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INTRODUCTION 

The basic idea of this inverse function theorem was discovered by John Nash 
[14], who used it to prove his famous theorem on isometric embeddings of 
Riemannian manifolds. Jürgen Moser [13] fashioned it into an abstract theo­
rem in functional analysis of wide applicability. Sergeraert [20] stated the 
theorem in terms of a category of maps between Fréchet spaces. Generaliza­
tions to implicit function theorems have been given by Kuranishi [9], Zehnder 
[25], and the author [4]. Applications have been made by Nash [14] and 
Jacobowitz [8] to isometric embeddings, by Kuranishi [9] to deformation of CR 
structures, by Moser and Zehnder [24] to small divisor problems, by Hörmander 
[6] to problems in gravitation, by Beale [2] to water waves, by Schaeffer [18,19] 
to free boundary problems in electromagnetics, by Sergeraert [22] to catastrophe 
theory, and by the author [5] to foliations. These and many other examples 
show the power and versatility of the theorem. 

We define a category of " tame" Fréchet spaces and " tame" nonlinear maps, 
which is essentially that of Sergeraert. The spaces carry an extra structure of a 
"grading", a sequence of norms || \\n defining the topology. The tame condi­
tion on the Fréchet spaces guarantees that the norms satisfy some interpolation 
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properties. The maps are required to satisfy linear growth estimates \\Pf \\ n < 
C|| ƒ ||w+r for a fixed r and all n. It is a surprising fact that this condition is 
satisfied by all nonlinear partial differential operators and by most of their 
inverses, including inverses of elliptic, parabolic, hyperboHc, and subelliptic 
operators. The Nash-Moser inverse function theorem says that if the deriva­
tives DP( f )h = k of an operator P in the category have solutions VP( f)k — h 
in the category, then the operator P has a local inverse in the category. 

We have spent a long time saying just what this means, hoping to guide the 
reader by many examples. We have tried to include enough material on the 
simple cases so that one may appeal directly to the theorem without the need 
to crank out extra estimates. But if these are needed, the examples included 
here may serve as a guide. There are by now many ways to prove the theorem, 
and we have chosen an algorithm that pleases us for the simplicity of its 
estimates and its similarity to Nash's original. Our applications in this paper 
are not chosen to be the most novel or the most famous, but to be instructive. 
Many can be proven without the Nash-Moser theorem; we hope they are easier 
with it. 

Finally we draw the reader's attention to the counterexamples we have 
included, particularly a brilliant one of Lojaciewicz and Zehnder [12], of which 
we give our own version. They show that all the extra hypotheses which are not 
needed in the simple Banach space case are really necessary in Fréchet spaces. 
Indeed if we weaken our hypothesis so little as to include maps satisfying 
\\Pf \\n < C|I ƒ II2„ we obtain a counterexample. Thus the Nash-Moser Theo­
rem deftly picks out from among the wide variety of maps on Fréchet space a 
very useful class which we can invert. 

PART I. CALCULUS ON FRÉCHET SPACES 

1.1. Fréchet spaces. 
1.1. Definition of a Fréchet space. A seminorm on a vector space F is a 

real-valued function 11 ||: F -> R such that 
(i) II ƒ II >0 for all vectors/; 
(ii) II ƒ + g II < II ƒ II + Il g II for all vectors ƒ and g; 
(iii) ||cf || =\c\ • || ƒ || for all scalars c and vectors ƒ. 

A collection of seminorms {Il ||n: n G N} defines a unique topology such that 
a sequence or net fj -» ƒ if and only if || fj: — ƒ II n -> 0 for all n G TV". 

A locally convex topological vector space is a vector space with a topology 
which arises from some collection of seminorms. The topology is Hausdorff if 
and only if ƒ = 0 when all II ƒ II „ = 0. The topology is metrizable if and only if 
it may be defined by a countable collection of seminorms {II 11 n). In this case 
we may always use sequences instead of nets. A sequence fj is Cauchy if 
II fj ~~ fk H n ~* 0 a s 7 anc* ^ ^ oo for all n. The space F is (sequentially) complete 
if every Cauchy sequence converges. 

1.1.1. DEFINITION. A Fréchet space is a complete Hausdorff metrizable 
locally convex topological vector space. 

1.1.2. EXAMPLE. Every Banach space is a Fréchet space. The collection of 
norms contains only one. 
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1.1.3. EXAMPLE. Let R°° be the vector space of all sequences {ay} of real 
numbers. Put 

W{aj}Wn= 2 \aj\ forn = 0 , l , 2 , . . . . 

Then R°° is a Fréchet space. 
1.1.4. EXAMPLE. Let Q°°[a, b] be the vector space of smooth functions on 

a < x < b. Put 

11/11.= 2 wp\D'f(x)\. 
j = Q X 

Then Q°°[a, b] is a Fréchet space. 
1.1.5. EXAMPLE. More generally, let Xbe a compact manifold and F a vector 

bundle over X. Let 6°°(X, V) be the vector space of smooth sections of the 
bundle over X. Choose Riemannian metrics and connections on the bundles 
TX and V and let Djf denote they'th covariant derivative of a section ƒ of V. 
Put 

11/11,= 2 sup|2>Y(x) | . 
7 = 0 x 

Then e°°( X, V) is a Fréchet space. 
1.1.6. EXAMPLE. Let Q(R) denote the vector space of all continuous func­

tions on the real line. Put 

| | / | | „ = sup{ | / (x) | : - « < * < * } . 

Then Q{R) is a Fréchet space. 
1.1.7. EXAMPLE. Let % denote the vector space of entire holomorphic 

functions. Put 

11/11. = s u p { | / ( z ) | : | z | < « } . 

Then % is a Fréchet space. 
1.1.8. COUNTEREXAMPLE. Let &0(R) denote the vector space of continuous 

functions on the real Une with compact support. For any positive function p let 

ll/ll„ = s u p p ( * ) | / ( x ) | . 
X 

Then Q0(R) is a complete locally convex Hausdorff topological vector space, 
but it is not a Fréchet space because it is not metrizable. For given any 
countable sequence of py we can find p so that 

p/pj -* oo as x -> ±oo for ally. 

1.2. Properties of Fréchet spaces. A seminoma is a norm if ƒ = 0 whenever 
11/11 = 0 . Some Fréchet spaces admit continuous norms and others admit 
none. If a Fréchet space admits one norm then all the seminorms in a 
collection defining the topology may be taken to be norms (by adding the one 
norm to them all). 

1.2.1. EXAMPLES. A Banach space, e°°[a, b\ e°°(X, V) for * compact and % 
all admit norms, while R°° and Q(R) do not. 
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A closed subspace of a Fréchet space is also a Fréchet space, as is a quotient 
of a Fréchet space by a closed subspace. The direct sum of two Fréchet spaces 
is a Fréchet space. A space G is a (topological) direct summand of F if there 
exists a third space H such that F is isomorphic to the direct sum G 0 H. If a 
Fréchet space admits a norm then so does any closed subspace, but a quotient 
by a closed subspace may not. 

1.2.2. EXAMPLE. Let G°°[0, 2TT] be the space of smooth functions on 0 ^ x < 
2 77-, and let G%v be the space of smooth functions on -oo < x < oo which are 
periodic with period 2TT. We can regard Qfv as a closed subspace of G°°[0,2m\ 
where the inclusion map i is given by restricting the function to the interval. A 
function on the interval comes from a periodic function if and only if all the 
derivatives match up at 0 and 2m. Define the projection mapp from G°°[0, 2TT] 
to R°° by letting 

aj = D'f(2ir)-D'f(0). 

Then there is a short exact sequence 

0 ^ e £ ^ e ° ° [ 0 , 2 i r ] ^ i r - > 0 

since a smooth function may have an arbitrary Taylor series. Thus R°° is a 
quotient of G°°[0,2m\ by a closed subspace. Since R°° does not admit a norm, 
it cannot be a direct summand. Hence the sequence does not split, and (2^ is a 
closed subspace of G°°[0,2ir\ which is not a direct summand either. 

The dual of a Banach space is again a Banach space. However, the dual of a 
Fréchet space which is not itself a Banach space is never à Fréchet space. 
Hence in general the space of linear maps of one Fréchet space to another will 
not form a third Fréchet space. For this reason we shall always avoid taking 
the space of linear maps. This causes some differences from the Banach space 
theory as it is usually presented. 

1.2.3. EXAMPLES. The dual of the space R™ of all sequences is the space R™ 
of sequences with only a finite number of nonzero terms. The dual of the space 
of continuous functions on R9 G(R), is the space 9H0(/*) °f measures with 
compact support. The dual of the space &°°(X) of smooth functions on a 
compact manifold is the space 6D00(A

r) of distributions. These are all complete 
locally convex topological vector spaces but none of these duals are Fréchet 
spaces. 

The Hahn-Banach theorem holds for Fréchet spaces. Thus if F is a Fréchet 
space and ƒ is a nonzero vector in F we can find a continuous linear functional 
/: F - R (or C) such that /( ƒ ) = 1. Hence if /( ƒ ) = /(g) for all continuous 
linear functionals then f—g. This is a very useful tool for reducing theorems 
to the real-valued case. Also the open mapping theorem holds. Thus if F and G 
are Fréchet spaces and if L: F -> G is continuous, linear and invertible then 
L _ 1 : G -> Fis also continuous. 

1.3. Families of linear maps. Let F9 G, and H denote Fréchet spaces. A linear 
map L: F -> G is naturally defined on all of F9 while a nonlinear map P: 
U Q F -» G is naturally defined only on an open subset of F. Frequently it 
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happens that we have a map L( ƒ, g) which is nonlinear in ƒ but linear 
separately in g. Thus 

L(f,gl+g2) = L(f,gl) + L(f,g2). 

We call this a family of linear maps. It will naturally be defined for some ƒ G F 
and all g G G with values in a third space //, so we write 

L: (UQF) X G^H. 

Since it is natural to think of L( ƒ ) as a linear operator taking G into if, we 
shall usually write L(f)g for L( ƒ, g), but it is important to emphasize that we 
want to consider L as a function from an open set of the product FX G into 
H, and «0/ as a map 

L: UCF-*L(G,H) 

into the space of linear maps L(G, H), which in general is not â Fréchet space. 
Even in the Banach space case there is a large difference in what it means for 

L: (U C F) X G -> H to be continuous, as opposed to L: U C F -> L(G, H). 
1.3.1. EXAMPLE. Let S27r be the space of continuous functions on -00 < x < 

00 which are periodic with period 2m. Define a family of linear maps L(t) f by 
translation, so that 

{L(t)f}(x)=f(x + t). 

Thus L(t) is the linear operator "translation by t". Then L: R X Q2w -» G27r is 
continuous (jointly in the product topology) but L: R ^> L(Q2m, S27r) is not 
continuous (in the topology of the Banach space of linear maps). It is easy to 
see why this should be so. For a given continuous periodic function we know 
by its uniform continuity that a small translation will produce a small variation 
in the function. But since the collection of all continuous functions is not 
equicontinuous, an arbitrarily small translation will produce an arbitrarily 
large variation in a function with a steep enough gradient. 

Let Q}llT denote the Banach space of continuously differentiable periodic 
functions with period 277, and let L be defined as before. Then the map L: 
R -> L(&lm, Qlm) is continuous, but L: R-* L(Q\m, S27r) is not. This simple 
example is the source of many difficulties in applying the Banach space theory 
to diffeomorphism groups and free boundary value problems. 

We shall also have to consider families of bilinear maps B( ƒ, g, h) which are 
nonlinear in ƒ and linear separately in g and h. We shall write this usually as 
B{ ƒ ){g, h) to indicate the bilinearity, and regard B as being continuous if it is 
continuous as a function on the product 

B:(UCF)XGXH^K 

and not as a map into the space of bilinear maps 

B: UQF-^L^GXH.K). 

1.2. The Riemann integral. 
2.1. The definite integral Let f(t) be a continuous function on a < / < b with 

values in the Fréchet space F. We wish to define the definite integral j£ f(t)dt 
as an element of F. 
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2.1.1. THEOREM. There exists a unique element f% f(t)dt G F such that 
(i)for every continuous linear functional l: F -> R 

i[jhj(t)dt)=jbj{f{t))dt. 

In addition 
iii) for every continuous seminorm II 11 : F -> R, 

\\(bf(t)dt\Ufb\\f(t)\\dt. 
\\Ja II J a 

(m) sa m dt + sim dt=sc
a m dt. 

(iv) ƒ„*[ƒ(/) + g(t)] dt = Sb
a fit) dt + Sb

a git) dt. 
iv)fa

bcfit)dt = cfa
bfit)dt. 

PROOF. Let 6([a, b], F) be the Fréchet space of all continuous functions on 
a < / < b with values in F with the seminorms 

l l / l l , = sup y /(/)ll„. 

We say a function f(t) is linear if f(t) = *ƒ, + /2 for some ƒ, and f2 G F, and we 
say f(t) is piecewise linear if it is continuous and there exists a partition 
a — t0 < tx < • • • < ̂  = b such that ƒ(/) is linear on each piece ti_l < f < ff-
for 1 < / < k. The vector space PL([a, b], F) of piecewise linear functions on 
[a, b] with values in F is a dense linear subspace of 6([a, b], F). For a 
piecewise linear function we may define the integral by the trapezoidal rule 

fbf(t)dt= ^ [ / ( U + t t - ^ i ) . 

We may easily verify properties (i)-(v) for piecewise linear functions directly 
from the formula. Since the integral defines a continuous linear functional on 
the dense subspace PL([a, b]9 R), it extends by continuity to a continuous 
linear functional on all of &([a9 b], R\ where it will still satisfy (i)-(v). The 
uniqueness assertion follows from the Hahn-Banach theorem. 

2.1.2. EXAMPLE. Let F= R2 and write a vector 

A U o r \LbMt)dtf-
Hence the integral of a vector function may be obtained by ordinary integra­
tion component by component. 

Then a path 

and 
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2.1.3. EXAMPLE. Let F = G27r be the Banach space of continuous functions 
periodic with period 2ir. Then a continuous pa th / (0 G 627r on a < f < b is a 
continuous function ƒ(*, x) on [A, b] X (-00, 00) periodic in x, setting f(t)(x) 
= ƒ(/, x). The integral of the path is given by 

[fa
bf(t)dt}{x)=f*f(t,x)dt. 

We have the usual formula for a change of variables. 

2.1.4 THEOREM. Let u — y{t) be a C1 monotone increasing function on 
a^t^b and let f(u) be a Cl parametrized curve on y {a) < u < y(b) with 
values in a Fréchet space. Then 

(y(b)f(u)du=jbf(y(t))-y>(t)dt. 

PROOF. Apply an arbitrary linear functional to each side. Equality holds by 
the usual result for real-valued functions. Then appeal to the Hahn-Banach 
theorem. 

2.1.5. THEOREM. Let X be a topological space and F a Fréchet space. Let f: 
X X [a, b] -> R be a continuous map. Define a map g: X -> R by 

g(x) = [bf(x,t)dt. 

Then g is also continuous. 

PROOF. Pick x0 E X. Since x0 X [a, b] is compact, given any continuous 
seminorm || II on F and any e > 0 we can find a neighborhood U of x0 in X 
such that, for all x e U and all / in [a, *], || f(x91) - f(x0, t)\\ < e. Then 

Wg(x) ~ g(x0)W < ('Ui*, 0 -ƒ(*<» O" dt < e(b - a). 

This shows g is continuous. 
2.2. Parametrized curves. Let f(t) be a continuous path in a Fréchet space. 

We can define its derivative in the usual way. 
2.2.1. DEFINITION. For a parametrized curve 

f'(t) = Um[f(t + h)-f(t)]/h. 

If f(t) is the position at time t then ƒ ' (0 is the velocity. If the limit exists and is 
continuous we say ƒ is continuously differentiable or C1. We can now state the 
two fundamental theorems of calculus. 

2.2.2. THEOREM. If f(t) is a CX curve on a< t < b with values in a Fréchet 
space then 

f{b)-f(a)=fbf'(t)dt. 
Ja 

2.2.3. THEOREM. Iff(t) is a C° curve on a^t^b and if g(t) = Ja' f(0) dO 
then g(t) is Cl and g'(t) = f(t). 
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PROOF. If / is a continuous linear functional and ƒ is C1 then / o ƒ is C1 and 
(/ o ƒ y = / o ( ƒ'). By the standard result for F = R 

l(f(b)-f(a)) = l(fy>(t)dt). 

Then Theorem 2.2.2 follows from the Hahn-Banach theorem. To prove the 
other result we need a lemma. 

2.2.4 LEMMA. 

r*hf{O)d0 = h(lf(t + hu)du. 
Jt Jo 

PROOF. If ƒ(#) is real-valued this follows from the substitution 0 = t + hu. 
The general case comes by applying a linear functional and using the Hahn-
Banach theorem. 

Using the lemma, we see that 

àl±Rzjiîl=^fit + hu)du. 

Then if ƒ is continuous we may appeal to Theorem 2.1.5 to take the limit as 
/ i ^ O o n the right by setting h = 0, so that g is differentiable and g '(0 = / (0 -
Since ƒ is C° we see g is C1. 

2.2.5. COROLLARY. If f (a) - g(a) and if f and g are C1 with f(t) = g\t)for 
a ^ / < b then f(b) = g(b). 

2.2.6. COROLLARY. Iff is C1 ona^t^b and if || f\t)\\ < K then \\ f(b) -
f(a)\\ < K(b - a). 

We say that the path/(r) is 6°° if all of its derivatives ƒ (n\t) exist and are 
continuous. 

2.2.7. EXAMPLE. A smooth path f(t) in Cfm for a<t<b is a smooth 
function ƒ(ƒ, JC) periodic in x9 setting f(t)(x) = ƒ(/, JC). We have f'(t)(x) = 
Dtf(t9 x). 

1.3. The directional derivative. 
3.1. Definition of the directional derivative. Let F and G be Fréchet spaces, £/ 

an open subset of i% and P: U C F -» G a continuous nonlinear map. 
3.1.1. DEFINITION. The derivative of P at the point f E U in the direction 

h E Fis defined by 

DP{f)h = lim£il±J!iLiIifl_ 

We say P is differentiable at ƒ in the direction h if the limit exists. We say P is 
continuously differentiable (or C1) on U if the limit exists for all ƒ E U and all 
h E F and if DP: (U C F) X F -» G is continuous (jointly as a function on a 
subset of the product). 

Note well that this definition of a C1 map does not agree with the usual 
definition for a Banach space. The derivative will of course be the same map, 
but our continuity requirement is weaker. 
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3.1.2. EXAMPLE. Let/: (a, b) Q R -* F be a parametrized curve. The simple 
vector space R contains the distinguished vector 1 which spans the space, and 
f'(t) = Df(t)\. Thus our two motions of differentiability coincide. 

3.1.3. EXAMPLE. Let L be a continuous linear map. Then L is C1 and 
DL(f)h = Lh. 

PROOF. By linearity L(f+th) = L(f) + tL(h). Then by the definition 

DL(f)h = l im[L(ƒ + rt) - L(f)]/t = L(h). 

3.1.4. EXAMPLE. Let P: U Q R2 -* R2 and write 

(;)='(?)• 
Then 

and the directional derivative is given by the matrix of partial derivatives. 
3.1.5. EXAMPLES. Consider the following maps P: C°°([a, b]) -* C°°([a9 b]) 

and their derivatives: 

(a) 
(b) 
(c) 
(d) 
(e) 

(f) 

P(f)=f\ 
P(f)=f3, 
P{f) = ef, 

P(f)=ff', 
P(f)=ff"+f'\ 
P(f) = Jl+f'2, 

DP(f)h = 2fh, 
DP(f)h = 3f2h, 
DP(f)h = e'h, 
DP(f)h=fh'+f'h, 
DP(f)h=fh" + 2f'h'+f"h, 

DP(f)h=f'h'/Jl+f'2. 

3.1.6. EXAMPLE. Let U be a relatively open subset of [a, b] X R and let 
p(x, y) be a smooth function on U. Let {ƒ be the open subset of the Fréchet 
space C°°([a9 b]) consisting of all functions of whose graph >> = f(x) lies in U. 
Define a nonlinear map P: Ü C C°°[a, b] -> C°°[Û, 6] by setting 

*(ƒ)(*) =/K*. ƒ(*))• 
Then the map P is C1 (and indeed C00) and 

3.1.7. EXAMPLE. Let A" be a compact manifold and let V and W be vector 
bundles over X. We form the Fréchet spaces C°°(X, V) and C°°(X,W) of 
smooth sections of V and W over X Let U be an open subset of V and let Ü be 
the open subset of all sections in C°°(X, V) whose image lies in U. Let p: 
U Q V -> Wbe a smooth map which takes points in the fibre of Kover a point 
x into points in the fibre of W over the same point x (so that if ITV and 7rw are 
the bundle projection maps then tnv— p ° irw). Define a nonlinear operator P: 
Ü c C°°(X, V) -> C°°(X9 W) by 

P(f)=P°f. 
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We call such a map P a vector bundle operator. Choose local coordinates x on 
X and Y in the fibre of V and z in the fibre of W. Then p is given locally by 
z ~ p(x, y). A section ƒ of the bundle V is given locally by y — f(x). The 
operator P is given locally by 

[Hf)](x)=p(x,f(x)). 

Except for a fancier setting the situation is the same as before. The derivative is 
given locally by 

[DP(f)h](x)=Dyp(x,f(x))h(x) 

where Dyp is interpreted as the matrix of partial derivatives with respect to the 
y variable, and is applied to the vector h. It is easy to see that P is C°. For a 
proof that P is C1, see Example 3.3.3, and for a proof that P is C00, see 
Example 3.6.6. 

3.1.8. EXAMPLE. If Fis a vector bundle over a compact manifold X, the r-jet 
bundle jrV may be defined intrinsically; but if we introduce connections and 
covariant derivatives then 

ff=(f,Df,D2f,...,Dj). 

Let p be a smooth map of an open set U injrV into another bundle W taking 
fibres into fibres over the same point, and let Ü be the open set of all 
ƒ G C°°(X, V) with the image of jrf in U. A nonlinear differential operator P 
from V into W of degree r is a map P: Ü c C°°(*, V) -> C°°( *, JP) given by 
Pf = po jrf. The operator P is the composition of the continuous linear map yr 

with a vector bundle operator of the type before, and hence is also smooth. 
3.1.9. EXAMPLE. TWO circular rings of radius r are held parallel in space and 

a soap bubble is blown connecting one to the other. It will form in a surface of 
revolution having the least possible area. If the rings are positioned at x = ±/ 
perpendicular to the jc-axis and if the surface is obtained by revolving the 
graph of y = f(x) around the x-axis, the surface will have area 

A(f)=f_27Tf^+f2dx. 

We can regard A as a nonlinear map 

A: C°°([-/,/]) ->R 

on the Fréchet space of smooth functions with real values. It is differentiable, 
and its derivative is given by 

DA{ f )h = f' 2TT\ —E=h' + i\ +/ ,2/ii dx 
J-< U\+r2 J 

using the familiar rules for the variation of a product and a square root and a 
square. If h vanishes at the endpoints x = ±1, we may integrate by parts to get 

DA(f)h = f' 2 J ] +f'2 ~f£' \h dx. 
J-i l ( l+ / ' 2 ) 3 / 2 J 
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If the surface area A is to be a minimum over all ƒ with f(±l) = r9 then the 
derivative DA(f) — 0 for all variations h with h(±l) = 0. Clearly this happens 
if and only if ƒ satisfies the differential equation 

ff"=f'2+l 
whose symmetrical solutions are given by 

f(x) = (coshsx)/s 

for various values of the constant s. To satisfy the boundary conditions s must 
be chosen so that cosh si = sr. Since the problem is invariant under a change 
of scale, the solution depends only on the ratio r/l. Fixing attention on the 
case / = 1, we must solve 

r — (cosh s ) / ? . 

The minimum value m of this function occurs where the secant line from the 
origin to the graph of cosh s becomes tangent, which happens when s tanh 5 = 1 . 
This equation has a solution s « 1.2 which gives m » 1.5 for the critical value. 
If r/l > m there are two solutions, while if r/l < m there are none. We shall 
see later that only one of the two solutions is stable in Example 3.5.12. 

3.2. Properties of the derivative. We begin with an integral version of the 
fundamental theorem of calculus. 

3.2.1. LEMMA. IfP is C1 and f and h are given then P( ƒ + th) is a C1 path in t 
and 

P(f+ th)' = DP(f+ th)h. 

PROOF. We have 

/>( ƒ + th)f = lim [P( ƒ + th + uh) - P( ƒ + th)]/u = DP( ƒ + th)h. 

3.2.2. THEOREM. If P: U Ç F -* G is a Cl map between Fréchet spaces and if 
the path from ttot-\-h lies in U then 

P( f -f h) - P(f) = flDP( ƒ + th)h dt. 

PROOF. By the previous lemma, P(f+th)f = DP(f+ th)h. We need only 
apply Theorem 2.2.2. 

Next we wish to show that if P is C1 then DP(f)h is always linear in h. We 
begin with scalar multiplication. 

3.2.3. LEMMA. If c is a scalar and P is Cl then 

DP(f)ch = cDP(f)h. 

PROOF. We apply the definition and then substitute u — ch. 

DP(f)ch = lim[P(ƒ + cth) - P(f)]/t 

= clim[P(f+cth)-P(f)]/ct 

= clim [P( ƒ + ufc) - P{f)]/u = cDP{f)h. 
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3.2.4. LEMMA. If P: U C F -* G is C\f G U and h E F, and t is small, then 

[/>(ƒ + th) - P(f)]/t = f lDP( f + uth)h du. 

PROOF. We apply Theorem 3.2.2 replacing h by th and t by w, so that 

P( ƒ + th) - P(f) = (XDP{ f + t///z)//i </w. 
'o 

Then we use Lemma 3.2.3 to factor t out of the derivative and Theorem 
2.1.1(v) to factor it out of the integral. 

3.2.5. THEOREM. IfP: U C F -* GisC\fG Uandhx,h2 e F then 

DP(f)(hx + h2) = DP(f)hx + DP(f)h2. 

PROOF. First write 

p{f+t(hx + h2))-p(f) 

= [pU+thx + th2)-PU+thx)}+[p{f+thx)-p{f)]. 

Using the previous lemma 

[P(f + th}) - P(f)]/t = flDP(f+ uth^du, 

[P(ƒ + thx + th2) - P(f+ thx)]/t = (lDP(f+ thx + uth2)h2du; 

therefore 

[ P ( / + / ( * , + * 2 ) ) ~P(f)]/t 

= (lDP(f+uthx)hxdu+ flDP(f+thx + uth2)h2du. 

We let t -> 0 on the left. We can just put / = 0 on the right by Theorem 2.1.5. 
Then 

DP{f){hx + h2) = DP( f )A, + i)P( ƒ )A2 

as desired. 
3.3. The chain rule. We begin with a useful characterization of C1 functions. 

3.3.1. LEMMA. Le/ P: U C F-» G be a continuous map and suppose for 
simplicity that U is convex. Then P is continuously differentiable if and only if 
there exists a continuous map L: (U C F) X (U C F) X F -> G with L(f0, fx)h 
linear in the last variable h such that for allf0 andfx in U 

P(A)-P(fo) = L(f0,fx)(fx-f0). 

In this case we always have 

DP(f)h = L(f,f)h. 

PROOF. Let ft = (1 - t)f0 + tfx = f0 + t(fx -f0). Then by Theorem 3.2.5 if 
.Pis C1 we can put 

L(f0,fl)h=fDP(f,)hdt 
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and this gives us the desired map L. Clearly L is continuous and linear in h, 
and ƒ>(ƒ,) - P(f0) = L(f09 fx){fx ~ /o). 

Conversely, if such a map L exists, then 

[P( ƒ + th) - P( ƒ ) ] / / = L( ƒ, ƒ + rt)A 

using the linearity in A to pull out the scalar t. It follows letting / -> 0 that P is 
differentiable and DP(f)h = L(f, f)h. Since L is C°, P is C1. 

3.3.2. EXAMPLE. Let P: P -> P be defined by P( ƒ ) = ƒ2. Then 

* ( / i ) " *(/o) = /i2 " / o 2 = ( ƒ, + /o)( / i - / o ) 
so we must take 

i ( / o . / i ) * = ( / i + / o ) * . 
I f P ( / ) = / 3 t h e n 

^ ( / . ) ~ P(/o) = A3 - / o 3 = (/i2 + / . /o +/o2)(7, - / o ) 

so we must take 

i ( / o . / 1 ) ^ = ( / i 2 + / , / o + / o 2 ) ^ -

In one dimension L is unique, but in higher dimensions it is not. 
3.3.3. EXAMPLE. Let P: ÜQ C°°(X,V) -• C°°(X,^) be a vector bundle 

operator as described in Example 3.1.7. We can use Lemma 3.3.1 to prove that 
P is C1. Suppose P is induced locally by the function p(x, y). Since p is 
smooth, we can find a function l(x, j>0, y,)z linear in the vector z so that 

P(x, y\) -p(x, Jo) = l(*> Jo* J'iXj'i " Jo ) -

We can patch these together using a partition of unity in x since X is compact. 
We do not need a partition of unity in y if we restrict our attention to a small 
enough neighborhood U of the graph of a given section. This gives us an 
operator 

L.ÜXÜX C°°(X, V) - C°°(Z, W) 

given locally by 

i ( / o . / i ) * = /(*. /o(*) . / i (*))A(*) 
such that 

P(fi)-P(fo) = L(fo,fM-fo)-
Since L is clearly continuous and linear in /Ï, it follows that P is C1. 

Now we can prove the chain rule. 

3.3.4. THEOREM. If P and Q are Cl so is their composition Q°P and 

D[Q°P](f)h = DQ(P(f))DP(f)h. 

PROOF. Since the theorem is a local result we can always take P and Q to be 
defined on convex neighborhoods of given points and apply the previous 
lemma. Then we can find continuous functions L(/0 , fx)h and M(g0, gx)k 
linear in h and k such that 

P{h) - P(fo) = L(f0, ƒ,)(ƒ, - ƒ„), g (g , ) - Q(g0) = M(g0, g , ) ( g l - g0). 
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Define a function N(/0, fx)h by 

N{f0, fx)h = M(P(/0), P{fx))L{f0, ƒ,)*. 

Then JV is continuous and linear in A, and letting g0 = P(f0) and gj — P{fx) 
we have 

e(^(/i)) - e(*(/0)) - M /o, /i)( /i - /o). 
Then by the converse side of the previous lemma, Ö © P is C1. Since L( ƒ, ƒ )h 
= DP(f)h and Af(g, g)k = DQ(g)k9 we have 

D[Q o P](f)h = tf( ƒ, ƒ)A = M ( P ( ƒ ) , P (ƒ ) )L(ƒ , ƒ ) * 

= Z)fi(/>(/))2)P(/)A 

as claimed. 

3.3.5. COROLLARY. Iff(t) is a parametrized C1 cwrt>e awd P W a C1 ma/? then 
P(f(t)) is also a parametrized C1 curve and 

P(f(t))' = DP(f(t))f(t). 

From this we see that a curve passing through the point ƒ with velocity h is 
mapped by P into a curve passing through the point P(f) with velocity 
DP(f)h. This provides a good intuitive interpretation of the directional 
derivative. 

3.4. Partial derivatives. Given a function P(f9g) of two or more variables 
we can take a partial derivative with respect to just one or the other. 

3.4.1. DEFINITION. 

DfP(f, g)h = lim [/>(ƒ+ /A, g) - P( ƒ, g)]/t, 

DgP(f9 g)k = lim [ƒ>(ƒ, * + / * ) - P( ƒ, g)] A 

By repeating the proof of Lemma 3.3.1 we can easily establish the following 
result. 

3.4.2. LEMMA. The partial derivative DfP(f9 g)h exists and is continuous if 
and only if there exists a continuous function L(f0, fX9 g)h linear in h with 

P(A, g) ~ /»(/o, g) = L{fo, fv g)(A "/o)-

In this case DfP(f, g)h = L(f, f, g)h. 

3.4.3. THEOREM. The partial derivatives DfP and DgP exist and are continuous 
if and only if the total derivative DP exists and is continuous. In that case 

DP(f, g)(h, k) = DfP(f, g)h + DgP(f, g)k. 

PROOF. By definition 

DP(f, g)(h, k) = l im[P(ƒ + th, g + tk)- P(f, g)]/t. 
f-»0 

If DP exists and is continuous, then putting k = 0 so does DfP(f, g)h = 
DP(f> £ ) ( M ) , and putting h = 0 so does DgP{ ƒ, g)k = DP( ƒ, g)(/i, k\ and 
by linearity the formula is valid. 
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Conversely if DfP and DgP both exist and are continuous, we can find 
continuous functions L(/0 , fx, g)h and M( ƒ, g0, g,)/t linear in /* and k with 

* ( / i , g) " P(/o> * ) = i ( / o . /i> * ) ( / i "/o)> 

*(ƒ , *i) - ^ ( A go) = M(f, g0, g l ) (g , - go)-
Then 

P(fi> gi) ~ P(/o> go) = ^(/o> / „ gi)(/i " / o ) + M(fo> go, gi)(gi - go)-
Put 

N(fo> go, /i> gi)(h, k) = L(/o, ƒ,, g,)A 4- M(/ 0 , g0, g,)*. 

Then N is continuous and linear in (h, k) and 

Hf\>g\) -^( /o>go) =N(fo>go> f\>g\)(f\ -fo>g\ "go) 
so by Lemma 3.3.1 we have P( ƒ, g) is C1. 

If a function L(f,g) is linear in g then it is only necessary to differentiate it 
in ƒ, as the following theorem shows. 

3.4.4. COROLLARY. If L( ƒ, g) is jointly continuous, C1 separately in f and 
linear separately in g, then it is Cl jointly in f and g, a«d 

DL(f, g)(h9 k) = DfL(f, g)h + L(ƒ, * ) . 

PROOF, /)ƒ£ exists and is continuous by hypothesis, while DgL{f, g)k = 
L(f, k) exists and is continuous by linearity. 

For this reason we adopt the following convention. If L(f)h is linear in h, 
we regard its derivative as the partial derivative with respect to ƒ. If we 
differentiate with respect to ƒ in the direction k, we obtain 

DL(f){h9 k) = lim [L( ƒ + tk)h - L(f)h]/t. 

3.4.5. THEOREM. If L(f)h is C1 and linear in h then DL(f){h, k) is bilinear, 
i.e. linear separately in h and k. 

PROOF. Since the total derivative is linear, so is the partial derivative with 
respect to / . Thus 

DL(f){h, kx + k2} = DL(f){h9 kx) + DL(f){h9 k2). 

To see the linearity in h, we appeal to the definition of the derivative. 

DL{ ƒ){/, , + h2, k) = lim[L( ƒ + **)(*, + h2) - L(f){hx + h2)]/t 
f-»0 

= lim [L( ƒ + tk)hx - L(f)hx]/t + lim [L( ƒ + tk)h2 - L(f)h2]/t 
*-o *-»o 

= DL{f){h„k)+DL{f){h2,k). 

3.5. Second derivatives. The second derivative is the derivative of the first 
derivative. Following the previous convention, we differentiate DP(f)h with 
respect to ƒ only, in the direction k. This gives the following definition. 

3.5.1. DEFINITION. 

D2P(f){h, k) = lim[DP( ƒ + tk)h - DP(f)h]/t. 
t-*Q 
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We say P is C2 if DP is C1, which happens if and only if D2P exists and is 
continuous. If P: U C F -» G we require D2P to be continuous jointly on the 
product as a map 

D2P: (UCF)XFXF^G. 

From Theorem 3.4.5. we immediately get the following result. 

3.5.2. THEOREM. If P is C2 then D2P(f){h,k} is bilinear, i.e. linear 
separately in h and k. 

We have the following interesting characterization of the second derivative 
as a limit of a second difference. 

3.5.3. THEOREM. If P is C2 then 

D2P(f){h,k) 

= lim [P( f + th + uk) - P( ƒ + th) - P( f + uk) + P( f)]/tu. 
f,w-»0 

PROOF. By Lemma 3.2.4 we have 

[P(f+th)-P(f)]/t= Ç DP(f+0th)hd0, 
Je=o 

[P(f+th + uk) -P(f+uk)]/t= fl DP(f+0th + uk)hd6, 
Je=o 

[DP(f + Oth + uk)h - DP(f+ 6th)h]/u 

= fl D2P(f+6th + riuk){h,k}dri. 

It follows that 

[P(ƒ + th + uk) - P(ƒ + th) - P(ƒ + uk) + P(f)]/tu 

= fl fX D2P(f+eth + r}uk){h,k}drjdO. 

Taking the limit as / and u -> 0 gives the desired result. 

3.5.4. COROLLARY. If P is C2 then the second derivative is symmetric, so that 

D2P(f){h9k}=D2P(f){k,h}. 

PROOF. The second difference is symmetric and the second derivative is its 
limit. 

3.5.5. THEOREM. If P and Q are C2 so is their composition Q° P and 

D2[Q ° P](f){h, k) - D2Q(P(f)){DP(f)h, DP(f)k) 

+DQ(P(f))D2P(f){h,k}. 

PROOF. This follows from applying the chain rule 

D[QoP](f)h = DQ(P(f))DP(f)h 

to itself. 



82 R. S. HAMILTON 

We shall need to use Taylor's formula with integral remainder for the second 
derivative in estimating a certain quadratic error term. 

3.5.6. THEOREM. If P: U CF -* Gis C2 and if the path connecting f and f + h 
lies in U then 

P(f+h) = P(ƒ) + DP(ƒ)h + (\l - t)D2P(f+ th){h, h] dt. 
' 0 

PROOF. The trick is to integrate by parts. 

DP(f+ th)h = (1 - t)D2P(f + th){h9 h) - {(1 - t)DP{f+ th)h}'. 

Integrating this over 0 < t < 1 and using Theorem 3.2.2 and Theorem 2.2.2 

P(f+h) - P(f) = pDP(f+ th)h dt 

' 0 
: f\\ - t)D2P(f+ th){h, h) dt + DP( f)h 

which proves the theorem. 
3.5.7. EXAMPLE. If/: {a, b) C R -> Fis a parametrized curve then 

/" (0 = D2/(OO,I}. 
3.5.8. EXAMPLE. If L is a continuous linear map then 

D2L(f){h,k}=0. 

3.5.9. EXAMPLE. UP: U CR2 ^ Ris smooth function z = P(x
y) then 

Hence D2P is the quadratic form associated with the matrix of second partial 
derivatives 

d2/dx2 d2z/dxdy 

d2z/dxdy d2z/dy2 

If the function P has a local minimum at ƒ then D2P( ƒ ){h, h] > 0 for all h, 
which happens if and only if the matrix of second partials is positive. 

3.5.10. EXAMPLES. Here are the second derivatives of the operators in 
Examples 3.1.5. 

(a) D2P( f){h, k) = 2hk, 
(b)D2P(f){h?k}=6fhki 

(c)D2P(f){h,k) =e'hk, 
(d) D2P(f){h9 k) = h'k + hk\ 
(e) D2P(f){h9 k) = h"k + 2h'k' + hk'\ 
(f)D2P(f){h9 k) = h'k'/{\ +f'2)3/2. 
3.5.11. EXAMPLE. If we consider the operator 

Pf(x) = p(x9 f(x)) 
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of Example 3.1.6 or 3.1.7, its derivative is 

[DP(f)h](x) = Dyp(x,f(x))-h(x) 

and its second derivative is 

[Z>2P( f){h, k)](x) = D?p(x, f(x)) • h(x) • k(x). 

For Example 3.1.6 this is ordinary multiplication, while for Example 3.1.7 we 
regard D2p as a bilinear form applied to the pair of vectors h and k. 

3.5.12. EXAMPLE. We return to the soap bubble problem of Example 3.1.9. 
We can compute the second derivative of A, and after simplifying we get 

D2A(f){h, k) = fl 2 J ^ — 7 7 7 ^ ' + £—:(hk)\ dx. 
J-i l(i+/'2)3/2 O+/02 J 

If we consider only variations h and k which vanish at the endpoints x = ±/, 
we can integrate by parts to obtain 

D>A(f){H,k}=f'2*fi'k'-{"£*. 
J~l (1 + / , 2 ) V 

Since all the solutions are similar under a change of scale, we focus our 
attention on the solution/(JC) = cosh x. Then 

D2(coshx){h, h) = f' 2<?rsech2x[h'2 - h2] dx. 
J-i 

This quadratic form will be positive definite for all h vanishing at the 
endpoints only when / is small enough. The critical value of / occurs when there 
is a null eigenvector of the quadratic form, which happens for a given ƒ when 
there exists an h such that for all k we have D2A(f){h, k} — 0. Integrating by 
parts for h and k vanishing at the endpoints we have 

D2(coshx){h9 k) = -f 277-sech2jc{/*" - 2 • tanhx • h' + h}kdx 
J-i 

which vanishes for all k when h satisfies the differential equation 

h" - 2 t anh j c -A ' + A = 0. 
If the equation has a solution vanishing at both endpoints it will have a 
symmetric solution, which is found to be 

h(x) — xsinh^: — coshx. 

Significantly, h(x) is the derivative of the general solution/(JC) = (coshsx)/s 
with respect to s9 evaluated at s = 1. For h(x) to vanish at the endpoints we 
must have /tanh 1=1. This occurs at the value / » 1.2 where (cosh / ) / / = m » 
1.5 attains its minimum. Since r = cosh/ when f(x) = coshx, the second 
derivative first fails to be positive definite at the critical value r/l = m. It now 
follows that when r/l > m only one of the two solutions s of the equation 
cosh si = sr produces a stable solution /(JC) = (cosh sx)/s9 namely the one 
with the smaller value of s which stays further from the axis, while the other 
solution which comes nearer the axis is unstable. If we start with a stable soap 
bubble for r/l>m and slowly increase / by moving the two rings apart, the 
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bubble will suddenly collapse when r/l reaches the critical value m « 1.5. Note 
that the neck of the bubble does not shrink to zero as we approach the critical 
position. Let n denote the radius of the neck. The critical position for the 
standard solution y = coshjc occurs at / ^ 1.2 where (cosh/ ) / /= m « 1.5. 
Here r = cosh / « 1.8. The neck occurs at x = 0 and the radius of the neck 
n = 1. Since the ratios are invariant in all solutions, we find that the critical 
position is reached when l/r « 0.6 and at that point n/r ^ 0.5. If / is increased 
beyond this point the neck of the bubble will suddenly collapse. The reader is 
invited to try the experiment. 

3.6. Higher derivatives. The third derivative is the derivative of the second 
derivative. Since D2P(f){h> k) is linear separately in h and k, we take only its 
partial derivative with respect to ƒ in the direction /. 

3.6.1. DEFINITION. If P: U ç F -> G then 

D3P{f){h, k, 1} = \im[D2P(f+ tl){h9 k) - D2P(f){h, k)]/t. 

Similar definitions apply to the higher derivatives. The nth derivative 

D'P(f){huh2,...,h„} 

will be regarded as a map 

DnP: (£/ Ç F ) X F X • • • XF -> G. 

We say P is of class Cn if DnP exists and is continuous (jointly as a function on 
the product space). 

3.6.2. THEOREM. If P is Cn then DnP(f){hl9 h2,...,hn} is completely sym­
metric and linear separately in hx, h29...9hn. 

PROOF. It is linear in hl9...,hn_x as the derivative of Dn~xP, which is 
already linear in these variables. It is linear in hn as a derivative in that 
direction. It is symmetric 'mhn_x and hn as the second derivative of Dn~2P. It 
is symmetric in hl and hj for j , j < n as the derivative of Dn~xP, which already 
has this symmetry. These transpositions generate the full symmetric group. 

Sometimes it is more convenient to use the tangent functor. 
3.6.3. DEFINITION. If P: UCF-^VCGisa. map between open subsets of 

Fréchet spaces, we define its tangent TP: (U C F) X F -* (V c G) X G by 

TP(f9h) = (P(f),DP(f)h). 

Notice that TP is defined and continuous if and only if DP is defined and 
continuous. We let T2P = T(TP) and TnP = T{Tn~xP). Then TnP is defined 
and continuous if and only if DnP is defined and continuous (i.e. P is Cn). 

3.6.4. THEOREM. If P and Q are C"9 so is their composition Q° F, and 

Tn{Qo P) = (TnQ)o (TnP). 

PROOF. When n = 1, we have T(Q o p) = TQ o TP from the chain rule. The 
higher cases follow from induction on n. 

We say a map is C°° if it is Cn for all n. 
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3.6.5. EXAMPLE. Let P: Ü c e°°(X9 V) -> e°°(*, V) be a vector bundle 
operator as described in Example 3.1.7. Then P is C00. This follows im­
mediately from the fact that P is C1 and TP is again a vector bundle operator. 
If V® V denotes the Whitney sum of V with itself, there is a natural 
isomorphism 

e°°(x9 v) x e°°(x, v) « e°°(x9v® v). 
Suppose P is induced by a map p: U C V -* W of the vector bundles taking 
fibres into fibres over the same point. Locally/? has the form 

p: (x,y) -*(x,p(x,y)). 

There is an intrinsically defined vertical tangent map 

Tvp: ue vc v® v-* we w 
given locally by 

Tvp: (x, y9 z) -» (x, p(x, y), Dyp(x, y)z) 

which induces a vector bundle operator which may be identified with the 
tangent map 

TP-. ü x e°°(*, v) c e°°(x9 v) x e°°(z, v) -• e°°(x, w) x e°°(jr, w). 
3.6.6. EXAMPLE. Let P: Ü c G^X, V) -» e°°(*, ^ ) be a differential opera­

tor of degree r as described in Example 3.1.8. Then P is 600. This follows 
immediately from the observation that a differential operator is a composition 
of a vector bundle operator (which is 600) with the r-jet extension map j r , 
which is a continuous linear map (and hence also G00). 

1.4. Fréchet manifolds. 
4.1. Manifolds. The usual definition of a manifold generalizes directly to 

Fréchet space calculus. 
4.1.1. DEFINITION. A Fréchet manifold is a Hausdorff topological space with 

an atlas of coordinate charts taking their value in Fréchet spaces, such that the 
coordinate transition functions are all smooth maps between Fréchet spaces. 

4.1.2. EXAMPLE. Let X be a compact finite dimensional manifold. A bundle 
over X is another finite dimensional manifold B with a smooth projection map 
IT: B -> X whose derivative is everywhere surjective. A section of the bundle is 
a smooth map ƒ: X -> B such that irf — 1 is the identity. The space of all 
sections of the bundle £°°(X, B) is a Fréchet manifold (at least if it isn't 
empty). Associated to each section ƒ is a vector bundle over X called the 
vertical tangent bundle to B at ƒ, which we denote by TvB(f). Its fibre at a 
point XELX consists of all the tangent vectors of B at f(x) which lie in the null 
space of the derivative of m. 

It is easy to construct a diffeomorphism from a neighborhood of the zero 
section of the vector bundle TvB(f) to a neighborhood of the image of ƒ in B 
which takes fibres into fibres over the same point. This provides a one-to-one 
correspondence between sections near zero in the Fréchet space Q°°(X9TvB(f)) 
and sections near ƒ in the manifoldd G°°(X, B), and these maps serve as our 
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coordinate charts. The coordinate transition functions are clearly vector bundle 
maps in the sense of Example 3.1.7. Hence (2°°( X, B) is a Fréchet manifold. 

4.1.3. EXAMPLE. Let X and Y be manifolds with X compact. The space of all 
smooth maps of X into Y forms a Fréchet manifold 9IL(Z, Y). This is a special 
case of the preceding example, as a map of X into Y is a section of the product 
bundle XX Y over X. 

4.1.4. EXAMPLE. AS a special case, consider the manifold ty\L(S\ Sl) of maps 
of the circle to itself. It has an infinite number of components indexed by the 
degree k which may be any positive or negative integer. We let Z denote the set 
of all integers. Passing to the universal cover, a map of Sl to Sl lifts to a map 
of Rl to R\ which is just a real-valued function on the real line. If the map has 
degree zero its lift will be periodic, giving rise to an element of the Fréchet 
space Q™n. The lift is not unique, but may vary by lirn where n E Z is an 
integer. Hence the component (31t0(S

l, Sx) of maps of degree zero is diffeo-
morphic to the quotient Q™v/2irZ. This provides a global chart. More generally 
a map of degree k lifts to a function/: Rx -» R} satisfying 

/(jC + 277) = ƒ ( * ) + 27TÀ: 

which we call ^-periodic. If we let f(x) — f(x) — kx then ƒ is periodic so 
ƒ E 6 ^ . Hence the set of functions which are ^-periodic is not a vector space 
but corresponds to the vector space S ^ by this affine shift. Again the lift is 
only unique up to a constant function 2irn. The component ^ l t^S 1 , Sl) of 
maps of degree k is also diffeomorphic to 6 ^ / 2 7rZ, and the above construc­
tion provides a global coordinate chart. Then the whole space 

V\l(S\ S1) ~ Z X (e?w/2irZ). 

4.1.5. EXAMPLE. Let A" be a compact manifold and F a vector bundle over X. 
The space of all connections on F forms a Fréchet manifold §(V). The 
difference of two connections is a tensor in the bundle L2(TX X F, F) of 
bilinear maps of TX and F into F. For any fixed connection we obtain a 
one-to-one correspondence between §(V) and the Fréchet space 

e°°(X9 L2(TXX F ,F ) ) 

by subtracting the reference connection from the variable one. The coordinate 
transition functions are just translations. 

4.1.6. EXAMPLE. If F is a vector space, the Grassmann space Gp(V) of all 
/7-planes in Fis a manifold. If Fis a vector bundle over X then Gp(V) becomes 
a fibre bundle over X. When F = TX is the tangent bundle, a section of 
Gp(TX) is a field of tangent/?-planes. The space e°°(X, Gp(TX)) of all tangent 
/7-plane fields is a Fréchet manifold by Example 4.1.2. 

4.1.7. EXAMPLE. Let A" be a finite dimensional manifold and let S( X) denote 
the space of all compact smooth submanifolds of X. Then %{X) is a Fréchet 
manifold. Let 5 6 S ( I ) be a given submanifold, and let NS be its normal 
vector bundle, defined invariantly, as the quotient of the restriction of TX to S 
by TS. We can find a diffeomorphism between a neighborhood of the zero 
section in NS and a tubular neighborhood of S in X. This establishes a 
one-to-one correspondence between a neighborhood of 0 in the Fréchet space 
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Q°°(S, NS) and a neighborhood of S in §(X)9 and these maps serve as our 
coordinate charts. We shall show later in Example 4.4.7 that the coordinate 
transition functions are C00. Note that all the submanifolds S in a connected 
component of S(X) are necessarily diffeomorphic, but there may be many 
components. Diffeomorphic submanifolds may lie in separate components 
also, as in the case of knotted circles in three space. 

4.1.8. EXAMPLE. Let X be a finite dimensional manifold and let $l(X) 
denote the set of all compact regions in X with smooth boundaries. Then 
^Sl(X) is a Fréchet manifold. When X is not compact, a region is uniquely 
identified by its boundary, so ̂ i(X) is identified with the components of S(X) 
corresponding to compact submanifolds of codimension 1 which bound a 
compact region. When X is compact, each boundary determines two regions, so 
<Sl(X) is a double cover of the boundary components of S(X). This double 
cover may be not just two copies. For if we consider regions diffeomorphic to a 
ball Bn in the sphere Sn, the complement is another ball Bn, and the first may 
be continuously rotated into the second. 

4.2. Submanifolds. Let 911 be a Fréchet manifold and 91 a closed subset. 
4.2.1. DEFINITION. 91 is a submanifold of 911 if every point of 91 Hes in the 

domain of a coordinate chart on 9H with range in a product of Fréchet spaces 
FX G such that a point in the domain of the chart lies in the subset 91 if and 
only if its image under the chart lies in the subset FXO. 

4.2.2. EXAMPLE. Let B be a bundle over a compact manifold X. A subbundle 
of B is a submanifold A of B such that the derivative of the projection map IT 
for B is still surjective on A. Then A is itself a bundle over X, and the Fréchet 
manifold <2°°(X, A) of sections of the subbundle A is a Fréchet submanifold of 
the Fréchet manifold Q°°(X9 B) of sections of the bundle B. Indeed, given any 
section ƒ of A, we can find a tubular neighborhood of its image in the bundle B 
which is diffeomorphic to a tubular neighborhood of the zero section in a 
bundle V © W by a map taking fibres into fibres over the same point, such 
that the points in the neighborhood in B which lie in the subbundle A 
correspond to points in the Whitney sum F © W which lie in the vector 
subbundle F © 0. Then we have a chart on Q°°(X, B) with values in 

e°°( x, v® w) « e°°(x, v) x e°°(x, w) 
such that the sections in 6°°(X, A) correspond under the chart to 6°°(X9 V) X 
0. 

4.2.3. EXAMPLE. Let X be a compact manifold and Y a submanifold of Z. 
Then the Fréchet manifold 9H(X, Y) of smooth maps of X into 7 is a smooth 
Fréchet submanifold of the Fréchet manifold of smooth maps of X into Z. 
Indeed, the maps of X into Y are the sections of the product bundle XX Y 
over X, and A' X y is a subbundle of X X Z. 

4.2.4. EXAMPLE. Let B be a bundle over a compact manifold X. Then the 
Fréchet manifold Q°°(X9 B) of sections of B is a submanifold of the Fréchet 
manifold 91t(Ar, B) of all smooth maps of X into B. Since it is sufficient to 
verify this locally, we may as well assume that B is an open subset of a vector 
bundle V over X, and consider a neighborhood of the zero section of V. The 
tangent bundle to V along the zero section is naturally isomorphic to F © TX9 
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so we can choose a diffeomorphism between a neighborhood of the zero 
section in F © TX and a neighborhood of the zero section in the product 
bundle XXV such that the subbundle F © 0 in V@TX corresponds to the 
subset of A" X F which lies over the diagonal i n l X I Then we get a chart on 
the manifold 91t( X, V) with values in the Frêchet space 

e°°(x,v®Tx) ^e^ix.v) xe°°(x,Tx) 
such that the submanifold of true sections S°°( X, V) corresponds to the subset 
where the component in Q°°( X, TX) is zero. 

4.2.5. EXAMPLE. The manifold &(X, Y) of embeddings of a compact mani­
fold A'into a manifold Y is an open submanifold of the manifold 9IL(Z, Y) of 
all maps of X into Y. Likewise the manifold 6D( X) of all diffeomorphisms of a 
compact manifold to itself is an open submanifold of the manifold ty\L(X, X) 
of all maps of X to itself. 

4.2.6. EXAMPLE. We study in particular the manifold ty(Sl) of diffeomor­
phisms of the circle. It has two components, those which preserve and reverse 
orientation, which we write as <ï>+ (S1) and <$>" (S1). Elements of ty+ (S1) have 
degree +1 and lift to functions/(x) satisfying f(x + 2TT) = f(x) + 2m. Then 
f\x + 2TT) = f\x) so the derivative f'(x) is periodic. For a diffeomorphism 
we must have ƒ'(*) > 0- To satisfy the condition on ƒ we also need 

f2*f'(x)dx=f(27r)-f(0) = 27T. 

Let H denote the subset of the Fréchet space Q%v of functions which are 
strictly positive and have integral 2TT. It is an open convex subset of a closed 
affine subspace of codimension 1, and hence a manifold. Then f'(x) can be 
any element in H. It determines f(x) up to the constant /(O) G R\ which is 
itself indeterminate up to a constant 2mn G 2mZ, so f'(x) determines the 
diffeomorphism up to an element of Sx = RX/2TTZ, namely the image of 0. 
This shows that tf)+ (Sl) ** Sl X H. Moreover H is clearly contractible, so 
^D+ (Sl) has the homotopy type of Sl. The other component tf)~ (Sl) looks the 
same. 

4.2.7. EXAMPLE. Let A" be a submanifold of Y. Then the Fréchet manifold 
S( X) of compact submanifolds of A" is a submanifold of the Fréchet manifold 
S(T) of compact submanifolds of Y. 

4.3. Vector bundles. It is natural to define Fréchet vector bundles over 
Fréchet manifolds in the usual way. Let 9tt be a Fréchet manifold, T another 
Fréchet manifold, and IT: T-» 9H a projection map such that each fibre m~xf 
for ƒ G 9H has the structure of a vector space. 

4.3.1. DEFINITION. We say that T i s a Fréchet vector bundle over 9H with 
projection IT if each point in 911 lies in the domain of a coordinate chart with 
values in an open subset U of a Fréchet space F and we can find a coordinate 
chart on T whose domain is the inverse image of the domain of the chart on 9ît 
with values in the open set (U Q F) X G in a product F X G for another 
Fréchet space G, so that the projection TT of T on 9H corresponds to the 
projection of U X G on U and the vector space structure on each fibre is that 
induced by the vector space structure on G. 
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Note that for two such coordinate charts on °Y the coordinate transition 
function 

(UCF) X G->(ÜCF) X G 

will always be linear from G to G. Conversely if we have an atlas on T of 
charts on products whose coordinate transitions have the form (ƒ, g) -» ( ƒ, g) 
where ƒ = P( ƒ) and g — L( ƒ)g is linear in g, then Twill become a vector 
bundle. 

4.3.2. EXAMPLE. Let 9H be a Fréchet manifold. Then its tangent bundle T9t 
is a Fréchet vector bundle over 91L. The coordinate transition functions for 
r?JIL are just the tangents TP of the coordinate transition functions P for 9lt. 
If /(f) is a parametrized curve in 9H then ƒ'(f) is a tangent vector to 9ït at f(t). 
This sometimes provides an easy way to identify T?KL. 

4.3.3. EXAMPLE. A path/: (a, b) -* 9IL(Z, 7 ) is given by a map/: (a, b) X 
* -> 7. Thus for each x E X the path/(f) in 91t(Z, Y) gives a path/(f)(x) in 
y. Its f-derivative f\t)(x) is a tangent vector to Y at/(f)(x). Hence ƒ'(f) is a 
section of the pull-back to X of the vector bundle TY under the map ƒ. This 
gives the identification of the tangent space to 9It( X, Y ) at a map ƒ as 

7}9H(*, y) = e°°(x, /*ry). 

4.3.4. EXAMPLE. Let %(X) be the Fréchet manifold of compact smooth 
submanifolds of a finite dimensional manifold X. Its tangent bundle T%(X) 
has for its fibre at a submanifold S E S( JQ the Fréchet space of sections 
e°°(5, MS) of the normal bundle. Likewise the tangent bundle T*H(X) to the 
Fréchet manifold of compact domains in X with smooth boundary has for its 
fibre at a domain A E <3l(X) the Fréchet space G°°((L4, NdA) of sections over 
the boundary of the normal bundle. Since the normal bundle is always trivial 
(although not in a canonical way) we have 

m(x)A~e°°(dA). 
4.3.5. EXAMPLE. Let I be a finite dimensional manifold and S(X) the 

Fréchet manifold of all compact smooth submanifolds of X. Let 600S(Ar) 
denote the space of all smooth functions on all submanifolds S E S(Z). Then 
e°°S(X) is a Fréchet vector bundle over S(X). The fibre over S E S(Z) is the 
Fréchet space 600(S'). A typical chart on S(X) at S has values in the Fréchet 
space G (S, NS) of sections of the normal bundle. Its choice provides a choice 
of a diffeomorphism between S and any nearby surface S. We can use this 
diffeomorphism to identify functions on S with functions on S. Hence we get a 
chart on e°°S(X) with values in the product e°°(S, NS) X e°°(S) of the type 
required to make C°°S(X) a Fréchet vector bundle. 

4.3.6. EXAMPLE. Let X be a finite dimensional manifold and $l(X) the 
Fréchet manifold of all compact regions in X with smooth boundary. Then 
there is a Fréchet vector bundle 6°°^l(X) of all smooth functions on all 
regions. It is the bundle over tfl(X) whose fibre over any region A E <3l(X) is 
the Fréchet space Q°°(A) of smooth functions on the region A. The description 
of the coordinate transition functions involves the choice of a diffeomorphism 
from A to any nearby region A which is not very canonical. The manifold 


