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FUCHS AND THE THEORY OF DIFFERENTIAL EQUATIONS 

BY J. J. GRAY 

Introduction. Lazarus Immanuel Fuchs (1833-1902) was the leading theorist 
of differential equations in the 1860s and 1870s, and, with Frobenius and 
Schwarz, a principal member of the 'second generation' of Berlin mathemati­
cians. He obtained his Habilitation from Berlin University in 1865 and was 
eventually called back to succeed Kummer in 1884. His work can profitably be 
seen as an attempt to impose upon the inchoate world of differential equations 
the conceptual order of the emerging theory of complex functions. As well as 
being the architect of the rigorous modern theory of linear equations, he raised 
many questions which were taken up by his contemporaries and provided an 
interesting battleground for the schools of invariant theory and transformation 
group theory. Most famously his work inspired Poincare to create the theory of 
Fuchsian functions and Fuchsian groups. Through his work and his career we 
can gain an insight into the state of mathematics in the second half of the 
nineteenth century, as the original work of Weierstrass was built up into an 
imposing intellectual edifice. 

Differential equation theory before 1866 and Fuchs9 first contribution. It took 
Fuchs some time to find his true area of interest as a mathematician. His 
doctoral thesis, written under Kummer's supervision, was on lines of curvature 
on a surface. Then he wrote two papers on number theory concerning the 
periods of the «th roots of unity when n is not prime. But Kummer's influence 
was shortly to be outweighed by that of another. Weierstrass had been in 
Berlin as a professor at the Industrial Institute (the Gewerbeschule) since 1856, 
and in July 1864 he became professor at Berlin University. He had by then 
been lecturing at the University for some time. In the summer of 1863 he had 
lectured on Abelian functions and developed his theory of linear differential 
equations. This caught Fuchs' interest, and he then began to study the subject 
that occupied him for the rest of his life. His relationship with Weierstrass 
seems to have been close, and by 1870 he was writing to Casorati that he 
considered himself a pupil of Weierstrass (quoted in Neuenschwander [1978b, 
p. 46]). 

Differential equations had been studied from various points of view by the 
1860s, and we may distinguish two strands. One deals with particular equa­
tions, such as Legendre's equation (defined below) and its generalizations to 
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the hypergeometric equation and the differential equations underlying contem­
porary work on AbeHan functions. The other sought to supply general ex­
istence proofs valid for large classes of differential equations. Legendre's 
equation (the name is due to Fuchs) 

*< l -*a )0+( l -3**)£-* = O 
had been studied both by Legendre himself [1825] and Kummer [1836] because 
it describes the periods 

K = fl dx K, _ r\ dx 
J° [(1 - X2)(\ - k2X2)]V2 ' •'O [(1 - x 2 ) ( l _ k>2x2)y/2 

of the complete elliptic integrals as functions of the modulus k (where 
ka + k'2 = 1). Kummer recognized Legendre's equation as reducible to the 
hypergeometric equation 

*0 - *)0+[Y-(« +/*+!)*]£-"^ = 0, 
introduced and carefully studied by Gauss in his [1812a]. In fact, Kummer's 
study in some ways coincided with the then unpublished half of Gauss' paper 
[1812b]. The most important advances beyond Kummer's work were made by 
Riemann and Weierstrass in the 1850s. Riemann gave a thorough account of 
the hypergeometric equation from the standpoint of complex analysis in his 
paper [1857a] in which he introduced his P-functions. These are functions with 
three branch points on the complex sphere at which their branching behaviour 
is prescribed, and any three satisfy a linear relationship with constant coeffi­
cients. Riemann showed that from this information alone it is possible to 
deduce that the P-functions (with prescribed behaviour at the branch points) 
satisfy a hypergeometric equation whose coefficients can be determined. This 
accomplished two things: it showed that for this kind of equation the solutions 
determine the equation; and it clarified the nature of the solutions as functions 
of a complex variable. In particular, it clarified how they behave under analytic 
continuation, a matter on which Gauss had held perceptive views (not pub­
lished until 1866), but which Kummer had avoided by confining his attention 
to equations with a real variable. Then, in an even more famous paper of 1857 
[1857b] on the theory of AbeHan functions, Riemann developed his theory of 
algebraic functions and their integrals. When he came to deal with Abel's 
theorem in §§14-16 of that paper, he discussed when a function can exist with 
prescribed zeros and poles by means of a system of linear differential equa­
tions. The same approach had been taken the year earHer by Weierstrass [1856] 
when deaHng with the simpler case of hyperelHptic integrals, as Riemann 
acknowledged. 

To understand Weierstrass' argument we may take the simpler case of 
elliptic integrals which he used as an iUustration. The function x = snt/, a 
Jacobian elHptic function, satisfies 

d2logx = klxl _ \_ 

du2 x2 ' 
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Setting x = px/p eventually yields two equations, 

d2logPl = -p2 d2logp = -k2p\ 

du2 p\ ' du2 p2 ' 

which, conversely, can be solved in terms of power series in u which are 
uniformly convergent for all u. The arbitrary constants can be determined so 
that at u = 0, 

when indeed snw = px/p. For the general theory Weierstrass had to consider n 
linear ordinary differential equations in n variables, corresponding to Jacobi's 
insight that one must invert sums of n integrals each taken along n paths. It is 
apparent that Weierstrass based his theory on differential equations and 
showed explicitly how the existence of solutions to such equations could be 
obtained as power series uniformly convergent on some domain. Unhappily, 
his lectures of 1863, which decisively influenced Fuchs, seem to be lost, but we 
do have a paper Weierstrass wrote in the 1840s (not published until 1894). In 
[1842] he studied the system of equations 

dxt x 

— = Gi{xl9...9xn)9 \<i<n, 

where the Gt are rational functions, and showed how the Gt can be modified so 
that a majorizing argument can be used to establish the uniform convergence 
of the power series which formally satisfy the original system of equations. 

Weierstrass has led us to the question of general existence theorems for 
solutions to ordinary differential equations. The pioneer in these matters, as is 
well known, is Cauchy, chiefly in his [1835] in which he presented the method 
of majorants, but also in his [1840], which was less well known. In the 1850s 
the new generation of French mathematicians began to investigate the singular­
ities of analytic functions; the crucial paper was the joint work of Briot and 
Bouquet [1856a] who were pupils of Liouville. They studied the equation 
dy/dz — f(y, z) at points where the algebraic function/is undetermined and 
showed that at such points the solutions may have branch points and poles, 
even essential singularities. As Neuenschwander has shown [1978a], Briot and 
Bouquet were unclear about the nature of essential singularities. In [1856b] 
they made a thorough study of those equations of the form F(w, du/dz) = 0, 
where F is polynomial, which have elliptic functions as their solutions. 

Fuchs based his first work on differential equations on the lectures of 
Weierstrass, Riemann's study of the hypergeometric equation, and the second 
study [1856b] of Briot and Bouquet. He pubHshed his findings in the 
Jahrsbericht of the Berlin Industry Institute [1865], and in a slightly revised 
form in Crelle's Journal [1866]. He argued that the main task was to find the 
properties of the solution to a differential equation at all points of the plane, in 
particular, whether the function is discontinuous or many-valued. By 'discon­
tinuous' he meant what we mean by 'has a pole'. 
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He considered the nth order linear ordinary differential equation 

^ A \
 dny d"~ly • _L 

V f fan ^ fan-X fnS 

whose coefficients pt are single-valued analytic functions everywhere on the 
complex sphere and have only finitely many poles, in short, are rational 
functions. He showed by a majorizing argument that away from the poles of 
the coefficients the equation has a basis of n linearly independent solutions 
which can be specified by choosing the values of y, dy/dx,... 9d

n~ly/dxn~l at 
a nonsingular point. This observation was hardly new, and the route to the 
general form of the solutions was in any case soon considerably simplified by 
Frobenius [1873a]. But it implies, as Fuchs pointed out, that the singular points 
of the solutions must He amongst the singular points of the coefficients, and so, 
in particular, they are fixed. Next he asked what restriction is to be placed on 
the coefficients if the solutions are not to have any 'bad' singularities, i.e., only 
finite poles and logarithmic branch points. He obtained a complete answer to 
this question, and here his results were new. (See Neuenschwander [1981] for a 
general discussion of the contemporary methods of complex function theory.) 

The methods Fuchs employed derived from those of Riemann. He observed 
that if y = (yu...9yn) is an rc-tuple of independent solutions valid in a 
neighbourhood of a singular point a of the equation, then analytic continua­
tion of y around a returns it as another n-tuple of solutions, say y = (yu... 9yn)9 

and y = Ry9 where R is an n X n matrix of constants. Replacing y by a 
different basis of solutions changes R to a matrix of the form BRB~\ In 
particular, taking y round every singular point in turn in the same direction 
takes y along a contractible path on the sphere with the singular points 
removed, so Fuchs obtained an equation of the form 

R\B2R2B2l - - • Bp+\Rp+iB^+i = I, 

whence det(RlR2 - • • Rp+l) = 1. Thus far, Fuchs had essentially followed 
Riemann, even to the extent of reproducing his notation. Now he went beyond. 
The eigenvalues of each Rt are all that matter (Fuchs called them the roots of 
the fundamental determining equation). If wx is an eigenvalue corresponding to 
the solution y! then yx = wxyx, and >>! is of the formyx = x r ,2f m anxn

9 where 
wx = elmir\ If Rt can be completely diagonalized, say because its eigenvalues 
wn,...,w in are all distinct, then the solutions are free of logarithmic terms and 
the corresponding rtj never coincide or differ by an integer. If, however, Rt 

cannot be diagonalized, then logarithmic terms are to be expected. Fuchs' 
analysis fell just short of introducing the Jordan canonical form of a matrix, 
which was done by Jordan in [1870] and subsequently applied to differential 
equation theory by Hamburger [1873]. It preceded Weierstrass' study of 
canonical divisors [1868], which it may have influenced. (For a discussion of 
Weierstrass' work, see Hawkins [1977].) Fuchs also wrote down an equation for 
finding the rtj directly, which he called the fundamental equation, and which 
Cayley [1883] later successfully christened the indicial equation. But of greater 
significance was Fuchs' complicated passage from the matrices Rt to a global 
study of the solutions, which culminated in his theorem that the linear ordinary 
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differential equation (A) has all its solutions free of 'bad' singularities if and 
only if it is of the form 

dny = 5 - i dn~xy ^ ^2(p-i) dn~2y Fn(p_l)y 

dxn * dxn~l rp2 dxn~2 V ' 

where \p — (x — ax)(x — a2) — • (x — a ) , and Fk is a polynomial in x of 
degree at most k. The equation has p + 1 singular points: al9 a2,...9ap9 and 
ap+l = oo. Moreover, there is one constraint to be satisfied by the indices rtj: 

/=1 j=\ L 

This derives from stipulated behaviour of the solutions. 
As an example of his theory, Fuchs observed that the second-order equation 

of this type with two finite singular points (p = 2) is necessarily the hypergeo-
metric equation. For such an equation, Fp_x involves 2 free constants and 
F2(p_1) involves 3, so there are 5 free constants and 5 free indices rtj. This 
enabled Fuchs to explain Riemann's result that the solutions determined the 
equation. For all other equations of order greater than 1 there are more 
constants available in the coefficients F than in the set of indices {//y}, so the 
equation is not uniquely determined by the solutions. The extra coefficients 
have since become notorious as accessory parameters. 

In conclusion, Fuchs asked what further restriction would have to be 
imposed on the coefficients before the solutions were all algebraic. This 
question was to attract a considerable amount of interest in the next decade, 
but at this stage Fuchs could only observe that the exponents at the singular 
points must be rational. All in all, the paper was a considerable achievement. It 
earned Fuchs his Habituation, and Weierstrass said it showed that Fuchs "is 
completely familiar with the principles of the new function theory and is 
capable of independent research in the domain of analysis" (quoted in Bier-
mann [1973, p. 94]). 

Problems arising: notably, when are the solutions algebraic? Fuchs' work 
raised several questions for his colleagues to deal with. There was the question 
of what could usefully be said about equations which did not satisfy Fuchs' 
conditions, or were not, as came to be said, of the Fuchsian type. The pioneer 
in this area was L. W. Thome who came to Berlin in 1863 and published a 
series of increasingly lengthy papers on the matter during the 1870s. Since 
most of the named equations of mathematical physics (including Mathieu's, 
Bessel's, and Stokes') are not Fuchsian, and nor, for that matter, are the 
equations with constant coefficients of the Fuchsian type, the question is not 
an artificial one. Thome made some progress, and his work was further 
simplified by Frobenius [1875], who had also contributed the idea of irreduci-
bility of a differential equation [1873b]. He called an equation irreducible if it 
had no solutions in common with an equation of lower order, or of the same 
order but lower degree, and he showed that the hypergeometric equation is 
reducible if and only if one of its solutions is a polynomial. When Frobenius 
considered Thome's work (Frobenius [1875]), he took up the case raised by 


