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LECTURES ON MORSE THEORY, OLD AND NEW

BY RAOUL BOTT!

Morse Theory is a beautiful and natural extension of the minimum principle
for a continuous function on a compact space. In these lectures I would like to
discuss it in the context of two problems in analysis which have self-evident
geometric interest as well as physical origins.

The first question is simply this. Let M be a compact connected C*
manifold endowed with a fixed Riemannian structure. For instance you might
think of the two-sphere S? with the Riemann structure inherited from an
imbedding of S in R®.

Question. Does such an M always carry a nontrivial closed geodesic?

Recall here first of all that on a compact manifold any two points P and Q
can be joined by a geodesic which minimizes the length of all piecewise smooth
curves joining P to Q in M. In one way or another this is then an application of
the minimum principle, and conceptually you should think of pulling a string
confined to M and joining P and Q as tight as possible. When the string has
assumed a position in which it cannot be tightened any more, then it describes
a geodesic joining P to Q. If it cannot be tightened further even after a
“jiggling”, then it describes the minimal geodesic in question.

This “pulling tight” principle works also for finding closed geodesics,
provided only that we have some constraint to pull against.

Thus if « is a piecewise smooth map of the circle

a:S'-> M
which cannot be deformed to a point in M, then shortening « in its homotopy

class will indeed produce a closed geodesic.
Put differently, let A M, denote the space of continuous maps from S' to M:

AM = Map(S', M),

in the compact open topology.
Also let A, M denote the component of the constant maps of S' to M. Then
a classical theorem going back to Hadamard, Cartan, etc., asserts that

THEOREM. Every component of AM other than A, M contains a bona fide
closed geodesic.
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Let me indicate a proof, once you grant me the following fundamental
existence theorem of Riemannian geometry.

LEMMA. There exists a constant (M) = & > 0 such that any two points p, q on
M with distance p( p, q) < € are joined by a unique minimizing geodesic segment
s(p, q) of length p( p, q). Furthermore s*( p, q) varies smoothly with (p, q) in
the region p(p, q) <eof M X M.

Armed with this fact, which in turn follows directly from the existence
theorems governing elliptic ordinary differential equations, one may argue as
follows to establish our theorem.

Let a: S' > M, be some point in AS, not in the component A,S. From the
continuity of a it follows that we can subdivide the circle S' into a finite
number of intervals A;, i = 1,...,n, such that for p, g € A, a( p) and a(q) are
within ¢ of each other. Now let Py, P,,...,P,_,, P,, denote the endpoints of
the A,, cyclicly arranged on S', and let s(P,,...,P,_,, P)) be the geodesic
polygon spanned by the geodesic segments s(P;, P,, ,)—whose existence fol-
lows from our lemma—parametrized proportionally to arc length, and in
proportion to the length of A,. Then it should be clear from the picture below
that we can deform « in A into s(P,,...,F).

FIGURE 1

Here think of ¢z as a deformation parameter which controls a point P, on A,
moving from P, to P, as ¢ goes from 0 to 1. Now let a, be the curve which
follows a until P, and then replaces the rest of the curve by s(P,, P, ).

This is Morse’s basic deformation principle and can be used to deform all
geodesic problems into finite dimensional ones. In any case at this stage we
have seen that:

Each component of AM contains a geodesic polygon.

To proceed further choose 0 < ¢ < (M) and let

PMCMXMX:--XM (ncopies)
be the subset of n-tuples (Py,...,P,) with the property that
(1.1) p(P,, P,Y’ + p(Py, ) + - +p(P,, P)* <e.

Then P, M is a compact subset of M ‘™. Further (1.1) implies that each term
on the left is <e¢, so that every point of P,M determines a closed n-sided
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geodesic polygon with vertices at the P,. If we parametrize the polygons
proportionally to arc length, starting at P, say, we finally obtain a natural
inclusion

t:P,M=AM,

which is clearly continuous.

At first sight it might seem that P, contains only “short” polygons. However
observe that by subdividing a polygon, say by introducing new vertices at the
midpoints of the edges, the expression on the left of (1.1) is reduced because
each term p? = p(P, P, ,)* is replaced by (p;/2)* + (p;/2)* = p?/2. It follows
that any geodesic polygon in A M occurs as the image of a point in P, for n large
enough.

At this stage it is clear that we may confine our search for closed geodesics
among the geodesic polygons of P, in each component of AM. For this
purpose let

E:P,M >R

be the energy function
n
(12) E(P]9""Pn)= Ep(Pn’PH—l)z; Pn+lEPlr
=1

given by the L.H.S. of (1.1). This energy function is clearly smooth in a vicinity
of P, C M. Hence E must assume a minimum in each component. Further
by increasing n, if necessary, we can arrange it that E takes on this minimum
at an interior point, i.e. one with E <e.

At such a point dE, the differential of E, must therefore vanish. It remains
to establish the following assertion: A critical point of E on P, M gives rise to a
polygon without corners and all of whose edges have equal length. In short, to a
closed geodesic.

This comes about by virtue of the first variation formula for our function p?
in the vicinity of the diagonal in M X M. Indeed in the region p(P, Q)* < ¢2,
one has the following.

LEMMA. (a) The diagonal M C M X M is a critical submanifold for p*, whose
Hessian is nondegenerate in the normal direction to M.
(b) At a point (P, Q) of the diagonal in our region, dp® is given by the formula

(1.2) dpz(YP’YQ)zp{(X+’YQ)_(X_’YP)}'

Here, X*, X~ denote the tangents of unit length to s(P, Q) at Q and P
respectively, the Y ’s are tangent vectors at P and Q and (, ) denotes the inner
product.

Summing this expression at the vertices (P,,...,P,) of a point in P, M yields

(1~3) dE(Yl"“’},n)=2(Y;’|Si—1|‘xltl—|Si|Xi_)’
2

where the index n + 1 is again to be taken as equal to 1.
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At a critical point, therefore, we must have
(1.4) IS | X2 =181 X7, i=2,..,n+1,

which precisely expresses the no corner, equal length condition. Q.E.D.

This completely elementary argument therefore establishes the classical
Theorem I. An analogous argument could be used to prove the existence of a
minimizing geodesic joining two points on M, or the existence of a geodesic
joining two submanifolds N, and N, in M with minimal length.

But consider now the case of a compact simply connected manifold M, for
example S2. Then AM has only one component on which the minimum
principle only yields the trivial “point paths” of A M.

Note by the way if e: AM — M denotes the evaluation map a + a(0) then
these point paths furnish us with section n: M — AM to e. Technically e is a
fibration in the sense of Serre, with fiber the space of loops @M, that is, the
subspace of A M consisting of maps a with a(0) some fixed point p of M.

From these two remarks it follows by quite elementary homotopy theory,
and Serre’s form of the Hurewicz theorem, that the homotopy groups of AM
cannot all be trivial. Indeed, from the homotopy exact sequence of a fibering
and the existence of a section to e, it follows that

(1.5) 7(AM) = 7,(M) ® 7,(QM).

Next, from the near tautologous isomorphism 7, (M) = 7 (M), ¢ =1, it
follows that

(1.6) 7(AM) =n(M)® 7, (M).

Finally the 7 (M) cannot all be trivial, by Serre’s Hurewicz theorem and
Poincaré duality. Q.E.D.

At this stage it suggests itself that one should be able to use the fact that
7 (AM)# 0 for some g, as a constraint against which one could again
minimize and so produce a new extremum. This plan can indeed be carried out
and the guiding principle for it was formulated already by G. B. Birkhoff
before 1920. It is known as his minimax principle.

To illustrate its application in our present context, let us first simplify
matters by once again replacing AM by P, M for n large enough. Indeed the
same retraction described earlier, but now done with a compact set of
parameters, easily leads to the following [see [B1] for details].

LEMMA. For any fixed q, there exists an n , such that
(1.7) m(P,M)=m(AM) forallk<gqandn=n,.

In short, the P, approximate A M arbitrarily well in homotopy, and therefore
in homology as well.

To prove the existence of a classical geodesic in AM we now argue as
follows. Let § € m (M) be a nontrivial element of lowest dimension. Then
according to (1.6), § gives rise to a nontrivial element 7§ in 7,_ (A M).

Next choose n > n,, so that P = P, M approximates AM to dimension gq.
Then T§ € m,_(P) is also nontrivial.
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On P we now again consider our energy function E, whose critical points
yield closed geodesics. Hence we will be done once we find a critical point of E
on P other than a point path, i.e. one with E > 0. These point paths of course
constitute a submanifold M C P, on which the energy function assumes an
absolute minimum. Assume then—we are out to find a contradiction—that E
has no other critical points on P. Then the negative gradient of E, that is, the
vector field X on P, defined by the formula

(1.8) —(X,Y) = dE(Y),

is nonvanishing on P — M, and always points downwards. Hence following the
flow generated by X will eventually deform P into a tubular neighborhood of
M, which in turn can be retracted to M. It follows that under our assumption
all homotopy elements of P come from M. But this is manifestly not the case for
T§. Indeed, by construction T§ € = (P) # 0 while7,(M) =0. Q.E.D.

This argument therefore establishes the beautiful theorem of Lyusternik and
Fet [L-F]:

THEOREM. Let M be compact and simply connected. Then M carries at least
one closed geodesic.

Let me now explain how this argument is related to the “minimax principle”.
For that purpose consider the set of maps n: S, — P representing 7%, and try
to push 7 as far down, relative to E, as possible. In short consider the real
number

(1.9) x=i1;1f Max(E,n), [n] € T¢.

As we just saw k > 0. The minimax principle simply asserts, that this k must
be a critical value of E. The proof is again a quite elementary consequence of
pushing down in the direction of steepest descent—i.e. along the negative
gradient—and I think of it usually as a corollary of what one might call the
first theorem of Morse Theory. To formulate it and to deduce the minimax
principle from it, let us abstract the situation though, so that from now on in
this lecture, P will just denote some arbitrary smooth manifold, and E a
smooth function on P, whose “half-spaces” P, = {p € P| E(p) < a} however
are assumed to be compact.

This understood let a < b be real numbers and consider the inclusion of
half-spaces P, C P,.

THEOREM A. If there is no critical point of E in the region a < E < b, then
(1.10) P,~P,
in the sense that they are diffeomorphic.

ProoF. Consider a trajectory of our negative gradient as it leaves the set
E = b at time 0. At time (b — a) it is intersecting E = b transversally. Hence

by compactness all of them intersect E = a — ¢ for some fixed ¢ > 0. Pictori-
ally each trajectory thus has the three singled out points (see diagram) of






