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I read this book by Peyret and Taylor with pleasure. At last there is an
introductory book on computational fluid dynamics that is intelligent, fairly
well informed and reasonably up-to-date. Its perspective is not, however, fully
consistent with a mathematician’s point of view.

Computational fluid dynamics (CFD) is the process of solving problems in
fluid dynamics numerically on a computer. It was recognized long ago that the
equations of fluid dynamics are particularly amenable to numerical solution,
and as early as the 1920’s L. Richardson tried to describe how this could be
done. In [18] he imagined a gigantic concert hall full of hundreds of human
“computers” passing pieces of calculations to each other under the majestic
guidance of a conductor’s baton. The invention of the nonhuman computer
greatly streamlined the logistics and since the forties there has arisen an
enormous CFD enterprise. There are thousands of researchers, innumerable
applications, and an enormous literature; billions of dollars are spent every
year on CFD calculations. These calculations have affected an amazing range
of sciences—from astrophysics, geophysics, meteorology, biology, and chem-
istry, to most branches of engineering. Airplanes, space shuttles, weather
forecasts, bombs and nuclear power plants are brought to you in part by CFD.
Artificial hearts and energy producing devices are being added to this partial
list. CFD is useful in all these fields because it supplements or even replaces
experiments that are expensive, uninformative or, as in the case of astrophysics
and meteorology, uncontrollable.

The equations of fluid dynamics are well known and their validity is not in
doubt; one might think that, at least in principle, CFD is merely an elaborate
exercise in numerical analysis and approximation theory. However, the phe-
nomena of fluid mechanics (turbulence, combustion, multidimensional shock
patterns, boundary layers, etc.) are so complicated that with present methods
many of them could not be fully analyzed on any finite computer. As a result,
CFD has acquired a life of its own as a major research area—one in which
mathematics, physical intuition and computer science interact in original and
unexpected ways. Those who are not familiar with fluid mechanics can see
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some of the complexity of real flows in the collection of photographs [21], or, if
they prefer, they can look at a stormy sky.

Many aspects of CFD are firmly tied to mathematical analysis. The founda-
tions of the subject are numerical analysis and the theory of partial differential
equations. Recent developments in CFD use the theory of several complex
variables [1], probability theory [4], and various parts of geometry. In return,
CFD has contributed enormously to analysis; for example, solitons were first
seen in a computer output [22], and the recent numerically assisted work on
stochasticity in dynamical systems is an outgrowth of the CFD effort to
understand turbulence. Some mathematical and CFD developments go hand in
hand; Lax’s theories of hyperbolic conservation laws and of differencing in
conservation form (see [15, 16]) are parts of a single picture. As was demon-
strated by Courant, Friedrichs and Lewy as early as 1928 [9], there is a close
relation between numerical methods and constructive existence proofs. A
recent example is provided by Glimm’s existence proof for nonlinear hyper-
bolic equations [11], which was loosely suggested by Godunov’s computing
scheme and has in turn given rise to new algorithms (see [5]); the new
algorithms suggested a sharpening of the proof [17], and the sharpened proof
led to an improved numerical method [8]. There are many other connections
between mathematics and CFD: finite element methods are an aspect of the
calculus of variations; a mathematical theory [13, 2, 3] has established the
convergence of vortex methods [4,6] and has generated improvements in the
practice of vortex calculations; most of the more innovative practitioners of
CFD have been mathematicians, and more mathematicians have contributed
to CFD than is commonly realized. Many mathematicians are, for example,
surprised by the large fraction of von Neumann’s collected works that is
connected with CFD.

CFD does, however, have many aspects that do not all conform to the usual
definition of mathematics. It uses mathematical constructions well beyond the
limits of their rigorously proven validity; algorithms are often validated by
internal consistency checks, by comparisons with physical experiments, and by
considerations of intrinsic plausibility. A well-chosen example may often be a
better guide to the actual performance of a method than a formal proof.
Indeed, physical intuition plays a dominant role in the construction of algo-
rithms. Just as there is a notion of mathematical elegance that is difficult to
explain to nonmathematicians, there exists a separate notion of “beautiful
calculation” that is hard to convey to the uninitiated; roughly speaking, a
beautiful calculation is one in which mathematical constructions interact in
interesting ways with concrete reality, or one in which a complex physical
phenomenon is explained by an unexpected and inexpensive method.

One could think that since CFD has mathematical aspects and is clearly
“applied”, it is a part of classical applied mathematics. This is not at all the
case. CFD’s thought patterns are closer to “pure” mathematics—the affinity
between algorithms and existence proofs has already been noted. Progress in
areas such as turbulence theory occurs through a slow accretion of theorems,
calculations and experiments; the kind of analytic or asymptotic relationships
that noncomputational applied mathematicians have come to identify with
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insight are not always available, and this constitutes a psychological barrier
that is often hard to cross. It may be useful to remember that a similar barrier
existed in physics when quantum theory was being created. CFD, like quantum
theory, requires new, broader and more complex notions of what it means to
understand phenomena. Presumably, in the future CFD will come to be seen
as an autonomous mathematical science, on the model of statistics or computer
science.

Just as the relation between mathematics and CFD has not yet settled into a
definitive pattern, the practice of CFD is in a transitional stage and undergo-
ing rapid change. To begin with there are many numerical methods: those
based on finite differences, on weak forms of the equations, on variational
principles, on expansions in series, on special properties of the equations in
specific cases, etc. The relative merits of these methods are the subject of
heated discussion. Many methods have devoted adherents who claim that their
favorite method solves all problems. The only general rules that can be
formulated are general indeed. The right method usually depends on the
particular problem and the properties of its expected solution. One should,
however, be careful not to force a solution to fit a predetermined pattern.
Numerical effects can hide important physical effects; for example, the leading
error term in many methods resembles the diffusion term in the equations of
motion, and one has to be very careful not to let the former overwhelm the
latter. It is not likely that easy consensus will be the hallmark of CFD in the
near future. New and unexpected methods are certain to appear, since most of
the methods in current use are extensions of methods developed originally for
hand computation, and there exist so far only a few methods that utilize
powers specific to the computer. Examples are probabilistic methods and
Glimm’s method, which require, before they produce any useful results, a
number of arithmetic operations so large that their use would have been
unthinkable in the days of hand computation. Furthermore, it is clear that
changing computer architectures will have an effect on algorithms. I believe
that we shall also see an increasing use of special purpose methods, such as
vortex methods. Vortex methods are based on the circulation theorem for
isentropic flow, and cannot be explained without also explaining their hydro-
dynamical background, in contrast with, for instance, difference methods
whose principle can be understood without reference to any specific problem.
Special purpose methods can be particularly useful in very complicated prob-
lems because they allow one to model the essential properties of specific flows;
however, their development is not conducive to the creation of a general
theory.

It cannot be too strongly stated that despite its unsettled state, CFD is a
very successful enterprise. For example, plane flow at moderate Mach number
or moderate viscosity and one-dimensional gas flow can be reliably computed
even though interesting mathematical problems remain open. Two-dimensional
high-speed gas flow has become accurately computable in recent years, as have
some three-dimensional flows, and there have been spectacular successes in
transonic flow (see [1] and the bibliography in the book under review). In some
areas, such as combusting flow (see e.g. [10]) and vortical flow (see [6, 7])






