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WIRT1NGER VARIETIES 

BY R. C. GUNNING 

1. The canonical imbedding of a compact Riemann surface in its associated 
Jacobi variety, an algebraic complex torus, has long been of fundamental 
importance in the study of Riemann surfaces, and the basic holomorphic 
functions that arise in the study of algebraic tori, the theta functions, naturally 
play an essential role in this part of the theory. The central role and essential 
properties of the simple theta function in the study of Riemann surfaces were 
established by Riemann and lie at the core of the subject. Some of the basic 
properties of higher-order theta functions on general algebraic tori, principally 
those properties involved in the projective imbedding of these tori, were 
established by Kummer for two-dimensional tori and extended by Wirtinger to 
higher-dimensional tori, and investigations in this direction have been pursued 
fairly steadily ever since. Some quite deep and subtile properties of the 
higher-order theta functions of Jacobi varieties, as distinct from general 
algebraic tori, were established by Frobenius and Schottky, and investigations 
in this direction have also been pursued ever since, perhaps somewhat fitfully 
and implicitly at the beginning (since the higher-order theta functions can be 
expressed as various products of translates of simple theta functions and 
thereby disguised, sometimes conveniently and sometimes confusingly) but 
with increasing vigor, particularly in the last decade. Part of this current 
activity, particularly among algebraic geometers, derives from Fay's stimulat­
ing book on theta functions and Riemann surfaces, while another part no 
doubt derives from the role that theta functions of Jacobi varieties have been 
discovered to play in providing explicit solutions of some important nonlinear 
partial differential equations. Both of these inspirations have led to fascinating 
new approaches to and results about Schottky's problem of characterizing 
Jacobi varieties among more general algebraic tori; there has thus been a 
surprising revival of interest in this once obscure but always intriguing topic. 

The aim of the present paper is to provide a survey of some of this recent 
activity that most directly involves the study of Riemann surfaces itself, 
together with a discussion of a few new results in the directions surveyed. The 
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motif is the role of theta functions in describing various subvarieties of Jacobi 
varieties that are of fundamental importance in the study of Riemann surfaces. 
Many of these subvarieties can be described quite simply and explicitly in 
terms of the image of the Jacobi variety under the mapping into projective 
space given by a basis of the second-order theta functions; the image variety is 
the Wirtinger variety of the title, a natural generalization of the Kummer 
surface. The hope is that this will at least in part provide an introduction to 
this topic, indicating why the questions considered are of interest and how the 
current investigations follow naturally in the direction of Riemann's earlier 
work. Present knowledge of the finer properties of the higher-order theta 
functions of Jacobi varieties is still quite limited, many results clearly having a 
rather preliminary nature. A further hope is that this will also indicate one 
point of view of the current state of affairs in this area and a number of very 
promising questions for further investigation. It should be emphasized that this 
is a rather limited survey, and is not intended to cover the many other 
approaches to the Schottky problem or the extensive recent work on theta 
functions and partial differential equations. 

2. Let M be a compact connected Riemann surface of genus g > 0 and 
choose a fixed base point p0 e M and a set of canonical generators 
al9...9ag9 /?!,...,)8g of the fundamental group ^(M, p0)\ topologically the 
surface M is just a sphere with g handles, and aj9 fy can be considered as a pair 
of paths around theyth handle. The 2 g cycles carried by these paths are free 
generators of the homology group HX(M9 Z), and will also be denoted by aj9 )8y. 
Also choose a basis o)l9...9o)g for the complex vector space of holomorphic 
differential one-forms or Abelian differentials on M; these are all closed 
differential forms, and the g X 2 g matrix consisting of the integrals or periods 
of the differentials co, along the cycles aj9 fy is called the period matrix for the 
surface M in terms of the choices made for the paths aj9 /?. and for the basis w,. 
To be more explicit let co denote the column vector of length g formed of the 
differentials coi9 so that its transpose is the row vector Vo = (wl9... ,<og), and 
define the period matrix to be 

(1) A = f f <o,...,( u, ƒ <o,...,f J . 

It is always possible to choose the basis <o, so that the period matrix has the 
form A = ( ƒ, £2), where I is the g X g identity matrix and B is an element of 
the Siegel upper half-space $g9 the cone of g X g complex symmetric matrices 
having positive definite imaginary parts; such a choice will henceforth always 
be supposed made. 

The 2 g columns of the matrix A are always linearly independent over the 
real numbers; thus when Cg is viewed as the real vector space R2g the columns 
of A can be taken as a basis for U2g

9 so the subgroup «£?= AZ2* c Cg 

generated by these column vectors can be identified with the lattice subgroup 
Z2g c U2g. Topologically the quotient group Cyifis thus just the 2g-dimen-
sional torus R2 g/Z2 g = (R/Z)2g, a compact manifold homeomorphic to the 
Cartesian product of 2 g circles. On the other hand the quotient group 
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Cy^also has the structure of a complex manifold, hence of a complex Lie 
group, the coordinates in C8 providing local coordinates on C8/J?. This 
complex Lie group is called the Jacobi variety of M and is denoted by J(M); 
the zero element is the image in C8/J? of the origin O e C g . For the special 
case g = 1 this construction is quite familiar from the classical theory of 
elliptic functions. It should be mentioned that although the construction was 
based on special choices of the paths aJ9 fy and the basis wi9 the resulting 
complex Lie group is really independent of these choices; however the choice 
of the basis coz so that the period matrix has the special form A = ( ƒ, S2), with 
S2 e § g , really amounts to a somewhat finer structure than just that of a 
complex Lie group. Nothing further will be made of that point here though, 
since the effects of changes in the choices of aJ9 fy, co, will not be considered at 
all. 

For any point/? e M the vector ^ o w G C g depends on the path of integra­
tion from p0 to /?; but a change in the choice of this path has the effect of 
adding a vector fyu for some closed cycle y on M, and the set of all these 
vectors is precisely the lattice subgroup <&= K7?8 c Cg. It is thus possible to 
introduce a well-defined holomorphic mapping w: M -> J(M) by setting 

(2) HP)= r<° H ^ ) -
JPo 

The base point p0 e M is mapped to the zero element of the group /(M), and 
the effect of choosing a different base point p$ e M is just to replace the 
mapping w by the translate w* given by w*(p) = w(p) - w(p$). Since J(M) 
is a group, this mapping w: M -* J(M) has a natural extension to a homomor-
phism from the free Abeüan group generated by the points of M, called the 
group of divisors on M, to J(M); a divisor is really just a formal sum 
b = "Lp^Mvpp for some integers ^ G Z , only finitely many of which are 
nonzero, and the extension of the mapping w is that given by setting w(b) = 
HP^M vpw{p). To any meromorphic function ƒ not identically equal to zero on 
M there corresponds its divisor b( f ) = HpGM vp(f)p, where vp{ ƒ ) is the order 
of the function ƒ at the point p: vp{f) = n if ƒ has a zero of order n at /?, 
?/>( / ) = ~~n if ƒ has a pole of order n at/?, and vp( ƒ ) = 0 otherwise. It is rather 
easy to see that if b = E^e f̂ ^/? is the divisor of a meromorphic function on 
M then degree b = Lp&Mvp = 0 and w(t>) = E/7eM^>v(/?) = 0; Abel's theo­
rem asserts that, conversely, any divisor b for which degree b = 0 and w(5) = 0 
is the divisor of a meromorphic function on M. This is a very useful result, one 
of the basic tools in the study of Riemann surfaces, and the impetus behind the 
introduction of the Jacobi variety; it indicates that the torus J(M) must 
contain a great deal of information about the Riemann surface M, and thus 
raises the problem of how to get at that information, a very appealing problem 
analytically since there is a quite well-developed function theory on complex 
tori generalizing the classical theory of elliptic functions. 

There is a special family of holomorphic subvarieties of a Jacobi variety 
J(M ), the subvarieties of special positive divisors, that reflect in their structure 
and interrelations many of the finer properties of the Riemann surface M. The 
simplest is just the image of the Riemann surface M in its Jacobi variety, the 
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subvariety Wx = w(M). It follows quite easily from Abel's theorem that the 
holomorphic mapping w: M -» Wx is one-one. Indeed if that were not the case 
there would be two distinct points/?!, p2 of M such that w(px) = w(p2); then 
w(Pi ~ Pi) ^ 0, so by Abel's theorem there would be a meromorphic function 
f on M with divisor b( ƒ ) = px - p2. As is quite familiar, any such function 
can be viewed as a holomorphic mapping/: M -> P1 from M to the Riemann 
sphere. Now for any complex constant c the meromorphic function f-c 
would also have a simple pole at p2, hence would have a divisor of the form 
b(ƒ — c) = /?f — /72 f°r some point p{ e M, which point would of course then 
be the unique point of M at which the function ƒ took the value c; but that 
means that/: M -> P1 would be a one-one mapping, hence a homeomorphism, 
contradicting the initial assumption that M has genus g > 0. Thus H>: Af -> W\ 
is one-one, so can be viewed as a holomorphic injection of M into its Jacobi 
variety /(Af ). Using another of the basic tools in the study of Riemann 
surfaces, the Riemann-Roch theorem, it is relatively easy to show that the 
mapping w: M -» Wx is nonsingular at each point, hence is biholomorphic; 
thus w: M -> Wx is actually an imbedding of M as a nonsingular curve in its 
Jacobi variety J(M). In a sense, of course, knowing Wx amounts to knowing 
all about the Riemann surface Af, since Wx and M are biholomorphic; but the 
problem is how to determine Wx directly from the torus /(Af ) or its period 
matrix A. It is worth noting that the curve Wx ç /(Af) depends on a choice of 
base point /?0, and that the choice of a different base point p$ has the effect of 
replacing Wx by the translate Wx — w(p$); thus what is independent of the 
choice of base point is the collection of curves {W1 — wx: wx e Wx} or their 
union W1 — Wx = {w1 — w2: wy e W^. The latter subvariety is a very inter­
esting intrinsically defined two-dimensional subvariety of J(M ) and plays a 
prominent role in the subsequent discussion. 

The subvariety Wx is sometimes called the subvariety of positive divisors of 
degree 1, a divisor b = T,pGM vpp being considered positive if vp > 0 for all/? so 
that a positive divisor of degree 1 is really one of the form b = 1 • /?, and 
Wx = {w(l •/?): / ? e M } . There is correspondingly a subvariety Wr = 
{w(l •/?! + • • • + 1 • pr): Pj € M}, the subvariety of positive divisors of 
degree r, for any integer r > 0, and it is sometimes convenient to set W0 = 0, 
the zero element of the group /(Af). These are all irreducible holomorphic 
subvarieties of /(Af) with W0 ç Wx ç W2 ç • • •, and dim Ĥ . = r whenever 
1 < T < g> while Wg = P^+1 = • • • = /(Af). It is quite clear that all of these 
subvarieties can be constructed directly from Wv since 

Wr=Wx+ ••• + Wx= {wx+ ••• + wr:wj<= Wj; 

more generally they nicely reflect the group structure of /(M) in the sense that 

Wr+s=Wr+Ws={wl-^w2:w1^Wr,w2^Ws) 

for any indices 0 < r, s. These subvarieties too depend on the choice of base 
point/?0, and the choice of a different base point p% has the effect of replacing 
Wr by the translate Wr - rw(p$). 


