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Introduction. This article is based upon a principle which is so standard that 
it is almost a cliché: The first step to understanding a nonlinear phenomenon is to 
define and study a suitable linear approximation. To be more specific, we shall 
describe some applications of this to the symmetry questions of topological 
transformation groups. 

Given a topological space X, let Homeo(^) denote the set of self-homeo-
morphisms of X. This is a group under composition of mappings. If G is an 
arbitrary group, then a group action of G on I is a homomorphism <p: 
G -> Homeo( X). Frequently we wish to impose some weak assumptions on <p. 
For example, if G is a topological group, then we might want cp to have suitable 
continuity properties. The usual assumption is that the map 

fi.GXX^X, p{g,x) = q>(g)[x]9 

is continuous; if G has the discrete topology, then this condition is automatic. 
Also, it is often convenient to avoid homomorphisms that are in some sense 
degenerate. For example, every group maps into Homeo^) by the constant 
homomorphism, but for many purposes this trivial sort of group action is 
uninteresting. The standard procedure is to limit attention to infective homo­
morphisms (= effective group actions) unless stated otherwise. 

Smooth actions. If X is in fact a differentiable manifold with smooth 
structure (say)^ , it is often useful to consider group actions that are smooth in 
an appropriate sense. By this we mean that G is a Lie group, <p maps G into the 
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group Diff(^T) of diffeomorphisms of X (a subgroup of Homeo(X)), and the 
map ju is smooth. The following classical result shows one context where 
smooth group actions arise in geometry: 

THEOREM (COMPARE W. Y. HSIANG [48 P. 100]). Let X be a compact smooth 
Riemannian manifold. Then the set of isometries ISO(Z) is a Lie group, and the 
obvious homomorphism ISO(X) -» Homeo(^f) defines a smooth action. D 

Equivalent group actions. In virtually every mathematical context one needs a 
criterion for saying that two mathematical structures are essentially the same. 
For group actions the appropriate notion of {topological) equivalence is a 
homeomorphism h e Homeo(Jf) such that 

<P'(g) = h<p(g)h-\ all g <E G. 

This is equivalent to the relation <p'(g)h = hy(g), and h is often called an 
equivariant homeomorphism from (X9 <p) to ( X, <p'). 

Similar remarks apply to smooth actions, the main difference being that h is 
takentobeinDiff(X). 

1. Linear actions. The so-called linear actions on spheres form an important 
subclass of smooth actions. These actions correspond to continuous (equiva-
lently, smooth) homomorphisms <p from a compact Lie group G to an orthogo­
nal group On; i.e. the actions correspond to orthogonal representations of G. 
Two representations <p, <p' are said to be equivalent if <p' = QyQ'1 for some 
Q e On. The linear actions on spheres then arise from the following elemen­
tary observations: 

(1.1) If Sn~l is the unit sphere in Rn, then On maps Sn~l to itself, and the 
induced homomorphism a: On -> Homeo(5n_1) defines a smooth action. As a 
consequence, each representation <p: G -> 0„ defines a smooth action of G on Sn 

via the composite ay. D 
Thus we have a transformation of mathematical theories of the following 

form: 

(orthogonal representations of G} 
Li 

(smooth actions of G on spheres} 

Results from representation theory give us a fairly good understanding of the 
representations of G (compare W. Y. Hsiang's book [51]). Hence L can be 
viewed as a mapping from a fairly well-understood theory to a less understood 
one. Of course, the linear actions are given by the image of L. 

REMARK. A result of de Rham shows that L is faithful; two linear actions are 
smoothly equivalent if and only if their representations are linearly equivalent 
[28] (also Rothenberg [84, Theorem 4.3, p. 300]). Incidentally, the correspond­
ing statement is false if we replace "smoothly equivalent" by "topologically 
equivalent" (see Cappell-Shaneson [18]). 

The discussion above motivates the following suggestion: To study NON­
LINEAR actions on spheres, first try to compare them with "linear approxima­
tions " of a suitable type. 
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2. Linear approximations to nonlinear actions. The suggestion in the preced­
ing paragraph assumes implicitly that one can define appropriate sorts of 
linear approximations. However, this is not obvious at first glance. Therefore 
we shall take some time to formulate this concept. 

The following result shows that linear approximations to actions on Sl and 
S2 are trivial to construct: 

THEOREM 2.0. Every continuous (resp., smooth) compact Lie group action on 
S1 or S2 is continuously (resp., smoothly) equivalent to a unique linear represen­
tation. D 

This fairly old result combines the work of several mathematicians, includ­
ing H. Poincaré and L. E. J. Brouwer (see Edmonds [37]). 

On the other hand, this sort of rigid behavior fails in higher dimensions. 
Nonlinear continuous actions exist on Sn for every n > 3 (compare Bing [6]), 
and nonlinear smooth actions exist on Sn for every n > 4 (compare Giffen 
[42]; also see Gordon [43]); recent breakthroughs in 3-dimensional topology 
have shown that most (and perhaps all) smooth actions on S3 are equivalent to 
linear actions (compare Morgan [66]). During the past three decades there have 
been many different constructions of nonlinear actions on Sn, and it is beyond 
the scope of this paper to survey these results fully. The survey article of 
Bredon [9] covers part of this material; the books of Bredon [12], Davis [24], 
Assadi [2] and W. Y. Hsiang [51] together with the articles of Pétrie [74, 76, 
80], Cappell-Shaneson [19], and the author [89-103, 108] provide further 
information on some of these questions. 

How, then does one define a linear approximation to an arbitrary action on 
Snl There are basically two possibilities: 

(A) Define approximations using algebraic topology. 
(B) Define approximations using geometric topology. 

Our next order of business is to describe the mathematical substance behind 
these formal statements. 

A Igebraic-topological approximations. We shall illustrate the basic ideas when 
G = Z2. Let T be the nontrivial element of Z2. If <p is a Z2 action on S"\ let 
Fix((p) be the action's fixed point set. If <p is a linear action, then it is a routine 
exercise to verify that Fix(cp) = Sk for some k < n and the degree r i s (-\)n~k. 
A remarkable theorem of P. A. Smith yields a similar but weaker conclusion 
for arbitrary continuous actions. We shall state this result in a somewhat 
strengthened form (compare Bredon [12, Theorem III.7.11, p. 145]). 

THEOREM 2.1 (essentiallydue to P. A. Smith). Let <p be a Z2 action on Sn. 
Then Fix(<p) has the same Cech Z2 cohomology as Sk for some k < n. Further­
more, degree(r) = (-l)n~k. D 

Using this result it is trivial to construct a linear model for <p. If I(m) 
represents the m X m identity matrix, then the linear approximation is defined 
by the (n + 1) X (n + 1) matrix 

/ / ( * + l ) 0 \ 
"-* \ 0 -I(n-k))' 

In other words, we take the representation <p': Z2 -> 0„ + 1 with <p'(T) = Bn_k. 
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There are some well-behaved classes of compact Lie groups to which one can 
extend these ideas at least partially. Versions of Smith's result are valid for 
actions of finite /?-groups (where p is any prime) and torus groups. This is best 
done using Borel's reformulation of Smith's results (the definitive reference is 
the Borel seminar book [8]). 

Here is the basic idea. Let <p be an action of G on Sn, and let G -> EG -> BG 
be the universal principal G-bundle. Then we may form the associated fiber 
bundle with fiber Sn via 

E(S\ <p) = SnX EG/(x, e) ~ (gx, ge). 

We then have the following result (compare W. Y. Hsiang [49, Theorem 2, 
p. 280; or 51, pp. 72-75]): 

THEOREM 2.2. Let G = (Zp)
r or Tr, let F = Zp or Q, respectively, and suppose 

that G acts on Sn. Let SG denote the action's fixed point set. Then the following 
hold: 

(i) H*(SG; F) = H*(Sk; ¥)for some k < n. 
(ii) There is a linear representation <p* on Rn~k such that the Serre spectral 

sequences for H*(E(Sn - SG, <p); F) and H*(E(S"-k\ <p*); F) are 
isomorphic. D 

If <p* denotes the representation in (ii), then <p' = <p* © trivial (k + 1)-
dimensional representation is an algebraically defined linear approximation to <p. 

It is important to note that the representation <p' is usually NOT unique up to 
linear equivalence. For example, suppose a and /? are linear representations 
G -> On + 1 such that the fixed point sets of (5W, a) and (£", /?) are empty and 
the bundles E(Sn, a), E(Sn, /?) are fiber homotopy equivalent, i.e., there is a 
homotopy equivalence h making the following diagram commutative: 

E(S\a) A E(S\P) 

I i 
BG ^ BG 

Then the cohomology Serre spectral sequences are automatically isomorphic. It 
is well known that such equivalences exist in many cases when a and /? are 
linearly inequivalent; the work of A. Meyerhoff and T. Pétrie on quasiequiva-
lence [62] provides one particularly large collection of examples. 

In some cases it is possible to define linear approximations to more general 
actions than those of 2.2. For example, W. Y. Hsiang has studied this question 
in great detail if G is a compact Lie group [49, 51]; the key idea is to restrict 
the action of G to the maximal torus. In another direction, it is sometimes 
possible to piece together a linear approximation to an action from linear 
approximations on subtori; this is considered in work of R. W. Sullivan [115, 
116]. 

Geometric-topological approximations. We now assume that the compact Lie 
group G acts smoothly on Sn. In this case we have the following fundamental 
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result due to S. Bochner [7] (also see Bredon's book [12, Theorem VI. 2.2, pp. 
306-307]): 

THEOREM 2.3. Let G act smoothly on a smooth manifold M, and let x <E M be 
fixed under G. Then there is an open neighborhood U of x such that the following 
hold: 

(i) U is G-invariant, i.e., if g e G and y e U then gy e U. 
(ii) The induced smooth G-action on U is smoothly equivalent to the action of G 

on Rm by a well-defined linear representation p(x): G -> Ow. 

In fact, p(x) is recoverable from the original action <p as follows: Let Tx 

(= Rm) be the tangent space at x e M. Consider the map <p': G -* L in 
Aut(Rm) which sends g e G to the derivative of <p(g) at x. This is a continuous 
homomorphism by smoothness and the chain rule for differentiation, and p(x) 
is merely an orthogonalization of <p'. 

It is a fairly routine exercise to show that the approximations given by 
Theorems 2.2 and 2.3 are compatible with each other. This is discussed in some 
detail in work of W. Y. Hsiang [49, 51] (loc. cit.). 

For each point x that is fixed under G, Theorem 2.3 yields a linear 
approximation to the original smooth action. In order to apply this observation 
effectively, we must be able to answer the following questions: 

(i) If (p is a linear action on Sn, how are its linear approximations related to 
the original representation! 

(ii) How does the linear approximation p(x) vary with respect to the choice of 
fixed point xl 

The answer to the first question is basically a routine consequence of the 
definitions: 

THEOREM 2.4. Let <p0 be a linear representation on Rn+1, and let <p be the 
associated linear action on Sn. Assume that cp has a nonempty fixed point set. 
Then <p0 splits as a direct sum <px ® R (trivial representation on the second 
factor) and, for each fixed point x, the representation p(x) is equivalent 
to <pv D 

In particular, p(x) and <p0 are equivalent up to addition of a trivial factor. D 

General considerations of transformation groups also say a great deal about 
question (ii). 

THEOREM 2.5. Let <p be a smooth action of G on Sn with nonempty fixed point 
set F. If x and y lie in the same connected component of F, then the representa­
tions p(x) and p(y) are equivalent. D 

In fact, Bochner's theorem implies that the equivalence class ofp(x) is locally 
constant; the class of p(x) is constant for linear actions, and the given action <p 
is linear near x. 

COROLLARY 2.6. (i) If F is connected, then there is a unique linear approxima­
tion up to equivalence. 

(ii) An arbitrary smooth action with F =£ 0 defines at most finitely many linear 
approximations up to equivalence. D 


