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A mapping F: C" - C", F(X) = (F(X),...,F(X)), is a polynomial map-
ping if each F, is a polynomial. How do we recognize when such an F is
invertible? The question is unambiguous since, once F is bijective, its set
theoretic inverse is automatically polynomial (see Theorem 2.1). When F is
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linear, nonvanishing of det(F) detects invertibility. Linearizing the general
case leads us to consider the Jacobian J(F) = (39F,/3X;). Invertibility of F
implies that of J(F), i.e. that det J(F) € C*. Conversely we have the Jacobian
Conjecture:

det J(F) € C* = Fis invertible.

The analogue in characteristic p > 0 is false, already forn = 1, F(X) = X +
X?. The analytic analogue is likewise false, for example with n = 2, F, = ¥,
F, = e~ XY. There is even an entire F: C> - C? with det J(F) = 1 such that F
is injective, yet F(C?) misses a nonempty open set (see (1.1), Remark 10). In
contrast, if F: C" — C" is polynomial, det J(F) = 1, and F is injective, then F
is invertible (see Theorem 2.1). Thus the Jacobian Conjecture must depend on
properties specific to polynomials in characteristic zero.

The Jacobian Conjecture seems first to have been formulated by O. H.
Keller in 1939. Aside from the trivial case n = 1 it remains an open problem
for all n = 2. In the late fifties and early sixties several faulty proofs appeared
in print. A discussion of these is presented in §3 of Chapter 1.

Chapter I aims to give a fairly complete representation of the state of the art
on the Jacobian Conjecture, to serve as a historical account and as a reference
for future research on the problem. §2 surveys a number of the partial results.
Notable among these is Moh’s proof of the Jacobian Conjecture for n = 2
when deg(F) < 100 [Mo], and S. Wang’s proof of it for all n when deg(F) <2
[Wa]. Here deg( F) denotes the maximum degree of the polynomials F,,...,F,.

Chapters II and III present a new approach to the Jacobian Conjecture,
whose effect is to reduce it to a sort of combinatorial problem, hopefully
susceptible to testing by computer.

In Chapter II it is shown that the Jacobian Conjecture will follow once it is
shown for all F = (F,,...,F,) of the form F, = X; — H, where each H, is a
cubic homogeneous polynomial, and the matrix J(H) = (dH,/9X;) is nilpo-
tent. (This contrasts temptingly with Wang’s proof of the conjecture for
quadratic F.)

An F = X — H as above has an analytic inverse G = (G|,...,G,) near the
origin: For each i, G,( X) is a power series such that G,(F) = X;. The Jacobian
Conjecture asserts that these power series G, are polynomials. We present in
Chapter III a formula of Abhyankar and Joni for the G;. From this we derive a
combinatorial expansion (indexed by rooted trees with d vertices) for the
homogeneous components G of G,. The hope is to show that G!¥) = 0 for
sufficiently large d. We initiate a (still inconclusive) method for showing this
by induction on e, where J(H )¢ = 0.

The three chapters may be read essentially independently of one another.

This paper is a substantial revision of an earlier draft circulated in August,
1980. It owes much to numerous colleagues, who are acknowledged at the end
of Chapter 1.

I. THE JACOBIAN CONJECTURE

1. Statement of the Jacobian Problem; first observations. Let k be a com-
mutative ring and n =0 an integer. Write k(! for the polynomial algebra
k[X,,...,X,] in n variables and A" = Spec(k!"), affine n-space over k. A
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morphism, or polynomial map, F: A", - A, can be identified with its sequence
F=(F,...,F,) of coordinate functions F, € k!"l. The induced k-algebra
endomorphism of k" is @.: f > f(F), sending X, to F,. The map F > ¢ is an
anti-isomorphism of monoids (¢r° ¢; = @5, r),

End(A") — End(k™™)

from k-scheme endomorphisms to k-algebra endomorphisms. Each F as above
defines a polynomial map F: k" — k" which determines F whenever & is, say,
an infinite integral domain.

The automorphism group

GA,(k) = Aut(A",)
is here called the affine Cremona groups; it is anti-isomorphic to Aut,_, (k™).
The group GA,, is the nonlinear analogue of GL,,.

Given F € End(A ) how can we recognize whether ornot F € GA,(k)? A
necessary condition is furnished by the Jacobian matrix

D,F, --- D,F
J(F)y=| (J(F)i; = D;F),
D,F, --- D,F,

where D, = 9/9.X;. The Chain Rule gives
(M J(G(F)) = J(G)(F) - J(F).

When F is invertible, with inverse G, we have G(F) = X = (X,,...,X,) so
I=J(X)=J(G)F)-J(F), and we see that J(F) is 1nvert1ble Thus

(2 F € GA,(k) = J(F) € GL, (k).

In this case det J(F) is a unit of k!"]. When k is reduced (without nonzero
nilpotent elements) the units of k!"! are just the (constant) units > of k.

The Jacobian Problem asks about the converse of (2), i.e. about the validity
of the following “Jacobian Property”:

JP,(k): if F € End(A%) and J( F) is invertible then F is invertible.

We begin with some elementary observations and then give a historical
account of the problem.

(1.1) REMARKS. Let F € End(A%}).

1. To show that F is invertible we are always at liberty to replace F by
G o Fo H where G, H € GA,(k). In particular we can replace F by T o F
where T is the translation 7 = X — F(0), and so arrange that F(0) = 0. If the
linear term F;, of F is an invertible linear map (it corresponds to the matrix
J(F)0)) we can further replace F by F;,‘) o F to arrange that F;, = X, so that
F, = X, + terms of degree = 2 (i = 1,...,n).

2. Suppose that F(0) =0 and that J(F)O0) is invertible. Then (Implicit
Function Theorem) F is formally invertible at the origin. In other words there
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is a formal inverse G = (G,,...,G,) defined by the conditions,
G e k" =k[[x,,...,X,]],
G/(F) =X, (i=1,...,n).

(We give a formula for G; in Chapter III, Corollary (2.2).) In order that
F € GA, (k) it is necessary and sufficient that the power series G, be polynomials.

In any case the map ¢: f+> f(F) defines an automorphism of k"1, and
hence an injective endomorphism of k"), ie. F,,...,F, are “algebraically
independent” over k. Invertibility of F is equivalent to the condition
k[F,,....F]1=k[X;,...,X,]

3. Suppose that J(F)(0) is invertible. Let k C K be an extension of scalars.
Then

F € GA,(k) = F € GA,(K).

In fact we may assume that F(0) = 0 so that F has a formal inverse G =
(Gy,...,G,). Then G, € k!!"lis a polynomial over k iff it is one over K.

4. (“Lefschetz Principle”). JP(C) = JP,(k) for every integral domain k of
characteristic 0. In fact let F € End(A"},) with J(F) invertible. Using Remark 1
we may assume that F(0) = 0 and J(F)(0) = I. In this case det J(F) = 1. Let
k, be the subring of k generated by all coefficients of F},...,F,. Then k, can
be embedded in C. By assumption JP,(C) we have F € GA,(C), so by Remark
3 we have F € GA,(ky) C GA, (k).

5. If k is a field of characteristic p > 0 then JP,(k) fails for all n > 1. Just
take F;, = X, + X{ and F, = X, for i = 2. Then J(F) = I whereas F can’t be
invertible since F) is not even an irreducible polynomial. o

6. Suppose that N is a nilpotent ideal of k, and putk = k/N.Let F = k ®, F
be the corresponding endomorphism of A’;. Then

FEGA,(k) = Fe GA,(k).

For the nonobvious implication, suppose that Fe GA, (k). Let C denote the
k-module k!"/@.(k!"). Since ¢7=k ®, ¢, is an isomorphism we have
C/NC=0,s0 C=NC=N>C=---. Since N is nilpotent, C = 0. Since k"]
is k-free, Ker(gy) is a k-linear direct summand of k!"). Therefore, again since
@is an isomorphism, ; ®, Ker(¢) = 0, and again as above, Ker(¢z) = 0.

7. Suppose that k is noetherian. Assume that J(F)(0) is invertible. If for
every homomorphism k — K, where K is a field, K ®, F € GA,(K), then
F € GA,(k).

We may assume that F(0) = 0. Let G be the formal inverse of F (Remark 2).
Let P be a prime ideal of k, and K the field of fractions of k/P. By hypothesis,
K ®, F is invertible, so that G is a polynomial map mod P. Therefore G is a
polynomial map modulo the intersection N of the (finitely many) minimal
primes of k. Since N is nilpotent the invertibility of F follows from Remark 6.

8. JP(C) = JP (k) for every commutative ring k which is Z-torsion free, or,
more generally, in which the Z-torsion elements are nilpotent.

Indeed, let F € End(A",) with J(F) invertible. By Remark 1 we may assume
that F(0) = 0 and J(F)(0) = I. Thanks to Remark 3 we may replace k by the
subring generated by all coefficients of F and of det J(F)™' and so assume
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that k is noetherian. Then its nilradical is nilpotent, so, by Remark 6, we may
replace k by k/N, where N is the (nilpotent) ideal of Z-torsion elements, and
so assume that £ embeds in K = Q ® k. By Remark 3 again, we may replace
k by K. Then the assertion follows from Remarks 4 and 7.

9. One can generalize the Jacobian Problem to morphisms F = (F,,...,F,,)
from A" to A7 (each F, being in k!"), by asking when F admits a left inverse
G. From the formula I, = J(G(F)) = J(G)(F) - J(F) we see that a necessary
condition is that J(F) be left invertible. That this condition is not sufficient is
shown by the following example, over any k. Take F: Al, - A% defined by
F(T)=T?— Tand F(T) = T? — T?. Then F(0) = F(1) = (0,0), so Fis not
an embedding, whereas

2T -1

J(F) = (3T2—2T)

has the left inverse (6T — 1), —4), so that F is an immersion.

10. The analytic analogue of the Jacobian Property fails completely, already
for n = 2. Taking F, = eX and F, = Ye ¥ we have det J(F) = 1 everywhere.
The fiber of F through (x, y) is (x + Z2mi, y), and the image of F: C? - C?
excludes exactly the axis X = 0. Even worse, there is an example F = (F,, F,):
C? - C? of Fatou and Bieberbach (cf. [B + M, Chapter III, §1]) such that F,
and F, are entire, det J(F) = 1 everywhere, F is injective, and yet C? — F(C?)
contains a nonempty open set.

The degree of F € End(A,) is defined to be

deg(F) = max deg(F))

where the latter refers to degrees as polynomials in X,,..., X,

(1.2) PROPOSITION. Let k, be a subring of Q, and let n, d be integers = 1. Let
C denote the class of all pairs (k, F) where k is a commutative k-algebra,
F € End(A}), deg(F) < d, and det J(F) € k> . Assume that whenever (k, F)
€ Cand k is a field then F is invertible. Then there is a constant & = 8(ky, n, d)
such that, for all (k, F) € C, F is invertible and the inverse of F has degree < 4.

Note that k is obtained from Z by inverting some collection of primes.

Let M denote the set of monomials of degree <d in X,...,X,. Let 4
denote the kj-algebra of polynomials in indeterminates c; ), (z =1,...,m
M EM). Put F=(F,...,F,) where F,=3,cqc, s M E A" Let D=
det J(F) € A, and let J denote the ideal of 4 generated by all coefficients of

—1lasa polynonual in X,,...,X,. Put B=A4/J and F= B®,F. Thus
(B, F) is the generic element of C subject to the condition det J(F) = 1. Since
B is noetherian it follows from Remark 7 above and our hypothesis that F is
invertible. Let G denote its inverse, and put 8 = deg(G). Let (k, F) € C. If
u = det J(F) € k™ then we can replace F, by u~'F, without changing the
degree of F, or of its eventual inverse, and so arrange that det J(F) = 1. Then
the generic property of (B, F) implies that F = k ® F for a unique homomor-
phism B — k. It follows that F is invertible with inverse G = k ® 3 G of degree
<.






