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mixture of standard theory and new research work which has not previously
appeared in book form. It is a good textbook for mathematicians and physi-
cists who want to learn the C*-quantum physics. In the following, I will review
the book chapter by chapter. It consists of two volumes. The first volume is
devoted to mathematical theory of operator algebras and their dynamics, and
the second to its applications to quantum statistical mechanics, and to the
models of quantum statistical mechanics. The first volume contains four
chapters and the second contains two chapters. The chapters of the second
volume are numbered consecutively with those of the first. Chapter 1 is a brief
historical introduction. The historical introduction is not concerned with the
theory of operator algebras, but it is concerned with the interplay between
operator algebras and quantum physics. Chapter 2 is C*-algebras and von
Neumann algebras. It discusses the elementary theory of operator algebras,
Tomita-Takesaki theory and the standard form of von Neumann algebras,
quasilocal algebras, and miscellaneous results and structure. The authors select
material from the general theory of operator algebras which is needed for
quantum physics. Chapter 3 is groups, semigroups, generators. In this chapter,
the authors discuss mainly derivations, automorphism groups and generation
problems. Chapter 4 is decomposition theory. Here various decompositions of
states are treated. The authors use a modern method developed recently by
many researchers, which combines the reduction theory of von Neumann with
the Choquet theory. In the ergodic decomposition which is of importance in
mathematical physics, the notion of G-abelianness introduced by Lanford and
Ruelle is used.

The contents of the first volume is rich enough to use it as a textbook for
advanced graduate students in the field of functional analysis. For physics
students, there might be too much abstraction. Chapter 5 is states in quantum
statistical mechanics. Here the authors describe continuous quantum systems,
KMS states, and stability and equilibrium. The material prepared in Volume 1
is seriously used in the two sections of KMS states, and stability and equi-
librium. Chapter 6 is models of quantum statistical mechanics. Here, the
authors describe quantum spin systems and continuous quantum systems. This
chapter is most instructive for C*-algebraists, though there is little involvement
of the theory of operator algebras. The reason is that it would be an interesting
problem to extend various results in this chapter to more general C*-dynamics.
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Global Lorentzian geometry, by John K. Beem and Paul E. Ehrlich, Pure and
Applied Mathematics, vol. 67, Dekker, New York, 1981, vi + 460 pp.,

The past two decades have witnessed an enormous growth in the develop-
ment of global methods in Lorentzian geometry. The time seems ripe for a
systematic treatment of global Lorentzian geometry written in the language of
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modern differential geometry by mathematicians for mathematicians
acquainted with Riemannian geometry and interested in the geometry of
general relativity. Responding to this need, the authors have written a lucid
and mathematically precise account of a significant portion of the global
theory of Lorentzian manifolds, frequently offering a fresh and illuminating
perspective to what now has become standard material. In addition, their
monograph includes a well integrated and expanded presentation of many of
their own results which have appeared in the literature in recent years, as well
as some new results which have not. Those uninitiated in Lorentzian geometry
will especially appreciate the authors’ painstaking effort to point out the
similarities and differences between Lorentzian and Riemannian geometry.
Here we touch upon some of these similarities and differences and, also, briefly
discuss the issue of singularities in general relativity which, to a large extent,
provided the stimulus for the surge of activity in global Lorentzian geometry.

A Lorentzian manifold is a smooth manifold M equipped with a Lorentzian
metric g which is a smooth assignment of a nondegenerate bilinear form g|,:
T,M X T,M - R with diagonal form (-, +,---,+) to each tangent space
T,M of M. Thus each tangent space of a Lorentzian manifold (M, g) is
naturally isometric to Minkowski space, the space-time of special relativity. A
distinguishing feature of a Lorentzian manifold is that it admits a causal
structure. The Lorentzian metric g divides the vectors at each point into three
classes: a vector X is said to be timelike, spacelike, or null according to whether
g( X, X) is negative, positive, or zero, respectively. (X is said to be nonspace-
like if it is timelike or null.) The null vectors in 7, M form a double cone which
is filled by the timelike vectors. A curve in M is said to be timelike, spacelike,
or null if its tangent at each point is timelike, spacelike, or null, respectively. In
order to discuss the causal structure of (M, g) in the large it is necessary that
(M, g) be time orientable, i.e. that there exist a continuous assignment of a
future direction at each point of M. If M is not time orientable, it at least
admits a two sheeted covering which is. In a space-time (i.e. a time oriented
Lorentzian manifold) the following two causal relations can be defined. For
points p, q in M, the point q is said to be in the chronological future of p,
written p < g, if there is a future directed timelike curve from p to ¢, and q is
said to be in the causal future of p, written p < g, if ¢ = p or if there is a future
directed nonspacelike curve from p to g. The global causal structure of (M, g)
is determined by the properties of the causal relations “ < ” and “< ”. Of
special importance is the fact (which has been exploited by Penrose [9]) that
the causal structure of a space-time is conformally invariant.

In general relativity the actual space-time universe in which we live is
modeled by a four dimensional Lorentzian manifold. In this way the local
accuracy of special relativity is built into the theory. The timelike curves
describe the histories (or world lines) of material particles or “observers”, with
the timelike geodesics representing the worldlines of freely falling observers.
The null geodesics represent the histories of light rays. The proper time (i.e. arc
length) along a timelike curve which describes the world line of some observer
corresponds to the time kept by a suitably physical (e.g. atomic) clock carried
by the observer. The metric g is assumed to satisfy the Einstein field equation
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which relates the geometry of space-time to the energy-momentum content of
the universe. The Einstein equation may be thought of as a generalization of
Poisson’s equation for the gravitational potential in Newtonian theory.

To the Riemannian geometer perhaps no assumption is more natural than
that of geodesic completeness. The situation in Lorentzian geometry, however,
is quite different. Many of the space-times which are exact solutions to the
Einstein equations are timelike geodesically incomplete. For instance the
Friedmann models which are the classical, and to this day standard, cosmo-
logical models based on general relativity all predict a fantastic “big bang”
beginning to the universe. All the timelike geodesics are past incomplete, with
the mass density (and hence curvature) becoming infinite in a finite proper
time along each such geodesic. In the (extended) Schwarzschild solution, which
today is understood to represent the geometry of spherically symmetric gravita-
tional collapse, the world line of any observer (freely falling or not) who has
entered into the “black hole” region by crossing the “event horizon” at the
Schwarzschild radius r = 2m (where m is the mass of the black hole) is future
incomplete. These classical solutions, although constructed to model important
physical situations, are based on stringent symmetry assumptions (e.g. the
Friedmann models are spatially isotropic). It was long felt by many (including
Einstein) that the “singular nature” of these exact solutions (as is evidenced by
their incompleteness) might be due to their extreme symmetry. Perhaps less
idealized models which allow for inhomogeneities don’t exhibit such singular
behavior.

The question as to whether or not such singular behavior is inherent in the
theory of general relativity was resolved by a remarkable series of papers
published in the second half of the 1960’s beginning with the innovative paper
of Penrose [10] and culminating with the triumphant paper of Hawking and
Penrose [6]. The results of these papers show that the incompleteness exhibited
in the idealized exact solutions is generic, i.e. there are generic classes of
physically relevant space-times which are either timelike or null geodesically
incomplete. Unfortunately, even today not a great deal is known about the
nature or structure of such incompleteness. As is well known, a Riemannian
manifold is geodesically complete if and only if it is complete as a metric space
(with distance function d, defined by d( p, ¢) = inf{length of y: y a curve from
p to g}). Thus if an inextendible Riemannian manifold M is geodesically
incomplete then the points added to M to obtain its Cauchy completion may
be viewed as its singular points. Unfortunately, there is no such tidy mathe-
matical interpretation of geodesic incompleteness in the Lorentzian case since
the indefinite metric of a Lorentzian manifold M cannot be used in the same
way to endow M with a metric space structure. In contrast to the Riemannian
case, there are examples of compact Lorentzian manifolds which are geodesi-
cally incomplete (see [7]). Procedures have been devised for attaching a
singularity boundary to an incomplete space-time but no such procedure has
yet proven to be completely satisfactory. At any rate, the physical interpre-
tation of an incomplete timelike geodesic is clear: there is a freely falling
observer with either a finite past or a finite future (as measured by the
observer). The physical significance of an incomplete null geodesic is not so






