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Holomorphic, noninvertible dynamical systems of the Riemann sphere are 
surprisingly intricate and beautiful. Often the indecomposable, completely 
invariant sets are fractals (à la Mandelbrot [Ml]) because, in fact, they are 
quasi-self-similar (see Sullivan [S3] and (8.5)). Sometimes they are nowhere 
differentiable Jordan curves whose Hausdorff dimension is greater than one 
(Sullivan [S4] and Ruelle [R]). Yet these sets are determined by a single 
analytic fynction zn+1 = R(zn) of a single complex variable. 

The study of this subject began during the First World War. Both P. Fatou 
and G. Julia independently published a number of Compte Rendu notes, and 
then both wrote long memoires—Julia [J] in 1918 and Fatou [F1-F3] in 1919 
and 1920. At that time, they had at their disposal a new theorem of Montel 
(see (4.1)) which gave a sufficient condition for the normality of a family of 
meromorphic functions. They applied the theory of normal families to the 
dynamical system to prove some remarkable results. 

Received by the editors December 7,1983. 
1980 Mathematics Subject Classification. Primary 58Fxx; Secondary 30D05. 

©1984 American Mathematical Society 
0273-0979/84 $1.00 + $.25 per page 

85 



86 PAUL BLANCHARD 

Recently there has been an explosion of interest in the subject, and many 
mathematicians have made substantial contributions. In fact, significant pro­
gress is still being made, and it is impossible to predict where and when it will 
end. The aim here is to give a rapid introduction to the subject in light of these 
achievements. We do not intend to survey most of the new work since much of 
it is still in progress, but we do include bibliographic notes (§12) which can 
serve as a reader's guide to those results with which we are familiar. However, 
no claims of completeness are implied or intended. 

A large part of this paper is an exposition of the classical work of Fatou and 
Julia. We give a complete proof of the fundamental result (Theorem (5.15)) 
that the Riemann sphere disjointly splits into two sets—the closure of the 
repelling periodic points and the open set of normal (i.e. stable) points. Along 
the way, we discuss the dynamics in a neighborhood of a periodic point (§3) 
and the global consequences of Montel's Theorem (§4). The decomposition 
theorem is proven in §5. §§6 and 8 contain other noteworthy classical results. 
The theorems in §9 were also known classically, although they were not 
formulated in quite the same manner. 

§§7, 10 and 11 contain expositions of recent work. Sullivan [SI, S2] has 
completed a classification of the dynamics in the domains of normality. We 
summarize this classification in §7 and briefly indicate how the theory of 
quasi-conformal homeomorphisms plays a crucial role in §11. §10 is an 
exposition of the recent work of Douady and Hubbard [DH] and Mandelbrot 
[Ml, M2] on the dynamics of quadratic polynomials. A brief survey of this 
work has been included because it is a wonderful example of how "simple" 
dynamical systems can have complicated dynamics. Moreover, the family of 
quadratic polynomials is varied enough to illustrate most of the ideas presented 
here as well as many other surprising phenomena. Although the material in 
§§7, 9 and 10 depends on the previous sections, the reader may find it helpful 
to read these sections before tackling some of the more involved proofs in the 
preceding ones. 

The first section simply establishes notation and recalls theorems from 
complex analysis and the theory of Riemann surfaces which will be used freely 
throughout the article. A Hst of notation has been provided for readers who 
would like to skip this section. 

Acknowledgements. This paper was written while the author was a postdoc­
toral fellow, first at the Institute for Mathematics and its Applications, then at 
the Institute for Advanced Study. The author would like to thank the many 
people at both institutions who created such pleasant environments in which to 
work. Both fellowships were supported by the National Science Foundation. 

The Dynamical Systems Laboratory at the University of Minnesota pro­
vided the author with unlimited access to valuable graphics equipment. Without 
this equipment, it would have been impossible to view any but the most 
elementary Julia sets. The final pictures were made in the Dynamical Systems 
Laboratory at Boston University. The equipment at Boston University was 
provided through grants from the National Science Foundation and Boston 
University. 



COMPLEX ANALYTIC DYNAMICS 87 

This paper is based on notes from two seminars—one at Boston University 
and the other at the Institute for Mathematics and its Applications. Both 
seminars owed a great deal to Brolin's expository article [B] as well as to the 
participants. The author particularly wants to acknowledge many informative 
conversations with P. Collet, R. Crew, R. Devaney, M. Handel, O. Lanford, 
R. McGehee, R. Moeckel, B. Osgood, R. Penner, M. Rees, C. Tresser, and 
R. Williams, and he would like to thank A. Douady and J. Hubbard for 
spending a good deal of time explaining their results to him. 

The author would like to especially thank Dennis Sullivan, whose lectures 
introduced him to this beautiful subject. 

1. Background and notation. We are interested in studying the dynamics of a 
discrete dynamical system of the Riemann sphere C generated by a holomor-
phic transformation 

(1.1) R.C^C. 

In other words, our phase space will be the unique, simply connected, closed 
Riemann surface C = C U {oo} which is homeomorphic to the two-dimensional 
sphere 

S2 = {(xl9x2,x3) e R3 |;c2 + x\ + x2 = 1}. 

We shall usually use the variables z and w = \/z to represent the two standard 
coordinate charts on C determined by stereographic projection. Then any 
holomorphic (analytic) map R of C can be written in the form 

(1.2) R(z)=p(z)/q(z), 

where p(z) and q(z) are polynomials with complex coefficients and no 
common factors. Hence, there is a one-to-one correspondence between rational 
functions (1.2) and holomorphic maps (1.1). The poles of the rational function 
are simply the points of C which are mapped to infinity. The reader should 
consult Hille [Hi], Ahlfors [Al], Narasimhan [N], or Farkas and Kra [FK] for 
more details. 

The degree, deg(i^), of any continuous map R: S2 -> S2 is a homotopy 
invariant which measures how many times R wraps S2 around itself. In our 
context the degree of R can be calculated in two ways. If R(z) is written in the 
form (1.2), then 

deg(#) = max{deg(/?), deg(#)}. 

Also, the degree of R is the number (counted with multiphcity) of inverse 
images of any point of C. The Fat ou-Julia theory applies to rational maps R 
whose degree is at least two. 

A dynamical system is formed by the repeated application (iteration) of the 
map R from C to itself. 

DEFINITION. Given a point zQ e C, the sequence { zn} is inductively defined 
by 

Zn + l = * ( * „ ) • 

This sequence is called the forward orbit of z0 and is denoted O+(z0). 
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There are many questions that one could ask about any given orbit O+(z0). 
What are the limit points of 0+(zo)? What are the topological and analytic 
properties of the set of all limit points of 0+(zo)? What is the limiting 
distribution of 0+(zo)? How do the set of iterated preimages O~(z0) distribute 
themselves? In this paper we shall mostly confine our attention to topological 
questions. 

An elementary way to distinguish different orbits is to count the number of 
points in the orbit. 

DEFINITION. If zn = z0 for some n, then z0 is a, periodic point and O+(z0) is a 
periodic orbit (often called a periodic cycle or simply a cycle). If n is the first 
natural number such that zn = z0, then n is called the period of the orbit. 
Usually, if the period of an orbit is one, we call z0 a fixed point rather than a 
periodic point. 

It is surprising how much of the theory in question is related to the 
distribution of periodic points. To illustrate the dynamical concepts we have 
just introduced, we make a few observations about the example z ^> z1 which 
(in many ways) is the simplest example in the subject. 

(1.3) EXAMPLE. Let R(z) = z2. The behavior of the orbits depends upon 
where they he relative to the unit circle S1. The orbit of any point inside the 
circle approaches the origin (which is a fixed point), and any orbit outside the 
circle approaches oo. Moreover, R(oo) = oo, so oo is another fixed point of the 
map R. Finally, to completely describe the dynamics of R, we need to describe 
the action of R on the unit circle. But on the unit circle, R(ew) = ei29

9 J e R , 
so even though the map has a rich orbit structure, it is still a system which is 
amenable to computation. The reader who is unfamiliar with R\SX should try 
to describe this rich structure. It is not trivial. 

Before we continue with our review, we should introduce the following 
notation, which can be the source of some confusion in this subject. 

NOTATION. The symbol Rn denotes the n-fold composition Rn = R ° R ° 
• • • ° R of the function R with itself. Since we can multiply functions as well as 
compose them, we must be careful not to confuse R2 with the function 
S(z) = [R(z)]\ 

In the theory of dynamical systems, the equivalence relation conjugation is 
often very useful. If R(z) and S(z) are two rational functions and M(z) is a 
Möbius transformation (= bijective rational map) such that the diagram 

c A c 
Ml lM 

c -> c 
s 

commutes, then R and S are (analytically) conjugate. Note that if R and S are 
conjugate by Af, then Rn and Sn are also conjugate by M. So R and S are 
holomorphically the "same" dynamical system. Hence, the answer to any 
topological or conformai question about the system generated by S can be 
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obtained from the answer to the same question applied to R by applying the 
map Af. 

(1.4) EXAMPLE. TO illustrate this notion, we consider an arbitrary quadratic 
polynomial R(z) = az2 + 2bz + d. We can conjugate R(z) to some quadratic 
polynomialp(z) of the form/?(z) = z2 + c. Let M(z) = az + b and c = ad + 
6 - ft2. Then we compute 

M~l o p o M(z) = M " 1 ^ + fc)2 + c) = M " 1 ^ V + 2afe + ft2 + c) 

(a2z2 + 2afez + fc2 + c) - ft „ , , = - - = R(z). 
a v ' 

As a result, we find that we need only study the class of quadratic polynomials 
of the form z •-> z2 + c to understand the dynamics of all quadratic polynomi­
als. Hence, the space of "all" dynamical systems of quadratic polynomials is 
really C rather than C3 as it might at first appear. Moreover, as we shall see in 
§10, there are technical reasons why this formulation is useful. 

This is all we need to say in terms of background to the dynamical theory we 
will present. For convenience, we review a few essential concepts from complex 
analysis. 

The notion of a normal family is closely connected with compactness of a set 
of analytic maps in the topology of uniform convergence on compact subsets. 
The following definition uses the spherical metric on C. 

DEFINITION. Let U be an open subset of C and J*j= { ft \ i e ƒ } a family of 
meromorphic functions defined on U with values in C ( ƒ is any index set). The 
family ^"is a normal family if every sequence fn contains a subsequence fn. 
which converges uniformly on compact subsets of U. 

It is awkward to relate this definition to any dynamical property, but 
Arzela's Theorem, relating normal famihes to equicontinuous ones, shows there 
are quite a few connections. 

DEFINITION. Let X be a metric space with metric d. A family of functions 
{ ƒ• : X -> X) is an equicontinuous family if, given e > 0, there exists a 8 > 0 
such that d(xv x2) < S implies d{fi{xx\ fi(x2)) < e for all i. 

(1.5) THEOREM. The family {ƒ: U -* C} of meromorphic functions is a 
normal family if and only if it is an equicontinuous family on every compact subset 
ofU. D 

Hence, normal famihes have values which do not diverge under iteration. In 
§2 we will be more precise about this connection. 

In §6 we shall also need the following sufficient condition for normality. 

(1.6) THEOREM. Let {f: U -> C} be a holomorphic family of functions. If the 
family is locally uniformly bounded on U9 then it is a normal family. D 

In particular, any family of holomorphic mappings to the unit disk is 
normal. The reader is referred to Ahlfors' book [Al] for a proof of both of 
these theorems and a more complete discussion of normal famihes. 
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We recall the elementary version of Schwarz's lemma. 
NOTATION. Given z e C and r > 0, we denote the open disk centered at z of 

radius r (in the Euclidean metric) by Dr(z)9 and the symbol Dr will represent 
the same set as Dr(Q). 

(1.7) THEOREM. Let ƒ: Dx -> Dx be an analytic function such that /(O) = 0. 
Then 

(a) \f(z)\ < \z\ for allz e Dx and 
(b) |/'(0)| < 1. 

If equality holds in either (a) for any z e Dx — {0} or in (b), then f(z) = elBz 
where 0 e R. D 

On the whole, we shall not need much of the theory of Riemann surfaces. 
However, in §3, we use the uniformization theorem—the cornerstone of the 
classification of Riemann surfaces. Recall that a Riemann surface is a one 
(complex) dimensional manifold. The uniformization theorem classifies all 
simply connected Riemann surfaces. 

(1.8) THEOREM. Every simply connected Riemann surface is conformally equiv­
alent to either C, Dl9 or C. D 

In our context we will only encounter Riemann surfaces which are open 
subsets of C or which are C/L, where L is a lattice. The reader should use the 
uniformization theorem to show that if U is a domain in C which has at least 
three boundary points, then its universal cover U is conformally equivalent 
toDv 

There are many good references on the subject of Riemann surfaces. Abikoff 
[Abl, Ab2], Ahlfors [A2], and Farkas and Kra [FK] are particularly appropriate 
for the uniformization theorem. 

2. The dynamical dichotomy jof Fatou and Julia. Fatou and Julia studied the 
iteration of rational maps R: C -> C under the assumption that deg(it) > 2. 
Basically they focused on a disjoint invariant decomposition of C into two sets. 
One of these sets is often called the Julia set. The other set does not have a 
standard name, and in this paper, we shall refer to it as the Fatou set. 

DEFINITION. A point z e C is an element of the Fatou set F(R) of R if there 
exists a neighborhood U of z in C such that the family of iterates {Rn\U} is a 
normal family. The Julia set J(R) is the complement of the Fatou set. 

The classical papers denote the Julia set by &, but since the term "Julia set" 
is now commonly used, we shall denote it by J(R). The Fatou set did not have 
an explicit name classically, and it is now sometimes referred to as the domain 
of equicontinuity. Often we use F and / if there is no confusion about the map. 

In this section we shall prove that the Julia set is always nonempty, but the 
reader should beware that the Fatou set can be void. In §3 we will show that 
the Julia set of the map z -> (z2 + l)2/4z(z2 - 1) is the entire Riemann 
Sphere (this is Lattes' example—see (3.2)). 

The Fatou set is open by definition, and since R is both continuous and an 
open mapping, proving that F is completely invariant is straightforward. In 
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other words, if z e F then R(z) e F and R~\z) c F. Consequently, the Julia 
set is also completely invariant and compact. 

If we consider the example R(z) = z2 again and take a point z0 inside the 
unit circle, then there exists an open disk U around z0 on which the sequence 
Rn\U converges to the constant function C(z) = 0 for all z e U. Hence, the 
interior of the unit circle is a subset of the Fatou set. Likewise, the exterior is 
also a subset of the Fatou set although the limit function is different. The unit 
circle is, however, equal to the Julia set because the family {Rn} is not 
equicontinuous on any open set which intersects the circle. 

The Julia set of the map S(z) = z 2 - 2 i s also simple to describe. It is the 
interval [ - 2,2] on the real Une. This is not so easy to see from the definitions, 
but the reader may enjoy investigating this example before we prove this later 
(see (7.12(1))). 

The above two examples are deceiving. In general, Julia sets are not smooth. 
Figures (2.1)-(2.5) illustrate the types of complexity that Julia sets usually 
possess. 

The Julia set in Figure (2.1) is a fractal (see Mandelbrot [Ml]). In fact, most 
Julia sets are fractals. 

Figures (2.1)-(2.5) are neither the most accurate nor the most elaborate ones 
available. There are many methods with which one can draw Julia sets, and the 
trade-offs are (as usual) quality versus computer power and time. In §3 we 
shall encounter situations where the more expensive methods seem (at our 
present state of knowledge) absolutely necessary. But for our purposes, the 
accuracy of these pictures shall suffice. The reader should, however,.seek out 
some of the more intricate pictures which have been published recently and 
which will be in forthcoming publications. This author is aware of the articles 
of Curry, Garnett, and Sullivan [CGS], Douady [D], Douady and Hubbard 
[DH], and Mandelbrot [Ml, M2], and this is probably a very incomplete Hst of 
all such publications. 

(2.1) FIGURE. Douady's Rabbit. The Julia set of the map z -> z2 + c, where c satisfies c3 + 2c2 + 
c + 1 = 0 and Im(c) > 0. The approximation c « -0.12256117 + 0.74486177 was used to gener­
ate this figure. This Julia set is connected, and the Fatou set consists of infinitely many, simply 
connected domains. 
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(2.2) FIGURE. This is the Julia set of the quadratic polynomialp(z) = z2 - 0.3125. It is a Jordan 
curve. In addition, Sullivan [S4] has shown that it is a quasi-circle (the image of the unit circle 
under a quasi-conformal homeomorphism—see Ahlfors [A3]) whose Hausdorff dimension is 
greater than one. Ruelle's results [R] on the real analytic nature of Hausdorff dimension are also 
relevant. 

f 

(2.3) FIGURE. The Julia set of p(z) - z2 + .3. Theorem (9.9) applies to this map; therefore, J(p) is 
a Cantor set. The next figure shows some of the finer detail. 

G 

k 
0\ 

*ƒ 

n j\ 

F I G U R E a F I G U R E b 

(2.4) FIGURES. These figures illustrate the fractal nature of the Julia set in the previous figure. 
Figure b is an enlargement of the small box in Figure a. 

We conclude our introduction to the dichotomy with the next theorem. 

(2.6) THEOREM. The Julia set is nonempty. 

PROOF. Suppose £{R) = 0 . Then F(R) = C and, therefore, the family 
{Rn} is normal on C. A convergent subsequence Rni converges uniformly (in 
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(2.5) FIGURE. Newton's method applied to the polynomial equation z3 - 1 = 0 yields the rational 
function N(z) - (2z3 + l ) /3z 2 . The orbit of almost any initial value will converge to a root of the 
equation. The Julia set is the set of initial values for which the method fails. 

the spherical metric) to a meromorphic limit function S. Since S is a continu­
ous function of the two-sphere, we can now derive a contradiction by consider­
ing the topological degree of S. 

deg(S) <- deg(iT') -> oo as n, -• oo. 

But degCS) is finite. D 

3. Periodic points. In this section we discuss the dynamics in a neighborhood 
of a periodic point. In particular, we give conditions which often determine in 
which set, F or / , the periodic point Hes. 

DEFINITION. Let z0 be a periodic point of period n. Then the number 
XZo = (Rn)'(z0) is the eigenvalue of the periodic orbit. 

Of course, the chain rule implies that XZo is the product of the derivatives of 
the map R along the orbit. Consequently, X2Q is an invariant of the orbit 
O+(z0) rather than the particular point z0. Whenever we discuss just one 
periodic orbit, we drop the subscripts and simply denote the eigenvalue by A. 

DEFINITION. A periodic orbit O+(z0) is: 
(1) attracting if 0 < |A| < 1, 
(2) superattracting if X = 0, 
(3) repelling if |A| > 1, or 
(4) neutral if |A| = 1. 
A. Attracting and repelling periodic points. Using the Mean Value Theorem 

and Arzela's Theorem ((1.5)), it is easy to prove 

(3.1) PROPOSITION. If O+(z0) is a (super)attracting periodic orbit, then it is 
contained in F. If it is a repelling periodic orbit, then it is contained in J. D 
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At this point it may be worthwhile for the reader to go back to the example 
z •-> z2 and check the proposition with our original analysis of the Julia set. 

DEFINITION. A point z is eventually periodic if, for some w, Rn(z) is a 
periodic point. The point z is preperiodic if it is eventually periodic but not 
periodic. _ 

(3.2) LATTES' EXAMPLES [L]. We can now sketch why J(R) = C for the map 
R(z) = (z2 + l)2/4z(z2 - 1). Let L be any discrete lattice in C consisting of 
all nxwx + n2w2, with nt G >̂ where wx and w2 are fixed complex numbers such 
that w2/wx £ R. First, note that L is invariant by multiplication by an integer, 
so any such multiplication induces an endomorphism of the complex torus 
T2 = C/L. Secondly, the Weierstrass ^-function 

z
 WŒL\ \Z - W) Z J 

can be thought of as a function from T2 to C (see [Al and Co]). Since M 
preserves the inverse images of the map p: T2 -> C, we get a rational map 
RL M which satisfies the following commutative diagram: 

pi liP 

C -> C 

To show that J(RM L) = C whenever deg(M) > 2, we exhibit a dense subset 
of C of eventually periodic points which are all in J(RM,L)- Suppose z = q^wx 

+ q2w2 with qt e Q (/ = 1,2). Then the point jp(z) in C is eventually periodic 
under the map RLM. In fact, if 

AN= f Z G C | Z = {a\/bi)w\ +{a2/^i)w2 
where ai9 bt e Z and bt < N (i = 1,2)}, 

and if BN is the finite subset of T2 defined by BN = AN/L9 then M(BN) c BN, 
and every point of BN must be eventually periodic. Moreover, the point p(z) 
belongs to J(RL>M) because the norm of any eigenvalue of any periodic point 
of M is greater than one when deg( Af ) > 2. 

The explicit formula above results from choosing M to be multiplication by 
2. See Lattes [L] or Herman [HI] for a derivation of the above rational 
function. 

We know everything about the local dynamics in the attracting case and 
everything about the behavior of successive images until they leave a neighbor­
hood of the repelling orbit. The map Rn is locally conjugate to its derivative. 

(3.3) THEOREM. Let z0 belong to an attracting periodic orbit of period n. There 
exists a neighborhood U of z0 and a unique analytic homeomorphism <j>: U -* Dr 
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(for some r) such that <f>(z0) = Q, <f>'(z0) = I and the diagram 

Rn 

U -> U 

Dr -» Dr 
z*-*Kz 

commutes. D 

From this theorem we see that the neighborhood U is forward invariant, i.e. 
Rn(U)(z U9 and the orbit of every point in U is asymptotic to the periodic 
orbit O+(z0). 

There are both analytic and geometric proofs of the existence of <j>. The 
oldest proof is due to Koenigs in the nineteenth century. Basically he proved 
that the sequence of functions (Rkn(z) - z0)/X

k tends uniformly to a holomor-
phic function <J>. Then it is easy to verify that <j> ° Rn(z) = X(<j>(z)). The reader 
is referred to Siegel and Moser [SM, p. 188] for the technical details. 

Theorem (3.3) also yields a local conjugacy in the repelling case. If O+(z0) is 
a repelling periodic orbit, then (3.3) can be applied to the inverse of Rn which 
has O+(z0) as an attracting periodic orbit. However, we get less information 
because the orbit of every point z £ [ / , except z0, eventually leaves the 
neighborhood U. 

Finally, it is worth noting that R need only be analytic in (3.3). 
B. The superattracting case. Superattracting periodic orbits are also locally 

conjugate to simple maps. Yet the dynamics of these maps is much more 
interesting. 

The following theorem applies to any analytic function—not just a rational 
function. We use the notation (RnYk\zQ) to represent the kth derivative 
ofR". 

(3.4) THEOREM. Let O+(z0) be a superattracting periodic orbit. Suppose k > 2, 
(RnYk\z0) * 0, and 

(R»)'(z0) = (*")(2)(z0) - • • • - ( H - ^ - ^ Z o ) = 0. 

Then there exists a neighborhood U of z0 and an analytic homeomorphism 
<f>: U -* Dr (for some r) such that <t>(zo) = 0> ^ ' ( z o) = 1> an^ tne following 
diagram commutes: 

Rn 

U -> U 

Dr - Dr 
Z^>Zk 

Again we have a forward invariant neighborhood, and every orbit in the 
neighborhood is asymptotic to O+(z0). But in this case, the map z •-> zk is not 
locally invertible. This gives us a great deal of information which will be 
particularly helpful in the analysis of the dynamics of polynomials. 
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This theorem is not as commonly known; consequently, we include the proof 
from Fatou [Fl, pp. 187-189]. He credits Boettcher [Bo] as the first person to 
demonstrate the existence of the conjugacy. 

Before giving the proof, we recall a few facts about fractional exponents. 
The map z •-> zk is a branched cover of C by itself. If we have a map 
S: Dr -* C, we can often find a map, which we denote (S(z))1/k, such that the 
following diagram commutes: 

For example, if 0 £ S(Dr\ then covering space theory gives us k maps 
which work. Also, if S(0) = 0 and S(z) # 0 for all z e Dr - {0}, and if the 
local degree of S around 0 is a multiple of k, then there are also k maps that 
will work. The exponential notation is used in order to summarize a few 
properties of these maps such as {S{z)f^/{S{z)f^ = (S(z))1/4. Unfor­
tunately we have chosen to use exponents in two different ways. Hence, 
(S"(z))1/» + S(z). 

The idea of the following proof of (3.4) is exactly the same as Koenig's 
proof. A sequence {^n} of maps is produced by iterating the rational function 
n times and then taking the appropriate inverse of z •-» zk\ This sequence 
converges to the conjugacy. 

PROOF OF (3.4). We prove the theorem in the case where n = 1 and z0 = 0. 
The power series expansion of R(z) is akz

k + ak+lz
k+1 + • • •. If we 

conjugate R(z) by the map z >-> bz, where bk~l = (ak)~
l, we get the map 

S(z) = zk + bk+lz
k+1+ . . . . 

Proving the result for S(z) will suffice. 
We always work inside a disk Dr such that S(Dr) c int(Dr) and 

l im5 w (z ) = 0 for all z€EZ)r. 
/I->00 

We define 

*„(*) = (S"(z))1/k", 

choosing <^(0) = 1. If we prove that the sequence {<J>n } converges uniformly to 
a map <J>, we have the desired conjugacy because 

* o S = lim [Sn+1(z)]l/k" 
n-+ao 

and 

[*(z)]*= lim[(5"+^))1A"+1]=*°S-
n—* m L J 



COMPLEX ANALYTIC DYNAMICS 97 

To prove that {>„} converges uniformly on some neighborhood of 0, we 
introduce the function 

H(z) = *!(*)/*. 

Note that H(0) = 1. Using this function we see that 

* . + i ( * ) 
S»(z) 

i/k* 
= [H(S"(z))]l'k\ 

Using the notation <j>0(z) = z, we have 

/-o 9/U; i-o 
The uniform convergence of {<f>„ } can now be established by proving that the 
infinite product converges uniformly. This, in turn, is established by taking the 
logarithm of the infinite product (using the principal branch). We get the 
infinite series 

(3.5) L £ \og{H{S"{z))). 
w = 0 

Using the above-mentioned dynamical properties of S in Dn we know that 
\H(S"(z)) - 1| < 1/2 and \H(Sn(z)) - 1| < C\Sn(z)\ for some constant C. If 
\a\ < 1/2, 

|log(l + a) |< |« | + |«| + . . . <2|a| , 

so 
\logH(S»(z))\^2C\S"(z)\. 

Rather than (3.5), we consider the series 
oo i C « 

2 c E Ö i * < 2 C Ê i 
n = 0 n = 0 

which clearly converges. D 

(3.7) FIGURE. The Julia set of z -* z1 - 1. The two shaded components of the Fatou set are 
mapped one to the other. 



98 PAUL BLANCHARD 

(3.6) REMARK. Douady's Rabbit (Figure (2.1)) has a superattractive period 3 
point at the origin. In fact, the choice of c was made so that the origin (which is 
the critical point) is a periodic point of period 3. 

Figure (3.7) has a period 2 superattracting orbit contained in the shaded 
regions of the Fatou set. 

C. Neutral orbits. The local dynamics in a neighborhood of a neutral periodic 
orbit is not so easy to describe. In fact, as we shall see, there are open questions 
relating to this case. 

Again it is enough to describe the situation where z0 is a fixed point. So we 
assume R(z0) = z0 and |X| = \R(z0)\ = 1. If we try to conjugate R\U to its 
derivative, then the diagram 

R 
U -» U 

$1 1$ 

yields a functional equation 

(SFE) • • « ( * ) - A ( * ( z ) ) . 

This equation is called the Schroder Functional Equation. Fatou related solu­
tions <f> of (SFE) to membership in the Fatou set. Geometrically this equation 
means that z0 is the center of a disk on which the map is a rotation (see 
(7.3(4))). 

(3.8) THEOREM. Let z0 be a neutral fixed point. Then z0 e F if and only if 
(SFE) has an analytic solution in some neighborhood ofz0. 

Obviously the same statement holds for a neutral periodic orbit of period n 
once R is replaced by Rn in (SFE). We prove this theorem here, although it is 
logically out of order. In the proof we shall use the fact that the Julia set 
contains at least three points. In fact, it is always uncountable because it is 
always a perfect set (see (4.8)). 

PROOF. If (SFE) has a solution, then membership of z0 in F can be verified 
directly from the definitions. 

Suppose z0 e F and let U be the maximal domain such that z 0 e [ / and 
U c F. Since U n J = 0 , U misses three points and the uniformization 
theorem ((1.8)) implies that the universal cover Ü of U is conformally equiva­
lent to the unit disk Dv We choose a cover/?: Dl-

J> U such that/?(0) = z0 and 
we choose a lift R of R/Uso that £(0) = 0. Then R: D± -• Dx and \(R)'(0)\ = 1. 
An application of Schwarz's lemma (1.7) yields the fact that R(z) = \z. The 
universal cover/? is the solution <j> to the equation (SFE). D 

REMARKS. (1) Note that the same proof can be used to prove that the 
existence of a topological conjugacy implies the existence of an analytic 
conjugacy. 

(2) Another proof which does not use the unif ormization theorem or the fact 
that / is uncountable was shown to me by P. Collet, R. de la Llave, and 
O. Lanford. Let 
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%(z)=^iy^(z)Y 
If the sequence {Rp} is normal around z0, the % converge to a map * such 
that %oR-+ \<fr. 

An easy consequence of (3.8) concerns the case where X is a root of unity. 

(3.9) COROLLARY. IfX is a root of unity, then (SFE) does not have a solution. 

PROOF. Replacing R by some iterate if necessary, we may assume z0 is a 
fixed point. Suppose A' = 1 and (SFE) has a solution in a neighborhood U of 
z0. Then <j> ° R1 ° 0"1 = _Id, and therefore Rl = Id on U. Since i£ is analytic, it 
must be the identity on C, contradicting our assumption that the degree of R is 
greater than one. D 

Both Fatou [Fl, pp. 191-221] and Julia [J, pp. 297-311] extensively dis­
cussed the root of unity case, and they both credit Leau (Thèse, 1897) with the 
initial analysis of the X = 1 case. More recently, Camacho [Ca] has classified 
the dynamics up to topological conjugacy. Without proof, we give a description 
of some of their results. 

First we state the topological result. 

(3.10) THEOREM. Letf(z) = Xz + a2z
2 + a3z

3 + • • • be an analytic map in 
the neighborhood of the origin. Suppose Xn = 1 and Xm # 1 for 1 < m < n. Then 
either fn = Id or there is a local homeomorphism h and an integer k > 1 such 
that h(0) = 0andhofo h'\z) = Xz(l + zkn\ D 

In order to understand what this means, it is necessary to analyze the 
dynamics of the map z -> Xz(l + zkn). The condition zkn e R describes a set 
of lines through the origin. Note that the map g(z) = z(l + zkn) leaves these 
lines invariant. Then z •-> Xz(l + zkn) is the composition of g with the periodic 
rotation z ^ Xz. The dynamics of the standard form g in the cases k = 1, 2, 
and 3 are illustrated in Figures (3.11a)-(3.11c). 

(3.11a) FIGURE. 13 partial orbits of the map z -> z(l + z). 
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(3.11b) FIGURE. 21 partial orbits of the map z -» z(l + z2). 

• v , - • • > / 

i 

/ / 
(3.11c) FIGURE. 37 partial orbits of the map z -> z(l + z3). 

Using techniques similar to Camacho, Fatou and Julia also obtained some 
analytic information. These results are usually referred to as the Flower 
Theorem. 

(3.12) THEOREM. Let f{z) = Xz + a2z
2 + • • • />e an analytic map in a 

neighborhood of the origin and suppose Xn = 1 awd Am =£ 1 for 1 < m < n. If 
fn =£ Id, fftere w aw integer k and nk analytic curves which are pairwise tangent 
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at the origin and which bound petals. The union of the petals is forward invariant, 
and any orbit in a petal is asymptotic to the origin. Any compact set inside the 
petal converges uniformly to the origin under fn. D 

These petals do not contain all the orbits which are asymptotic to the origin 
because that set does not have an analytic boundary. In the rational case, that 
set is part of the Juha set, and the Julia set does not have tangents. Figures 
(3.13)-(3.16) illustrate the relationship between the Juha set and these petals. 
The computer points are the Julia set, and the petals are hand-drawn and 
shaded. In §§4 and 5 we shall see that the Juha set must contain a sequence of 
repelling periodic points which, in this case, converge to the origin. These 
points approach the origin between the petals. Figures (3.13)—(3.15) relate 
exactly to the pictures in Figures (3.11a)-(3.11c). 

(3.13) FIGURE. The Juha set of z •-> z + z2 and the associated petal. In this case the petal is 
cardioid shaped. 

(3.14) FIGURE. The Julia set of z -* -z + z2 and the petals of the origin. 
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(3.15) FIGURE. The Julia set of z •-> e2w//3z + z2 and its petals. Compare this figure with Douady's 
Rabbit (Figure (2.1)). 

(3.16) FIGURE. The Julia set of z -> e2ni/20z + z2. Here the Julia set should approach the origin in 
twenty different directions (between twenty petals), yet it is hard to get a good picture of this 
behavior. We include the picture to inspire the reader to imagine how the Julia set of R\(z) = Xz 
+ z2, where | \ | = 1, varies with X as X approaches 1. Also the reader should be inspired to derive a 
good algorithm for plotting the Julia set in this case. 

There were two major questions left unresolved by Fatou and Julia. 
(3.17) Does (SFE) ever have a solution? 
(3.18) If so, when? 
In 1942, C. Siegel [Si] found a subset A of the unit circle of full measure 

such that, whenever the eigenvalue is in A, then (SFE) does have a solution. 
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(3.19) THEOREM. Let XZQ = e27ria where a <= R - Q. Suppose there exist 
positive constants a and b such that \<x - p/q\ > a/qb for all p,q e Z with 
q > 1. Then the Schroder Functional Equation does have a solution. D 

This condition is satisfied for a set of XZn of full measure in the unit circle. 
The original proof [Si] is an extremely difficult computation involving 

delicate number theory. A different proof, which uses a version of Newton's 
method applied to function spaces, is contained in Siegel and Moser [SM], and 
recently a relatively simple proof for a smaller class of numbers using tech­
niques of M. Herman has been circulated (see [dL and HI]). 

Rather than discuss the proof, we recall some facts about diophantine 
approximation and continued fraction expansions which explain the number 
theory condition in the hypothesis. This condition loosely says "a is badly 
approximated by rational numbers". If we write a in its continued fraction 
expansion, we can make this statement precise. Let 

1 
a = 0ft + 

ax + 
1 

a2 + 
a3 -h# 

and define the convergents pn/qn e Q of a by 

= ao + 

They are the best rational approximants to a (see Niven [Ni]), and the accuracy 
of the approximation is given by the inequality 

(3.20) 
K + i + 2)<?M

2 
9n <>n+i<lï 

For example, if the terms at stay bounded, we can verify the hypothesis of 
Siegel's Theorem. Using the mean value theorem, it is easy to show that any 
algebraic number of degree 2 has such a continued fraction expansion. 
Moreover, the same argument also shows that the hypothesis of (3.19) is 
satisfied for an algebraic number of degree n with b = n + 1 (Niven [Ni]). So 
all algebraic numbers are in A. But as mentioned above, the set A contains 
many other points because it is a set of full measure (Siegel and Moser [SM, 
p. 190]). 

We have seen that if z0 is a fixed point with derivative A2Q, where XZo = e2"ia, 
then CLG Q implies z0 e / , and a e A implies z0 e F. It would be nice to 
believe that z0 e F whenever a & Q. However, the following example of 
Cremer [C] shows that things are not this simple. 
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(3.21) EXAMPLE. Let/?(Z) = zd + • • • + Xz. Suppose X = e27ria, where a e 
R — Q, and \Xn - 1| < (l/n)d"~l for infinitely many natural numbers n. Since 
the periodic points satisfy pn(z) = z, we can calculate them by solving 

zd" + • • • + Xnz - z or zdn~l + • • • + (AM - 1) - 0 
if we ignore the fixed point at the origin. If nl9...,ndn_l3ire the dn - 1 roots 
of this equation, then 

Let m = minl/jij. We get 

m ' " - 1 < | X " - l | < ( l / a ) ' " - 1 

for infinitely many natural numbers n. Hence, there are infinitely many 
periodic points converging to the origin. Yet, if the origin is in the Fatou set, 
(SFE) has a solution by (3.8), and the map p(z) must be an irrational rotation 
near the origin. Since irrational rotations do not have periodic points (except 
the center), we conclude that the origin is in the Julia set. 

It is natural to ask if 

(3.22) i X ' - l M l / n ) ' " - 1 

is ever satisfied for infinitely many n if a £ Q. To construct such A, we use 
continued fraction expansions 

\\n - l\=\e2mn« _ l\=\e«ina _ e~«ina\= 2 | s i n ( i r i > i a ) | . 

For each n, let mn be the integer such that (TICK - mn\ < 1/2. Using the fact 
that 2x < sm(irx) < TTX < lx/2 when |x| < 1/2, we get 

\Xn - 1| = 2|sin(flri/ia)| = 2 sin(7r|«a - mn\) 

and 

4\na - mJ<|Xn - l |< l\na - mn\. 

To find a dense set of X which satisfies (3.22), we specify any initial segment 
[a0,... ,a J , and then we continue the expansion using the fact that 

i i ! 1 ! 
\<lia "" Pi \ < = \ < • 

?/+i fl/+i«/+«/-i ai+i4i 

If we inductively choose al+1 > lq\dqt)~2, then equation (3.22) is satisfied for 

The reader is encouraged to write out the decimal expansion of an a that 
satisfies this condition. This example also shows that the complement of the set 
A U {roots of unity} contains a dense subset of the unit circle. 

In fact, the set of A's which satisfy (3.22) for infinitely many n is a residual 
subset of the unit circle. 

LEMMA. Letf(x) be any positive function defined on the positive integers. Then 
the set {a < | |a — (p/q)\ < f(q) for infinitely many p and q) is a residual 
subset ofR. 
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PROOF. Let UN - {a| \<x - (p/q)\ < f(q) for some q> N}. Then UN is an 
open, dense subset of the unit circle because it is the union of open disks and 
because it contains all but finitely many rationals. Therefore, n^=1C/^ *s a 

residual subset of R. D 
Using this lemma and the above approximations, the reader can easily verify 

that the set of X's which can be used in (3.21) is indeed residual. 
We cannot yet always determine if a fixed point is in either the Julia set or 

the Fatou set because the neutral case has not been completely resolved. The 
hypothesis to Siegel's Theorem has been broadened somewhat (see Rüssman 
[Ru]), but there still are cases between Cremer's examples ((3.21)) and the 
known generalizations of Siegel's Theorem. Zehnder has also proven an 
«-dimensional version of Siegel's Theorem. These results suggest the following 
important open questions. 

(3.23) PROBLEMS. (1) Is membership in the Fatou set entirely determined by 
the eigenvalue of the fixed point? 

(2) What is the dynamics in a neighborhood of a periodic orbit if its 
eigenvalue is not a root of unity and (SFE) does not have a solution? 

4. The consequences of Montel's Theorem. The following theorem of Montel 
is fundamental to proving that the Julia set is the closure of the repelling 
periodic points. In this section we use it to prove that / is a perfect set. 
Therefore, it is uncountable. 

(4.1) THEOREM. Let & be a family of meromorphic functions defined on a 
domain U. Suppose there exist points a, b9 c in C such that [U^^r ƒ((/)] n 
{a, b, c] = 0 . Then & is a normal family on U. D 

It is interesting to see that a condition on the images of a family could 
guarantee normality. However, the result is not surprising if it is considered in 
light ofjthe uniformization theorem ((1.8)) and the Poincaré metric on the 
domain C - {a, b9c}. See [T2]. 

In this section we use Montel's Theorem to derive a few basic properties of 
the Julia set. 

(4.2) COROLLARY. Let z e J(R). If U is a neighborhood of z, then the set 
Ev = C—(Jn>0R

n(U) contains at most two points. Such points are called 
exceptional points. D 

(4.3) EXAMPLE. Consider a polynomial p(z). The point at oo is very special. 
It is a fixed point whose only inverse image is itself. Very few fixed points have 
this property. In fact, if a rational map R fixes a point z0 and R~1(z0) = {z0 }, 
then R can be conjugated by a Möbius transformation which sends oo to z0. 
The result is a polynomial because it does not have any poles in C. 

The point at infinity is always a superattractive fixed point for p(z). Hence, 
the Julia set of a polynomial is contained in C. Since [Un > 0 / ? n(Q] = C we see 
that oo is indeed an exceptional point. 
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(4.4) DEFINITION. Let z e / . W e define Ez = U EU9 where the union is taken 
over all neighborhoods U of the point z. From (4.2), it follows easily that Ev is 
independent of U, provided that Uis sufficiently small and Ez contains at most 
two points. 

The reader should note that Ez is often empty. 

(4.5) THEOREM. Let Ez be the set of exceptional points f or some z e / . 
(A) If Ez contains two points, then R{z) is conjugate to the map z -> z±d, 

where d = deg(2£) and the sign is + if Ez contains fixed points and - if Ez 
consists of aperiodic orbit of period two. 

(B) If Ez contains exactly one point, then R(z) is conjugate to a polynomial. In 
both cases, it follows that Ez does not depend on the choice of z e ƒ. Moreover, all 
exceptional points are contained in the Fatou set. 

PROOF. First note that Ez is backwards invariant by definition. That is, 
R~1(Ez)

s= Ez. Since R is surjective, it follows that Ez either consists of one 
fixed point, two fixed points, or an orbit of period two. 

To prove (B) we argue just as in Example (4.3). Let M be a Möbius 
transformation which maps the point in Ez to the point at infinity. Then 
p(z) = M ° R° M~\z) has no poles in C. 

To prove (A) we use a Möbius transformation which moves one point of Ez 
to oo and the other point to 0. In this case the conjugated map/?(z) can be one 
of two forms. Suppose both 0 and oo are fixed by p(z). Then (as above) p(z) 
will be a polynomial. Moreover, 0 will be a zero of multiplicity d because no 
other points can map to 0. Hence, p(z) = Kzd, and the constant K can be 
eliminated by conjugation with an expansion or a contraction. If 0 and oo form 
an orbit whose period is two, similar arguments show that/?(z) = Kz~d. 

To prove that Ez n / = 0 , we observe that, in case (A), the set Ez consists 
of either two superattractive fixed points or a superattractive orbit of period 
two. In case (B), Ez is a superattractive fixed point. 

If Ez ¥* 0 for any z, we know that R is conjugate Jo either (A) the map 
z -> z ± d or (B) a polynomial. If in case (A) we let U = C - {0, oo}, and in case 
(B) we let U = C, then Ev = Ez for any z e / . Consequently, Ez is indepen­
dent of z. D 

NOTATION. This theorem lets us simplify notation. The set of exceptional 
points will be denoted E(R) or simply E if the map is understood. 

An easy consequence of (4.5) is the fact that / does not usually have interior. 

(4.6) COROLLARY. If int(/) * 0 , then J = C. 

PROOF. Let U be a domain contained in the interior of / . Since / is forward 
invariant, 

J-D \jRn(U) = C-E. 

Moreover, since / is closed and E contains at most two points, / = C. D 
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Another corollary is an inexpensive way to generate computer pictures of the 
Julia set. 

(4.7) COROLLARY. If z e C — E, then the Julia set is contained in the set of 
accumulation points of the full backwards orbit of z. That is, 

ƒ c [accumulation points of (J R~n(z)\. 

Consequently, if z e ƒ, then 

/ = closured U *""(*))• 

PROOF. The first statement follows immediately from the definition of E and 
the fact that the iterates of any neighborhood of any point w e / must 
eventually hit z. 

If z G / , then [Jn>0R~n(z)c: J because / is backwards invariant. Moreover, 
since J is closed, 

ƒ D closure! U R~n(z)Y 
Wo ' 

The opposite inclusion follows from the first conclusion. D 
Almost all of the pictures in the preceding sections were generated by 

finding a repelling fixed point and then calculating its inverse orbit. This gives 
a dense subset of / . However, dense subsets can be deceiving, and conse­
quently the more expensive methods of Mandelbrot and others often give 
better pictures. 

PROBLEM. Design good algorithms to generate pictures of Julia sets. 
In all the pictures we have seen, the Julia set appears to be infinite. We are 

now able to verify that it is uncountable. 

(4.8) THEOREM. The Julia set is a perfect set. 

Before proving the theorem, we establish a helpful lemma. 

(4.9) LEMMA. If a e / , then there exists è e ƒ such that a e 0+(b) but 
b <£ 0+(a). 

PROOF OF LEMMA. If a is not periodic, then b can be any inverse image of a. 
If a is periodic with period n, consider the map S = Rn and the equation 

(4.10) S(z) = a. 

If a is the only solution to (4.10), we may conjugate S to a polynomial as in 
Example (4.3). Since oo is in the Fatou set of a polynomial, we have a e F(5), 
contradicting our assumption. Consequently, another solution b to (4.10) 
exists, and b £ 0+(a) because a is the only solution to (4.10) in 0+(a). D 
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PROOF OF THEOREM (4.8). Given a e / , we prove that a is an accumulation 
point of J. Let U be a neighborhood of a. Choose b as in Lemma (4.9). Since 
b G J,b £\E and there exists an integer k such that b e Rk(U). Let c denote a 
point in U such that Rk(c) = ft. Then c # a because b £ 0+(a), and c e / 
because / is i? "x invariant. D 

5. The Julia set is the closure of the set of repelling periodic points. Every 
repelling periodic point is contained in the Julia set, and since the Julia set is 
closed, the closure of the set of repelling periodic points is a subset of the Julia 
set. In this section we show that these two sets are equal. The proof has two 
parts. First, we show that ƒ is a subset of the closure of all periodic points. 
Then we derive a finite bound on the number of nonrepelling periodic orbits. 

(5.1) DEFINITION. The value v is a critical value of R if the equation R(z) = v 
has a solution whose multiplicity is greater than one. Such a solution c is called 
a critical point. The set C will denote the set of all critical points of R9 and V 
will denote the set of critical values. Note that R(C) = V. 

(5.2) REMARK. Using local coordinates, this is equivalent to the condition 
R'(c) = 0 (at least when c ¥= oo). Topologically we can characterize the critical 
points as the points where the map R: C -> C is not locally injective. In other 
words, they are branch points of the branched cover R: C -> C. Recall that d is 
the degree of R. 

(5.3) DEFINITIONS. Given z e C, the deficiency dz of z is the number 
d — (the cardinality of R~\z)). Then dz # 0 if_and j>nly if z is a critical value 
of R. The total deficiency of the map R: C -> C is the sum of all the 
deficiencies for all values of R. 

(5.4) LEMMA. The number of critical points of R is at most 2d - 2. 

In the following proof, we actually prove that the total deficiency of R is 
always 2d - 2. Therefore, dz is usually 0. 

PROOF. Let S be C - Fand S beC-R-\V). The map R: S -+ S is a d-Md 
covering space. Therefore, we have the following relationship between their 
Euler characteristics: 

x(s) = dx(s). 
This yields 

2-(ll(d-dv)) = d(2-nD), 

where nv equals the number of critical values. We get 

dnv-(Z(d-dv))-2d-2. 

So 

£ d„ = 2d - 2. 
vsV 
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Since each critical point causes at least one deficiency, we conclude that the 
cardinality of C is at most 2d - 2. D 

REMARK. The equation 2 - (LveV(d - dv)) = d(2 - nv) is often called the 
Riemann-Hurewicz formula. 

Now we can prove that the Julia set is contained in the closure of the 
periodic points. 

(5.5) THEOREM, ƒ c clos\xre{ periodic points}. 

We give one proof that works for polynomials and then we show how to 
modify it to include rational functions. 

PROOF. Let p: C -> C be a polynomial. Consider the subset K oî J defined 
by 

K = J - {critical values of/?}. 

Since J is perfect and K differs from J by only a finite subset, we can prove the 
theorem by showing that K c closure{periodic points}. 

Let w e £ There exists a neighborhood U of w such that the polynomial p 
has at least one local inverse / : U -> C - U. Form the family of meromorphic 
functions { gn } by 

gn(z) = (p»(z)-z)/(l(z)-z). 

Note that { gn } is a normal family if and only if the family { pn } is normal. 
Since w e / , the family { gn} cannot be normal on any open subset V of U. 
However, if w were not in the closure of the set of periodic points, then { gn } 
would omit 0,1, and oo on some neighborhood of w. This contradicts Montel's 
Theorem ((4.1)). D 

To generalize this proof to the case of rational functions we must use a 
slightly different family gn(z) and a slightly smaller set K. In that case we 
define 

K = ƒ - { oo, critical values of R\, poles of JR2 }. 

Then, given i v e ^ w e define 

where Il9 72, and 73 are three possible inverses to R2 in a neighborhood U of w. 
Since 

R» = I2 + Q((I2 - I1)/(g„ - Q)), 

where 

e = {h - h)Ah - hl 
we see that { gn} is a normal family if and only if { Rn } is a normal family. 

To finish proving that the Julia set is the closure of the set of repelling 
periodic points, we will use the theorem just proved along with the fact that the 
number of nonrepelling periodic points is finite. Since the Julia set is perfect 


