E%[Dp(f+ tk)h — DP(f)h] /t.
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We say P is C? if DP is C', which happens if and only if D?P exists and is
continuous. If P: U C F — G we require D?P to be continuous jointly on the
product as a map

D*P: (UCF)XFXF-G.
From Theorem 3.4.5. we immediately get the following result.

3.5.2. THEOREM. If P is C?* then D*P(f){h, k} is bilinear, i.e. linear
separately in h and k.

We have the following interesting characterization of the second derivative
as a limit of a second difference.

3.5.3. THEOREM. If P is C? then
D?P(f){h, k}
= tliTO[P(f+ th+ uk) — P(f+ th) — P(f+ uk) + P(f)]/tu.
PRrROOF. By Lemma 3.2.4 we have
[P(f+ th) — P(f)]/t =j;‘ DP(f+ 8th)h de,

=0

[P(f+ th + uk) — P(f+ uk)] /1 =f0' DP(f+ 6th + uk)h do,
=0

[DP(f+ 6th + uk)h — DP(f+ 6th)h] /u
= [' D*P(f+ 0tk + nuk) {h, k) d.
=0

It follows that
[P(f+th+uk) — P(f+th) — P(f+ uk) + P(f)]/tu

=]‘ /‘ DP(f+ Oth + nuk){h, k} dn dé.
6=0Y7=0

Taking the limit as ¢ and u — 0 gives the desired result.
3.5.4. COROLLARY. If P is C? then the second derivative is symmetric, so that
D?P(f){h, k} = D*P(f){k, h}.
PrOOF. The second difference is symmetric and the second derivative is its
limit.
3.5.5. THEOREM. If P and Q are C? so is their composition Q o P and
D*[Q e P](f){h, k} = D*Q(P(f)){DP(f)h, DP(f)k}
+DQ(P(f))D*P(f){h, k}.
ProOF. This follows from applying the chain rule
D[Q = P)(f)h = DQ(P(f))DP(f)h

to itself.
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We shall need to use Taylor’s formula with integral remainder for the second
derivative in estimating a certain quadratic error term.

3.5.6. THEOREM. If P: U C F — G is C* and if the path connecting f and f + h
lies in U then

P(f+h)=P(f)+ DP(f)h +f0‘(1 — 0)D*P(f+ th){h, h} dt.

ProOF. The trick is to integrate by parts.
DP(f+ th)h = (1 — t)D*P(f+ th){h, h} — {(1 — t)DP(f + th)h}'.

Integrating this over 0 < ¢ < 1 and using Theorem 3.2.2 and Theorem 2.2.2
P(f+h)—P(f) =f’DP(f+ th)h dt
0
= fl(l — 1)D*P(f + th){h, h} dt + DP(f)h
0

which proves the theorem.
3.5.7. EXAMPLE. If f: (a, b) C R — Fis a parametrized curve then

f7(e) = D’f(1){1,1}.
3.5.8. ExampLE. If L is a continuous linear map then
D?L(f){h,k} =0.

3.5.9. ExaMpLE. If P: U C R? > R is smooth function z = P(%) then

2p( XV (7). ()} = 22 4 B2 3%z

D P(y){(s)’(v)} = ru+ 3xdy (ro + su) + ayzsv.

Hence D?P is the quadratic form associated with the matrix of second partial
derivatives

9%2/0x*  9%z/0xdy
3%z/3xdy  3%z/dy? |

If the function P has a local minimum at f then D*P(f){h, h} = 0 for all A,
which happens if and only if the matrix of second partials is positive.

3.5.10. ExampLEs. Here are the second derivatives of the operators in
Examples 3.1.5.

(@) D*P(f){h, k} = 2hk,

(b) D*P(f){h, k} = 6hk,

(c) D?*P(f){h, k} = e’hk,

(d) D*P(f){h, k} = h'k + hk’,

(e) D*P(f){h, k} = h"k + 2h’k’ + hk",

(6) D*P(f)(h, k} = Wk’ /(1 + [/

3.5.11. ExaMmpLE. If we consider the operator

Pf(x) = p(x, f(x))
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of Example 3.1.6 or 3.1.7, its derivative is
[DP(f)h](x) = D,p(x, f(x)) - h(x)
and its second derivative is
[D?P(f){h, k}](x) = D}p(x, f(x)) - h(x) - k(x).

For Example 3.1.6 this is ordinary multiplication, while for Example 3.1.7 we
regard Dyzp as a bilinear form applied to the pair of vectors 4 and k.
3.5.12. EXAMPLE. We return to the soap bubble problem of Example 3.1.9.

We can compute the second derivative of 4, and after simplifying we get

/ f f
D?A( f){h, k} = 271{——h’k’ + —(hk)'} dx.
/—: (1+f2)7 (1+1)
If we consider only variations # and k which vanish at the endpoints x = =/,
we can integrate by parts to obtain

1 /k/ _ //hk
DA(f){h, k) =f 27rfh—f3/2dx.

—1 (1 + f/Z)

Since all the solutions are similar under a change of scale, we focus our
attention on the solution f(x) = cosh x. Then

D?*(cosh x){h, h} :f[ 2@ sech’x[h'? — h?] dx.
—1

This quadratic form will be positive definite for all 4 vanishing at the
endpoints only when / is small enough. The critical value of / occurs when there
is a null eigenvector of the quadratic form, which happens for a given f when
there exists an h such that for all k we have D?A( f){h, k} = 0. Integrating by
parts for h and k vanishing at the endpoints we have

D*(cosh x) {h, k) = - [' 2msectPx{h” — 2 - tanh x - ' + h}k dx
—1

which vanishes for all kK when # satisfies the differential equation

h” —2tanhx - A’ + h = 0.
If the equation has a solution vanishing at both endpoints it will have a
symmetric solution, which is found to be

h(x) = xsinh x — cosh x.

Significantly, h(x) is the derivative of the general solution f(x) = (cosh sx) /s
with respect to s, evaluated at s = 1. For A(x) to vanish at the endpoints we
must have /tanh / = 1. This occurs at the value / =~ 1.2 where (cosh /) /I = m =
1.5 attains its minimum. Since r = cosh/ when f(x) = cosh x, the second
derivative first fails to be positive definite at the critical value r// = m. It now
follows that when r// > m only one of the two solutions s of the equation
cosh s/ = sr produces a stable solution f(x) = (cosh sx)/s, namely the one
with the smaller value of s which stays further from the axis, while the other
solution which comes nearer the axis is unstable. If we start with a stable soap
bubble for r/I>m and slowly increase / by moving the two rings apart, the
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bubble will suddenly collapse when r /I reaches the critical value m =~ 1.5. Note
that the neck of the bubble does not shrink to zero as we approach the critical
position. Let n denote the radius of the neck. The critical position for the
standard solution y = cosh x occurs at /~ 1.2 where (cosh/)//=m~ 1.5.
Here r = cosh !~ 1.8. The neck occurs at x = 0 and the radius of the neck
n = 1. Since the ratios are invariant in all solutions, we find that the critical
position is reached when //r ~ 0.6 and at that point n/r =~ 0.5. If / is increased
beyond this point the neck of the bubble will suddenly collapse. The reader is
invited to try the experiment.

3.6. Higher derivatives. The third derivative is the derivative of the second
derivative. Since D2P( f ){h, k} is linear separately in & and k, we take only its
partial derivative with respect to fin the direction /.

3.6.1. DEFINITION. If P: U C F — G then

D3P(f){h,k,1} = }i_l:l'(l)[DZP(f‘F t1){h, k} — D*P(f){h, k}]/t.

Similar definitions apply to the higher derivatives. The nth derivative
D"P(f){h,, hy,...,h,}
will be regarded as a map
D'"P.(UCF)XFX---XF-G.

We say P is of class C” if D"P exists and is continuous (jointly as a function on
the product space).

3.6.2. THEOREM. If P is C" then D"P(f){h,, h,,...,h,} is completely sym-
metric and linear separately in hy, h,,...,h,.

PROOF. It is linear in A,...,h,_, as the derivative of D"~ 'P, which is
already linear in these variables. It is linear in 4, as a derivative in that
direction. It is symmetric in 4,,_, and A, as the second derivative of D"~ 2P. It
is symmetric in A, and h; for i, j < n as the derivative of D"~ 'P, which already
has this symmetry. These transpositions generate the full symmetric group.

Sometimes it is more convenient to use the tangent functor.

3.6.3. DEFINITION. If P: U C F - V C G is a map between open subsets of
Fréchet spaces, we define its tangent 7P: (U C F) X F - (V C G) X G by

TP(f, h) = (P(f), DP(f)h).

Notice that TP is defined and continuous if and only if DP is defined and
continuous. We let T2P = T(TP) and T"P = T(T" 'P). Then T"P is defined
and continuous if and only if D"P is defined and continuous (i.e. P is C").

3.6.4. THEOREM. If P and Q are C", so is their composition Q o P, and
T(Qe° P)=(T"Q) > (T"P).

PrOOF. When n = 1, we have T(Q o P) = TQ o TP from the chain rule. The
higher cases follow from induction on n.

We say a map is C* if it is C” for all n.
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3.6.5. EXaMPLE. Let P: U C C®(X,V) - C®(X,V) be a vector bundle
operator as described in Example 3.1.7. Then P is C*. This follows im-
mediately from the fact that P is C' and TP is again a vector bundle operator.
If V® V denotes the Whitney sum of ¥V with itself, there is a natural
isomorphism

Co(X, V)X C(X, V)= C®(X, VO V).

Suppose P is induced by a map p: U C V - W of the vector bundles taking
fibres into fibres over the same point. Locally p has the form

p:(x,») = (x, p(x, »)).
There is an intrinsically defined vertical tangent map
T.p:UBVCVOV-WOW
given locally by
T,p: (x, y,2) > (x, p(x, ), D,p(x, y)z)

which induces a vector bundle operator which may be identified with the
tangent map

TP: UX C®(X,V) CC®(X,V) X C(X,V) - C®(X,W) X C=(X,W).

3.6.6. EXAMPLE. Let P: U C C®(X, V) » C®(X, W) be a differential opera-
tor of degree r as described in Example 3.1.8. Then P is C*. This follows
immediately from the observation that a differential operator is a composition
of a vector bundle operator (which is C®) with the r-jet extension map j’,
which is a continuous linear map (and hence also C*®).

1.4. Fréchet manifolds.

4.1. Manifolds. The usual definition of a manifold generalizes directly to
Freéchet space calculus.

4.1.1. DEFINITION. A Fréchet manifold is a Hausdorff topological space with
an atlas of coordinate charts taking their value in Fréchet spaces, such that the
coordinate transition functions are all smooth maps between Fréchet spaces.

4.1.2. EXAMPLE. Let X be a compact finite dimensional manifold. A bundle
over X is another finite dimensional manifold B with a smooth projection map
a: B - X whose derivative is everywhere surjective. A section of the bundle is
a smooth map f: X — B such that #f = 1 is the identity. The space of all
sections of the bundle C®(X, B) is a Fréchet manifold (at least if it isn’t
empty). Associated to each section f is a vector bundle over X called the
vertical tangent bundle to B at f, which we denote by 7, B(f). Its fibre at a
point x € X consists of all the tangent vectors of B at f(x) which lie in the null
space of the derivative of =.

It is easy to construct a diffeomorphism from a neighborhood of the zero
section of the vector bundle T, B( f) to a neighborhood of the image of f in B
which takes fibres into fibres over the same point. This provides a one-to-one
correspondence between sections near zero in the Fréchet space C*( X, T, B( f))
and sections near f in the manifoldd C*(X, B), and these maps serve as our
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coordinate charts. The coordinate transition functions are clearly vector bundle
maps in the sense of Example 3.1.7. Hence C*( X, B) is a Fréchet manifold.

4.1.3. EXAMPLE. Let X and Y be manifolds with X compact. The space of all
smooth maps of X into Y forms a Fréchet manifold 9L( X, Y). This is a special
case of the preceding example, as a map of X into Y is a section of the product
bundle X X Y over X.

4.1.4. EXAMPLE. As a special case, consider the manifold IN(S', S') of maps
of the circle to itself. It has an infinite number of components indexed by the
degree k which may be any positive or negative integer. We let Z denote the set
of all integers. Passing to the universal cover, a map of S' to S' lifts to a map
of R! to R!, which is just a real-valued function on the real line. If the map has
degree zero its lift will be periodic, giving rise to an element of the Fréchet
space C3°. The lift is not unique, but may vary by 2#n where n € Z is an
integer. Hence the component M (S', S') of maps of degree zero is diffeo-
morphic to the quotient C5° /27 Z. This provides a global chart. More generally
a map of degree k lifts to a function f: R' - R' satisfying

f(x+27)=f(x) + 27k

which we call k-periodic. If we let f(x) = f(x) — kx then f is periodic so
fe C%2.. Hence the set of functions which are k-periodic is not a vector space
but corresponds to the vector space C5°, by this affine shift. Again the lift is
only unique up to a constant function 27n. The component M (S, S') of
maps of degree k is also diffeomorphic to C5° /27Z, and the above construc-
tion provides a global coordinate chart. Then the whole space

M(S', $') ~ Z X (CZ /27Z).

4.1.5. EXAMPLE. Let X be a compact manifold and V" a vector bundle over X.
The space of all connections on ¥V forms a Fréchet manifold (V). The
difference of two connections is a tensor in the bundle L*(TX X V,V) of
bilinear maps of TX and V into V. For any fixed connection we obtain a
one-to-one correspondence between §(7') and the Fréchet space

Co(X, L(TX X V,V))

by subtracting the reference connection from the variable one. The coordinate
transition functions are just translations.

4.1.6. ExaMPLE. If V is a vector space, the Grassmann space G,(V') of all
p-planes in V is a manifold. If V'is a vector bundle over X then G,(V') becomes
a fibre bundle over X. When V' = TX is the tangent bundle, a section of
G,(TX) is a field of tangent p-planes. The space C*(X, G,(TX)) of all tangent
p-plane fields is a Fréchet manifold by Example 4.1.2.

4.1.7. EXAMPLE. Let X be a finite dimensional manifold and let $( X) denote
the space of all compact smooth submanifolds of X. Then S(X) is a Fréchet
manifold. Let S € $(X) be a given submanifold, and let NS be its normal
vector bundle, defined invariantly, as the quotient of the restriction of TX to S
by TS. We can find a diffeomorphism between a neighborhood of the zero
section in NS and a tubular neighborhood of S in X. This establishes a
one-to-one correspondence between a neighborhood of 0 in the Fréchet space
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C=(S, NS) and a neighborhood of S in S(X), and these maps serve as our
coordinate charts. We shall show later in Example 4.4.7 that the coordinate
transition functions are C*. Note that all the submanifolds S in a connected
component of S(X) are necessarily diffeomorphic, but there may be many
components. Diffeomorphic submanifolds may lie in separate components
also, as in the case of knotted circles in three space.

4.1.8. EXAMPLE. Let X be a finite dimensional manifold and let R.(X)
denote the set of all compact regions in X with smooth boundaries. Then
R (X) is a Fréchet manifold. When X is not compact, a region is uniquely
identified by its boundary, so ®.( X) is identified with the components of S( X)
corresponding to compact submanifolds of codimension 1 which bound a
compact region. When X is compact, each boundary determines two regions, so
A.(X) is a double cover of the boundary components of S(X). This double
cover may be not just two copies. For if we consider regions diffeomorphic to a
ball B” in the sphere S”, the complement is another ball B”, and the first may
be continuously rotated into the second.

4.2. Submanifolds. Let 9N be a Fréchet manifold and 9 a closed subset.

4.2.1. DEFINITION. 9U is a submanifold of 9N if every point of 9 lies in the
domain of a coordinate chart on 91 with range in a product of Fréchet spaces
F X G such that a point in the domain of the chart lies in the subset 9 if and
only if its image under the chart lies in the subset F X 0.

4.2.2. EXAMPLE. Let B be a bundle over a compact manifold X. A subbundle
of B is a submanifold A of B such that the derivative of the projection map =
for B is still surjective on A. Then A4 is itself a bundle over X, and the Fréchet
manifold C*( X, A) of sections of the subbundle A4 is a Fréchet submanifold of
the Fréchet manifold C*( X, B) of sections of the bundle B. Indeed, given any
section f of A, we can find a tubular neighborhood of its image in the bundle B
which is diffeomorphic to a tubular neighborhood of the zero section in a
bundle V' ® W by a map taking fibres into fibres over the same point, such
that the points in the neighborhood in B which lie in the subbundle 4
correspond to points in the Whitney sum V' & W which lie in the vector
subbundle ¥ & 0. Then we have a chart on C*( X, B) with values in

C®(X, VO W) ~C2(X,V) X C=(X, W)

such that the sections in C®( X, A) correspond under the chart to C°(X, V) X
0.

4.2.3. EXAMPLE. Let X be a compact manifold and Y a submanifold of Z.
Then the Fréchet manifold 91U( X, Y) of smooth maps of X into Y is a smooth
Fréchet submanifold of the Fréchet manifold of smooth maps of X into Z.
Indeed, the maps of X into Y are the sections of the product bundle X X Y
over X, and X X Y is a subbundle of X X Z.

4.2.4. ExaMPLE. Let B be a bundle over a compact manifold X. Then the
Fréchet manifold C®( X, B) of sections of B is a submanifold of the Fréchet
manifold 9N (X, B) of all smooth maps of X into B. Since it is sufficient to
verify this locally, we may as well assume that B is an open subset of a vector
bundle V over X, and consider a neighborhood of the zero section of V. The
tangent bundle to V" along the zero section is naturally isomorphic to V @ TX,
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so we can choose a diffeomorphism between a neighborhood of the zero
section in ¥ @ TX and a neighborhood of the zero section in the product
bundle X X V such that the subbundle V' ® 0 in V' & TX corresponds to the
subset of X X V¥ which lies over the diagonal in X X X. Then we get a chart on
the manifold 91L( X, V') with values in the Fréchet space

Co(X,VOTX)=C®(X,V) X C?(X,TX)

such that the submanifold of true sections C*( X, V) corresponds to the subset
where the component in C*( X, TX) is zero.

4.2.5. EXAMPLE. The manifold &(X, Y) of embeddings of a compact mani-
fold X into a manifold Y is an open submanifold of the manifold 9N ( X, Y) of
all maps of X into Y. Likewise the manifold %)( X) of all diffeomorphisms of a
compact manifold to itself is an open submanifold of the manifold IM (X, X)
of all maps of X to itself.

4.2.6. EXAMPLE. We study in particular the manifold (S') of diffeomor-
phisms of the circle. It has two components, those which preserve and reverse
orientation, which we write as D (S') and D~ (S'). Elements of D* (S') have
degree +1 and lift to functions f(x) satisfying f(x + 27) = f(x) + 2«. Then
f'(x + 27) = f'(x) so the derivative f'(x) is periodic. For a diffeomorphism
we must have f’(x) > 0. To satisfy the condition on f we also need

[7(x) ax = f2m) = £(0) = 2.
0

Let H denote the subset of the Fréchet space C5;, of functions which are
strictly positive and have integral 2. It is an open convex subset of a closed
affine subspace of codimension 1, and hence a manifold. Then f’(x) can be
any element in H. It determines f(x) up to the constant f(0) € R', which is
itself indeterminate up to a constant 27n € 27Z, so f'(x) determines the
diffeomorphism up to an element of S' = R!/27Z, namely the image of 0.
This shows that D' (S')~ S' X H. Moreover H is clearly contractible, so
* (S') has the homotopy type of S'. The other component )~ (S"!) looks the
same.

4.2.7. EXAMPLE. Let X be a submanifold of Y. Then the Fréchet manifold
S(X) of compact submanifolds of X is a submanifold of the Fréchet manifold
&(Y) of compact submanifolds of Y.

4.3. Vector bundles. 1t is natural to define Fréchet vector bundles over
Fréchet manifolds in the usual way. Let 9 be a Fréchet manifold, Y another
Fréchet manifold, and 7: V' - 9 a projection map such that each fibre 7~ 'f
for f € 9N has the structure of a vector space.

4.3.1. DEFINITION. We say that “Vis a Fréchet vector bundle over 91 with
projection 7 if each point in 9 lies in the domain of a coordinate chart with
values in an open subset U of a Fréchet space F and we can find a coordinate
chart on ‘Vwhose domain is the inverse image of the domain of the chart on 9N
with values in the open set (U C F) X G in a product F X G for another
Fréchet space G, so that the projection 7 of V on 9N corresponds to the
projection of U X G on U and the vector space structure on each fibre is that
induced by the vector space structure on G.






