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1. Introduction. Like the Arabian phoenix rising out of its ashes, the theory
of invariants, pronounced dead at the turn of the century, is once again at the
forefront of mathematics. During its long eclipse, the language of modern
algebra was developed, a sharp tool now at long last being applied to the very
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purpose for which it was intended. More recently, the artillery of combinator-
ics began to be aimed at the problems of invariant theory bequeathed to us by
the nineteenth century, abandoned at the time because of insufficient combina-
torial thrust.

Even the seemingly polished and well-developed chapters of classical in-
variant theory, such as the theory of binary forms, now reveal themselves on
closer inspection to be sadly deficient in content and proof. The grey area
between the known and the unknown, between the solidly established result
and the likely conjecture, casts a shade of uncertainty behind which the open
problems still hide themselves from the reader born several generations later.

Thus, further progress on the fascinating trip that is invariant theory, a great
idea foreshadowed in the work of Boole and gradually formulated by Cayley,
Sylvester, Clebsch, Gordan, Capelli, MacMahon, Hilbert, Young, Study, and
others, must begin with a presentation, complete with proofs and up-to-date
algorithms, of those results that lie within the range of present day mathemati-
cal methods. The purpose of the present work is to give such a presentation of
the central chapter of classical invariant theory.

The basic results of the theory of invariants of binary forms are developed
here by constructive methods. Our objective is to enable the reader to eventu-
ally appreciate the computations of the nineteenth century invariant theorists,
or at times, to make such computations superfluous.

In the exposition, we are guided by the following criteria. Our language and
notation are, wherever possible, patterned after nineteenth century usage. It
might have been easier to adopt instead one of the many—too many, perhaps
—equivalent languages that have been taking turns in the annual Paris display
of mathematical fashion. One could, for example, rephrase the results in the
language of representations of GL(2) over certain tensor spaces, or as the study
of moduli parameterizing certain algebraic varieties. However, in the attempt
to reach as wide an audience as possible, we chose to describe and make
rigorous the original notation and follow it as closely as possible. Thus, what is
perhaps the main novelty of the present work is a rigorous and yet manageable
account of the umbral or symbolic calculus, what Hermann Weyl called “the
great war-horse of nineteenth century invariant theory”. To be sure, rigor can
be injected into the umbral method by simply citing one of the bromides of
multilinear algebra, such as “every tensor is the sum of decomposable tensors”
(as did Weyl, for example). What is not as easily accomplished is to combine
rigor with the suppleness of the bracket notation, so that the computations of
covariants and their syzygies can measure up to the artisanship of the past
century. Our rigorization of the umbral method by operators and linear
functionals obeying a crucial multiplicative property was suggested by earlier
work by one of us, and the idea can be traced back to his 1964 paper on
enumerating the partitions of a set.

A similar salvage operation could not, unfortunately, be carried out on the
proofs. Most of the proofs presented here are new. Among the techniques, the
major innovation is an explicit algorithm (Algorithm 4.1) for expressing in
terms of the roots a covariant expressed in umbral notation. This algorithm
leads to an alternative representation of covariants as symmetrizations of
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difference in the roots. The formal similarity between this representation and
the umbral representation yields a one-line proof of Hermite’s reciprocity law.

The discussion of apolarity is also simplified by this algorithm which enables
us to immediately infer the significance in terms of the roots of the vanishing
of the basic covariants in the theory of apolarity. As typical applications, we
give a new proof of Sylvester’s theorem (including exceptional cases) and
complete lists of canonical forms for the cubic and the quintic. Our task is
made easier by the introduction of homogenized roots, which allows the
exceptional cases to be handled without undue commotion. We have also
computed the umbral representation for several covariants of apolarity theory
using a device for converting into umbral form covariants given in the form of
determinants (Lemmas 5.3 and 5.4). This device was not exploited in the
nineteenth century because of lack of rigor in the umbral method; if nothing
else, its simplicity justifies our proposed formalization of the umbral method.

We give two proofs of the finiteness theorem. Both use the representation of
covariants as symmetrizations of differences in the roots. Neither, however,
uses Hilbert’s basis theorem. The first is based on the circular straightening
algorithm. The idea of this proof goes back to Kempe, although considerable
retouching is necessary to apply it to covariants. This proof yields an explicit
construction of a generating set of covariants and the method is made
clear—we hope—by our discussion of the cubic. The second proof is a little
known proof due to Hilbert. This uses a lemma due to Gordan which was the
combinatorial mainstay of nineteenth century invariant theory. Gordan’s lemma
is given a short proof here using a combinatorial property of partially ordered
sets.

It may not be amiss to recount the history of the new proofs given here of
the First and Second Fundamental Theorems. Alfred Young invented, in 1900,
his celebrated tableaux—to be followed by standard tableaux in 1928—as a
method for computing covariants of forms. The main difficulty of the umbral
method is that covariants which look quite different umbrally may reveal
themselves to be identical upon permutations and substitutions of equivalent
letters and applications of the syzygy. This is, in fact, the gist of the Second
Fundamental Theorem (which is given a new formulation (Lemma 3.4) using
the notion of symmetrization of letters). Young saw that this difficulty could
be obviated in part by a decomposition of the group of permutations of
equivalent letters into what are nowadays called irreducible representations.
However, it did not dawn on him—nor to anyone after him—that standard
tableaux would be the ideal method of proving the First Fundamental Theo-
rem, thereby getting rid once and for all of the ponderous Cayley omega
operator or the nonconstructive device of the Reynolds operator. Our proof of
the First Fundamental Theorem, besides being constructive, gives a simple
algebraic approach to the averaging procedures that must be used at some
point in every proof of the finiteness theorem, as Hurwitz was the first to
perceive.

Although our presentation is limited to binary forms over a field (not
assumed to be algebraically closed, except in the section on apolarity) of
characteristic zero, we have taken pains in selecting those proofs which,



30 J.P.S. KUNG AND G.-C. ROTA

whenever possible, work over a field of arbitrary characteristic, or which point
clearly to the step where such an extension fails. The extension of the umbral
method to arbitrary characteristic must remain in the realm of speculation—not
surprisingly, since the right concept of covariant in positive characteristic is yet
to come.

Similarly, the proofs have been chosen to generalize, whenever possible, to
forms in several variables, commutative, anticommutative, or not, correspond-
ing to symmetric tensors, antisymmetric tensors, and tensors. Umbral notation
and the proofs of the two fundamental theorems carry over without change.
For general tensors, the language of double tableaux—what we have called
elsewhere the letter place algebra—must be used. What fails in more than two
variables is the expression of invariants in terms of the roots, and hence the
present proofs of the finiteness theorem do not generalize, as far as one can
see. In fact, the notion of a covariant ramifies in several variables into several
kinds of concomitants, and the various kinds of apolarity never seem to have
been fully explored.

In closing, we remark that, to this day, the covariants of no nontrivial form
(except for conics) in three or more variables have been fully classified, not
even those of the ternary quartic which persuaded Emmy Noether to quit
invariant theory. We surmise that only a deeper combinatorial understanding
of the umbral method will lead to a complete list of covariants. This work has
been written with the purpose of stimulating such understanding.

2. Umbral notation.

2.1 Binary forms and their covariants. The theory of invariants of binary
forms is concerned with properties of homogeneous polynomials in two
variables which are independent of the choice of coordinates.

More specifically, we shall deal throughout this paper with binary forms. A
binary form f(x, y) of degree n in the variables x and y is a homogeneous
polynomial of degree » in x and y. Thus,

fp) = 3 1)y

k=0

=aq,x"+ ('ll)a,,_lx"_‘y + .-+ (n " l)alxy"”' +ayy".

The numbers a, are called the coefficients of f(x, y) and are assumed to belong
to a field of characteristic zero. A linear change of variables (c;;) is a
transformation of the variables x and y given by

(2.1) X=cpyxteny, y=cpX t+cepny

such that the determinant of the entries, ¢;;c,; — ¢;5¢;;, is nonzero. Under a
linear change of variables (2.1), the binary form f(x, y) is transformed into
another binary form f(Xx, y) in the new variables x and y defined by

(2:2) f(’?’ y)= kgo(;;)ak(cnf + Clz)-’)k(czlf + czzf)n—k-
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After expanding and regrouping terms, we obtain a binary form

n
f(55) = 3 )@z
k=0
in the variables x and y whose coefficients a, are polynomials in q; and c;;. The
precise expressions of these polynomials need not concern us for the moment
and will be derived shortly.

Let g be a nonnegative integer. A nonconstant polynomial
I(Ay, Ays-..,A4,, X, Y) in the variables 4,, 4,,...,4,, X and Y is said to be a
covariant of index g of binary forms of degree n if for all binary forms f(x, y)
of degree n and all linear changes of variables, the following identity holds:

1(@y, @y,...,8,, X, §) = (c11¢ — c€12)* I(ag, ay,...,a,, X, ).
A covariant in which the variables X and Y do not occur is said to be an
invariant.
Our objective is to determine as explicitly as possible all the covariants of
binary forms.
For many purposes it is indispensable to consider several binary forms
simultaneously. A nonconstant polynomial

I(Aygs Ayyse e Avyys Asgs 3 Aanzys- -3 Argse o s Apnirys X, Y)
in the variables 4,

ij» X and Y is said to be a joint covariant of index g of r-tuples
of binary forms f,(x, y) of degree n(i) if for all linear changes of variables (c;)
and for all 7-tuple of binary forms

n(i) ()
fi(x, )= 2 (" ! )aikx"y”"'"", i=1,2,...,r,
k=0\ k
the following identity holds:

I(alo,a“,...,a,n(,),...,a,o, Ap1seenslrprys X, y)
- _ g
= (enen — cipen)1(ay, A1 -5 Qinqays- - 5805 Arise -5 8pp(rys X5 »).

A joint invariant of f(x, y),...,f(x,y) is a joint covariant in which the
variables X and Y do not occur.

A covariant I(A,, A;,...,4,, X,Y) is said to be homogeneous if it is
homogeneous both as a polynomial in the variables 4,, 4,,...,4, and as a
polynomial in the variables X and Y. Every covariant can be written as a linear
combination of homogeneous covariants. If 7 is a homogeneous covariant, the
degree of I is the (total) degree of I as a polynomial in 4, 4,,...,4,, while the
order of I is the (total) degree of I as a polynomial in X and Y.

2.2 The umbral calculus. The simplest binary form is an nth power of a linear
form, namely, one of the form

f(x,y) = (ax + ayy)".
The device we are about to describe permits us to reduce computations with
binary forms to this special case.






