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COMPUTER MODELING OF SCIENTIFIC .
AND MATHEMATICAL DISCOVERY PROCESSES!

BY HERBERT A. SIMON?

Just forty years ago, in Chicago, John von Neumann delivered the eighteenth
Josiah Willard Gibbs Lecture. His topic was the ergodic theorem and statistical
mechanics. Within a month of that occasion, he and his colleague, Oscar
Morgenstern, published their seminal work, The theory of games and economic
behavior, applying discrete mathematics to problems of bargaining and compe-
tition in economic and social affairs.

Neither lecture nor book gave any hint of von Neumann’s new preoccupa-
tion with the electronic digital computer, which had begun in the summer of
that same year, 1944. We were then standing on the very brink of the computer
era, and within a decade some of us found, in the new computer programming
languages, a novel mathematical formalism that seemed ideally suited to
building and testing theories of human decision making and problem solving.
Some of us became so intrigued with the power and possibilities of these new
languages that we largely adopted them in place of the older formalisms of
applied mathematics—derived from analysis, discrete mathematics, topology,
and logic—as our principal tools of theory formulation, especially in cognitive
psychology.

Programming languages as formalisms. In this paper I should like to show
how the new programming languages can be used to express theories of human
problem solving; and I shall take as my domain of examples, theories about
problem solving that require applying mathematics to empirical phenomena.
Hence, the paper will have two intertwined, and perhaps incestuous, themes:
the first concerns the processes for applying mathematics; the second concerns
computer programming languages as mathematical formalisms for expressing
theories of such processes. So we shall deal with mathematics applied to the
theory of how mathematics is done.
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By “processes for applying mathematics” I mean the psychological processes
used in finding and proving theorems, in discovering mathematical formulas,
and in manipulating mathematical expressions. The processes of mathematics
are usually thought of as “deductive”. A mathematical proof is certainly a
deductive object: each step in the proof is derived from the previous steps and
axioms by application of a (usually small) set of rules of inference. If a proof is
written out in detail, its validity can be checked rigorously, step by step, by
application of a mechanical algorithm. Finding a proof, on the other hand, is
an inductive process, a process of heuristic search through a (usually immense)
space of possible paths. Finding a proof, at least in its more impressive
manifestations, is usually thought to call for “creative” processes, that are only
with difficulty (or not at all) reducible to a mechanical algorithm. Finding a
mathematical formula to fit data also is an inductive process that requires
heuristic search, and might likewise appear not to be reducible to an algorithm.

The first aim of the paper is to discuss the progress that has been made in
the past forty years toward understanding this process of heuristic search and
the nature of the steps that are often called “intuitive” or “creative”. The
progress has depended heavily on our gradually growing ability to write
computer programs that capture the heuristic search process, and thus provide
theories of that process in the new mathematical formalism of programming
languages.

The second aim of the paper is to illustrate the formalism itself, and to show,
thereby, one important and very distinctive way in which computer programs
can be employed as tools of applied mathematics. Gibbs reminded his Yale
faculty colleagues (and us) that “mathematics is a language”. And I wish to
add to his reminder that “a computer programming language is a mathemati-
cal language”.

Formally, a computer program is a set of difference equations. It defines the
state and output of the computer at time 7 as a function of its state and input
at time 7 — 1. The time increment is the basic instruction cycle time of the
system. As a set of difference equations, a program is a familiar mathematical
object. In other respects, it exhibits a number of novelties. The most important
of these novelties is that the arguments in computer instructions need not be
real or complex numbers, but may be symbols of a wide variety of types,
including words and expressions of natural language and symbol structures
that represent geometrical configurations. As we have known since the work of
Post, Church, and Turing (Kleene, 1952, pp. 298-301), a computer is a quite
general symbol manipulating system, and we are very little constrained in the
interpretations we may place on the symbols or the ways in which we may
operate upon them.

One price we pay for this power of representation is that we are seldom able
to integrate computer programs in closed form in order to derive general
theorems about their behavior. Instead, our main route to understanding their
implications is actually to compute that behavior for a number of specific
cases. Hence, if we wish to see how well a program describes human behavior
in some task domain, we give to the computer tasks from that domain and



COMPUTER MODELING OF DISCOVERY PROCESSES 249

compare its trace with the sequences of behaviors of human subjects con-
fronted with the same tasks. This technique of simulation is the analogue, in
the nonnumerical arena, of numerical analysis with difference equations of
more traditional kinds.

Production systems. The kinds of programs with which we will be concerned
here are called production systems (Barr & Feigenbaum, 1981, pp. 190-199). In
a production system all of the instructions have identical form, which may be
represented thus:

C—-A.

The expression, C, to the left of the arrow, is called the condition side of the
production; the expression, A, to the right, is called the action side. The
condition side consists of a set of tests; the action side, of a sequence of
symbol-manipulating actions. Whenever the conditions are satisfied by the
current state of the system, the actions are executed.

One additional specification must be added to make such a system opera-
tive: a so-called “conflict resolution” rule that determines priority of execution
among productions when the conditions of two or more are satisfied simulta-
neously. The simplest conflict resolution rule, which will suffice for our
purposes here, is to scan the list of productions in top-down order, and to
execute the actions of the first one whose conditions are found to be satisfied.
It has been shown that production systems can have all the generality and
power of a Turing machine.

If “X = N” — Halt and Check
ax +b=cx+d If Nx on right — Subtract( Nx)

(a=c)x+b=d If N on left — Subtract(N)
(a—c)x=(d—b) If Nxonleft (N # 1) - Divide(N)
x=(d—-b)/(a—c)

FIGURE 1. A Production System for Solving Equations

The right side of Figure 1 shows a simple system of four productions that is
capable of solving (symbolically or numerically) a broad class of linear
algebraic equations in one variable. In this production system, the symbol N
stands for any constant in the equations (e.g., a, b, ¢, d); x stands for itself.
The first production may be read, “If the equation is in the form, an “x”
followed by an “ =" followed by any N, then halt and test if N can be
substituted for x in the original equation.” The second production may be
read, “If there is a term of the form “Nx” on the right-hand side of the
equation, subtract that term from both sides and simplify.” (Separate produc-
tions could take care of combining similar terms, but I have chosen to embed
simplification in the other productions.) The remaining productions have
readings analogous to that of the second.

The reader can easily satisfy himself that, given the equation shown in the
first line on the left side of Figure 1, the production system will take precisely
the three steps that follow in order to solve the equation, and then will halt and






