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0. Foreword by Fefferman. The goal of this article is to acquaint readers with
analysis and geometry on smooth domains in C”. For domains with the simplest
geometry (strictly pseudoconvex) a wealth of deep results came to light during the
1970s, and we restrict attention to this case. The state of our knowledge of more
general (weakly pseudoconvex) smooth domains is much more primitive, although
some outstanding results are known, notably on the Cauchy-Riemann equations
(Kohn [40]) and the Poincaré metric (Cheng-Yau [10]). A natural problem is to
extend the results presented here to more general domains.

One of our main themes is the close connection between the analysis and local
geometry of domains. To understand the picture requires a lot of elementary
background in geometry and differential equations. For completeness we have
included a long exposition (Chapters 2-5) of the relevant background. Chapter 1
gives a brief introduction and Chapter 6 a detailed introduction to domains in C”,
and finally Chapters 7-12 present the main results.

This paper grew out of a course I gave at Princeton during 1979-80, with notes
taken by Beals and extended by Grossman. The contributions of both Beals and
Grossman are pervasive, but responsibility for any errors lies with me. Since the
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course was given, relevant important results were discovered, especially by
Kuranishi and by Lee and Melrose. We have incorporated here statements of
their results. I spoke on some of the material in this paper at the recent
symposium in honor of Poincaré; much of the modern work is rooted in his
seminal ideas. The reader should see the excellent brief survey article by Wells
[66], also presented at the Poincaré Symposium and overlapping strongly with our
long exposition.

Special thanks are due Perry DiVerita, Lauri Hein, Maureen Kirkham, Annette
Roselli, and Bonnie Tompsen who cheerfully typed the manuscript despite the
pressure of a deadline long past due.

In studying several complex variables, I profited greatly from the deep insights
of my colleagues, and it is a pleasure to thank them here. I am especially grateful
to S. Bell, J. Faran, J. J. Kohn, J. Moser, L. Nirenberg, D. H. Phong, E. M. Stein,
S. Webster, and S. T. Yau. Without a vast amount of work by Beals and
Grossman, this paper could never have been completed. Without forceful prod-
ding by F. Browder, it would not have been finished in the twentieth century.

CHAPTER 1. BRIEF INTRODUCTION

We shall study analogues in C” of familiar ideas in one complex variable. The
topics are as follows:

Cauchy-Riemann equations. A basic problem in several complex variables is to
solve the inhomogeneous equations du = a with good bounds. Here u is a
function of n complex variables z, = x, + iy,, and du stands for the n functions
du/9z, = 3(du/dx, + idu/dy,). The problem is important because, for instance,
it allows us to patch local results into global theorems. To illustrate, let us try to
find an analytic function F(z) on a domain D which blows up only at a single
boundary point p. As a first step, we find such a function F, defined only in a
small neighborhood U of p. Next, take a smooth cutoff function ¢ supported in U
and equal to one near p, and set @ = 3(¢F,). Now « is globally defined on D and
has no singularities anywhere, since ¢ = 1 and F; is analytic near p. If we can
solve the d-equations with good bounds, then we can find a nice function u which
is singular nowhere and satisfies du = a. Therefore F = ¢$F, — u will be singular
exactly at p, and will be analytic in D since dF = 5(¢F0) —u=a—a=0.

The 9 equations are overdetermined— there are n equations for one function—
so they can be solved only when « satisfies consistency conditions. Also, the
solution u is obviously not unique. If du = a and F is any analytic function on D,
then also d(u + F) = a. So it is natural to try to solve du = a in D with the extra
condition that u be orthogonal to the subspace H(D) of analytic functions
C LX(D). This is called Kohn’s solution of du = «; it minimizes the L?-norm
among all solutions.

There is also a family of Cauchy-Riemann equations for analytic funtions on
the boundary 0D of a domain in C” (n > 1). Imagine that F is a function defined
in all of C”, but whose values are known to us only on dD. We can easily
calculate the derivatives of F in directions tangent to 9D, but we do not know the
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normal derivative dF/dn. Now suppose that F is analytic in a neighborhood of
9D, so that we have the n Cauchy-Riemann equations 0F/9z, = 0 on dD. We can
solve one of these equations for the missing derivative 0F/0n, and then substitute
the result into the remaining (n — 1) Cauchy-Riemann equations. Thus we obtain
a system of (n — 1) partial differential equations for the restriction of an analytic
functions F to dD. One writes 9,F = 0, and again we are interested in the
inhomogeneous equation 9, F = a on dD.

Cauchy integral formula. The idea of solving du = a with u orthogonal to H(D)
(the analytic functions) suggests that we study the orthogonal projection =:
L*(D) — H(D). One shows easily that = is given by an integral kernel, 7f(z) =
[pK(z,w)f(w) dw, where K is called the Bergman kernel. We shall explore the
relation between the Bergman kernel and the geometry of the domain. The
analogue of the Bergman kernel for the 5,,—problem is the Szegé kernel K(z,w)
which realizes the projection

(1) f(z) = /a K(z,w) () dw

from L*(dD) to the subspace H?*(dD) = {Boundary values of analytic
functions in D}. For the unit disc in C!, the right-hand side of (1) is
(1/2mi)g =1 f(w)/(z — w) dw. So the Szegd kernel is the analogue of the
Cauchy integral formula for domains in C".

Dirichlet problem. Just as analytic functions are closely related to harmonic
functions in one complex variable, so the problems du = a, d,u = & are in-
timately related to certain second-order equations called [J, [J,. To see how these
arise, let us try to solve du = a in D with u orthogonal to analytic functions. A
natural way to produce functions orthogonal to everything analytic is to start with
w in the domain of the adjoint operator 8* and set u = 9*w. If F is analytic, then
(u, Fy= (3*w, Fy= (w, 9F )= 0. The d-equation therefore takes the form

2) 90*w = a,

3) w € Domain(3*).

The global condition u L H(D) has now been replaced by (3), which is a
boundary condition for the second-order differential equation (2). Since (2), (3)
come from du = a, we can hope for solutions only when a satisfies a consistency
condition, which we write in the form 0,a = 0. (Explicitly, 0u/0z, = a, can be
solved only when da,/3z, — da, /3z; = 0.) For general a, possibly not satisfying
the consistency condmon we replace (2), (3) by the boundary-value problem

(4) (99* + 913, )w = a,

(5) w € Domain(3*),  9,w € Domain(d}).

This is called the 5-Neu_mann problem. It can be solved for general a and it
reduces to (2), (3) when 3, = 0. One finds that the second-order operator (4) is

basically the Laplacian, but the boundary conditions (5) are more degenerate than
Dirichlet or Neumann conditions and require deep analysis. The analogous






