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THE DEVELOPMENT OF SQUARE FUNCTIONS
IN THE WORK OF A. ZYGMUND

BY E. M. STEIN

I’'ve decided to write this essay about “square functions” for two reasons.
First, their development has been so intertwined with the scientific work of A.
Zygmund that it seems highly appropriate to do so now on the occasion of his
80th birthday. Also these functions are of fundamental importance in analysis,
standing as they do at the crossing of three important roads many of us have
travelled by: complex function theory, the Fourier transform (or orthogonality
in its various guises), and real-variable methods. In fact, the more recent
applications of these ideas, described at the end of this essay, can be seen as
confirmation of the significance Zygmund always attached to square functions.

This is going to be a partly historical survey, and so I hope you will allow me
to take the usual liberties associated with this kind of enterprise: I will break
up the exposition into certain “historical periods”, five to be precise; and by
doing this I will be able to suggest my own views as to what might have been
the key influences and ideas that brought about these developments.

One word of explanation about “square functions” is called for. A deep
concept in mathematics is usually not an idea in its pure form, but rather takes
various shapes depending on the uses it is put to. The same is true of square
functions. These appear in a variety of forms, and while in spirit they are all
the same, in actual practice they can be quite different. Thus the metamorpho-
sis of square functions is all important.

First period (1922-1926): The primordial square functions. It appears that
square functions arose first in an explicit form in a beautiful theorem of
Kaczmarz and Zygmund dealing with the almost everywhere summability of
orthogonal expansions. The theorem was proved in 1926 as the culmination of
several papers each had written at about that time. The theorem itself was an
outgrowth of what certainly was one of the main preoccupations of analysts at
that time, namely the question of convergence of Fourier series. The problem
was the following. Suppose f = f(#) is a continuous function on the circle,
0 < @ < 27, or more generally assume that f is in L2(0,27) or even that f is
merely integrable; then does its Fourier series
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converge almost everywhere?
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A related parallel issue was the corresponding question for a general
orthonormal expansion, but now limited to f € L. Thus if {¢,} is an ortho-
normal system, and if f~ Za,¢, with a, = [f¢,, where 2 |a,|*> < co, then
what could be said about the convergence almost everywhere of

00
)] Y a,6,(x)?
n=1

The period we are dealing with (1922-1926) was marked by several striking
achievements in this area, whose essential interest is not diminished even when
viewed from the distant perspective of more than a half century. The first
result to mention was the construction by Kolmogorov in 1923 of an L!
function whose Fourier series (1) diverged almost everywhere.

This construction made even more pressing the question of whether the
Fourier series (1) converges almost everywhere when (say) f belongs to L2, a
problem that was not solved till more than forty years later. We shall turn to
that in a moment, but now we point out that Kolmogorov’s example put into
sharper relief the L? results for general orthonormal developments that had
been obtained (in 1922 and 1923) by Rademacher and Menshov. They showed
that if

3) Sa, (logn)’ < o

then the series (2) converges a.e.

Moreover the condition (3) is best possible in the sense that if {A,} is
monotonic and A, /logn — 0, then there exists an orthonormal system {¢,}
and expansion (2) which diverged a.e., while T | a,, |*A%, < 0.

For ordinary Fourier series it was proved? that the condition (3) could be
relaxed and be replaced by

[>2]
(4) 3 |a, Plog(|n| +2) < oo.
— 00

This last result stood unsurpassed for forty years until Carleson in 1966
showed that indeed the Fourier series of an L? function converged almost
everywhere. It may be interesting to note here that the basic tools required for
Carleson’s theorem—the properties of the Hilbert transform and their relation
with partial sums of Fourier series—were first brought to light in this early
period: Kolmogorov’s proof of the weak-type (1,1) property in 1925; M.
Riesz’s paper of 1927 containing the L? inequalities for conjugate functions
and partial sums; and Besicovitch’s work (in 1923 and 1926) which began the
development of “real-variable” methods for Hilbert transforms.

Against this background we can now state the idea of Kaczmarz and
Zygmund. It asserts as a general principle that for an L? orthonormal expan-
sion (i.e., one where 2 | a, |> < o), at almost all points the summability of the
series I a,9,(x) by one method one has as a consequence the summability by

'Kolmogorov later even outdid himself when in 1926 he refined his construction to show the
existence of an L' function whose Fourier series diverged everywhere.
2Kolmogorov and Seliverstov and Plessner [1926).
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any other method which is essentially stronger than convergence. A special
(but typical) case is as follows:

THEOREM 1. Suppose 2 |a,|> < co. Then 2 a,$,(x) is Cesaro summable at
almost each point x where it is Abel summable.

Recall that the series is Abel summable at x if lim, |- 2a,r"¢,(x) exists. In
addition, setting s, = Z}_oa,¢,, and o, = (5o + s, + - +s5,_,)/n, the
Cesiro summability at x means the existence of the limit lim,,_, ,, 6,(x).

If a series is Cesaro summable it is automatically Abel summable (an
exercise!), but the converse is in general not true. To gain a better idea of the
scope of Theorem 1 let us point out that

n
o(x) = Z (1 = k/n)aypi(x)
k=0
and a result similar to Theorem 1 holds when o,(x) is replaced by o7(x) =
2i—o(1 — k/n)a,p,(x), with e >0 (which corresponds essentially to (C, €)
summability), but not for ¢ = 0 which of course would give the usual conver-
gence.

For the proof of Theorem 1 Kaczmarz and Zygmund used a square function

which they introduced for this purpose, namely

) 1/2

) K(f)=| 2 nlo,~ o, [

n=2

with f ~ 3 a,¢,. The basic fact was the L? inequality.

LEMMA.,
NK(fM < Clfll 2.
Clearly
o =o_,=—L——n§kak¢k, sollo —o-,ll%é—c— Sk |aPn=2
o n(n—1) <, nn nt 2,

and thus 3% nlle, — 0,_, 113 < ¢S | a, |> = ¢’ll f |3, which proves the lemma.

To prove the theorem one invokes a variant of the classical Tauberian
argument, namely, if 4, is Abel summable and 3n42 < co, then 24, con-
verges. Now set A, = o, — 0,_,; then the Abel summability of 24, follows
from the corresponding Abel summability of X a,¢,. The Tauberian condition
holds at almost all points because of the lemma, and hence one obtains a.e. the
convergence of 2(a, — 0,_,), proving the theorem.

We have seen the first example of a square function, namely (5). While here
it plays a minor role, its basic character is already revealed: Because of the
agility of its quadratic nature it can exploit easily any situation in which
orthogonality might be important.

Second period (1931-1937): Littlewood and Paley. Our scene shifts now from
the Continent to England, and to the work of Littlewood and Paley. Our
attention will be focused on two important series of connected papers: three



362 E. M. STEIN

jointly by Littlewood and Paley [1931-1937], and two by Paley [1932]. The
investigations described in these papers were initiated simultaneously (the first
paper in each series was submitted in April 1931), but because of Paley’s death
in 1933 the final versions of several of the papers were probably Littlewood’s
work alone. It is also interesting to note that no reference is made in these
papers to the results described above, and so it is a reasonable guess that they
were not aware of the possible relevance of the ideas of Kaczmarz and
Zygmund.

The main theme of the Littlewood-Paley work was to consider the “dyadic
decomposition” of Fourier series, namely

f(6) = 3 A0),
k=0
with

A= 3  ae™  k=1;A,=a,.

2k—l<|n|<2k

Their basic result was that the L” norm of a function was equivalent with
the L? norm of the square function associated with its dyadic decomposition.

THEOREM 2. For 1 <p < o0,

(éolAk(é')lz)v2 = fll,.

J4

To prove this theorem they needed and thus formulated an “abelian”
analogue, where partial sums are replaced by Abel means, i.e., the Poisson
integral of f = u(r, 6). Thus given f, let ® be the holomorphic function in the
unit disc with Re(®) = u, and Im(®(0)) = 0. They defined another square
function the “g-function” of f by

1/2
s(N®) = ([{a-niece)pa)
and proved the following

THEOREM 3. With 1 <p < o0
(6) g, =lfll,, ifag=0.

Paley sought a better understanding of the nature of these problems by
considering variants of Theorem 2 where the Fourier series expansion is
replaced by the Walsh-Paley expansion. The Walsh-Paley functions (called
Walsh-Kaczmarz functions at that time) are now usually described as follows.
We identify the interval [0, 1] with the compact group consisting of an infinite
product of copies of the two-element group (via the usual binary expansion).
The characters of that group are the Walsh-Paley functions. Writing each
integer as a sum of powers of 2 gives a natural enumeration of the characters
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{¢n}fx°=0' If we set f~ Eanqs,,, and Ak = Sok = Spk-1 = sz-:<,,<2k a,P,, with
A, = a,, then Paley’s theorem reads as

THEOREM 4. For the Walsh-Paley series, with 1 <p < «©
I(S1acp)”), ~ s,

What makes the proof of Theorem 4 easier than that of Theorem 2 are the
various simplifications inherent in the fact that {s,«(f)} is a martingale
sequence. The name “martingale” had not yet been coined. Moreover, a
systematic extension of Theorem 4 from the point of view of martingales, and
its further exploration in the magical world of Brownian motion— all these
came much later, as we shall see. However in Paley’s time some of the
arguments typical of martingale theory were already understood. Thus it had
been observed that s,«( f) was constant on each 2* intervals (of length 27%) of
the form ((/ — 1)/2%, 1/2%), 1 = 1,...,2*, and that the value of s,«( f) on each
of these intervals was the mean-value of f there. From this it is obvious when
fELP, 1 <p< oo, then {s,«(f)} are bounded in L? norm; the analogue for
Fourier series is definitely nonobvious when 1 < p < oo, and in fact false when
p=1lorp=co.

We shall now describe the main device Paley used in his proof of Theorem 4.
Paley was, from what one can learn about his life, a man of courage and
almost reckless daring. A hint of that spirit can be found in his approach to
difficult mathematical problems. When faced by the proof of an inequality like

@) J(S18p)” ax<azfi7p ax

where p is e.g. an even integer 2r, he instinctively sought to face the problem
head-on by multiplying out the r infinite sums, and then coming to grips
directly with the resulting multitude of terms. This kind of audacious attack is
not so common in our time when it is easier to rely on a variety of
sophisticated gadgets which are household items for the working analyst. But
given Paley’s resourcefulness this approach worked marvelously well. His key
observation was that
(8) S [an A dx <fA§l M2 flax

lI‘
where the summation is taken over those i, for which i, > max(i,,...,i,_,),
which in turn follows from the martingale property that

©) J8()8(x) dx =0

whenever g is “measurable with respect to the past”. From (8) Paley was able
to achieve the proof of (7) in a few strokes.

The same idea inspired Littlewood and Paley’s proof of Theorem 3, although
the execution is more complicated; a more recondite form of (8) must be
proved, and here nothing as simple as (9) holds. The appropriate substitute
must be fashioned with care out of Green’s theorem in conjunction with the
identity A(|® |*) = 4| ®’|2. With Theorem 3 proved, Littlewood and Paley






